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THE 


PREFACE. 


CpH  E  method  which  the  antients  generally  maa\ 
uje  of  for  finding  the  areas  of  figures,  or  the  fo- 
lidities  of  bodies,  was  by  the  help  of  other  infcribed 
and  circumfcribed  figures  \  after  fuch  a  manner,  that 
the  infcribed  figures  being  continually  divided  into  very 
fmall  parts,  the  fum  of  the  infcribed  parts,  approach- 
ed fo  near  the  true  figure,  as  to  fall  jhort  of  it  by  a 
quantity  lefs  than  any  given  quantity.  And  in  like 
manner  the  circumfcribed  figure  was  divided  into  fo 
many  fmall  parts,  that  their  fum  exceeded  the  given 
figure,  by  a  quantity  alfo  lefs  than  any  given  one.  So 
they  always  had  the  value  of  the  figure  propofed, 
"between  the  two  values  of  the  infcribed  and  circum- 
fcribed figures-,  and  by  this  method  found  out  its  con- 
tent- But  this  way  being  for  the  mofi  part  fo  very 
laborious,  that  it  put  the  fucceeding  geometers  upon 
finding  out  Jhort er  methods-,  and  thus  came  up  the 
Method  of  Indivifibles,  or  the  Arithmetic  of  In- 
finites. This  method  folves  thefe  forts  of  Problems 
with  admirable  brevity,  and  extreme  facility ;  and 
that  by  a  help  of  a  few  Propofitions,  which  reduces . 
the  whole  bufinefs  to  the  fumming  up  the  pozvers  of 
an  arithmetical  progrefjion,  confifting  of  an  infinite 
number  of  terms.  As  we  fhall  have  frequent  cccafion 
for  this  afterwards  -,  I  have  here  delivered  that  me- 
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thod  at  large,  with  many  examples  to  Jhew  the  ufe  of 
it.  "The  whole  is  contained  in  Seft.  I,  of  the  follow- 
ing Book. 

I  have  likewife  given  the  principles  of  the  diffe- 
rential method,  and  the  Interpolation  of  Series,  in 
Sed.  II.  an  art  extremely  ufeful  in  almoft  all  parts 
cf  the  Mathematics,  efpecially  in  AJlronomy.  For  it 
is  frequently  required  to  find  the  pqfition  of  a  planet 
or  comet  at  fome  given  time  when  an  obfervation 
cannot  be  made ;  but  by  help  of  other  obfervations,  we 
ion  find  it  to  that  time,  by  the  interpolation  of  feries. 
tfhis  method  I  have  alfo  made  very  clear  and  plain% 
jnd  illuflrated  the  fame  with  variety  of  examples. 


W.  Emerfon. 


[  *  ] 


SECT.      I. 

The  Arithmetic  of  Infinites. 


THE  Arithmetic  of  Infinites  is  the  art  of 
fumming  up  the  powers  of  a  feries  of 
quantities  in  arithmetical  progreflion  ; 
whofe  number  of  terms  is  infinite,  and  their  com- 
mon difference  infinitely  fmall. 

It  is  alfo  called  the  Method  of  Indivifibles^  be- 
caufe  magnitudes  are  here  fuppofed  to  be  refolved 
into  their  indivifible  parts,  or  fo  far  as  there  is  any 
occafion  to  confider  them  as  iuch. 

PROP.      I. 

If  a  feries  of  equal  quantities  be  added  together* 
the  fum  of  all  the  terms  is  equal  to  any  one  of  them 
multiplied  into  the  number  of  terms. 

For  a+a+a  .  . .  to  n  terms  is  zz  ny,a* 

PROP.      II. 

If  there  be  a  feries  of  quantities  in  arithmetical 
progreffion,  and  continued  ad  infinitum ;  as  o,  a^  2ay 
3*z,  4#  .  .  .  to  na\  the  fum  of  all  the  terms  is  zz  fna9 
or  to  half  fo  many  times  the  great  eft. 

For  by  (Prop.  7:  Arith?  Progreflion)    the   fum 

zz  o+na      — —         naxn+i     ,       r  •     •  a 
X  n  +  iy  or  ■ 1 — ,  but  fince  n  is  lnft- 

71  71 

nite,  #-fi  zzn.  therefore  the  fum  —  -  X  na  zz  —X 
laft  term. 

B  Cor. 
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Cor.  tfhe  greateft  term  multiplied  by  the  number  of 
terms,  is  equal  to  twice  the  fum  of  the  feries. 

PROP.      III. 

If  there  be  a  feries  of  fquares,  whofe  roots  are  in 
arithmetical  progrejfion  beginning  at  o,  and  continued 
ad  infinitum,  as  o,  ax,  2a  ?  qa %  4a  •  •  •  to  na%  » 
the  fum  of  all  the  terms  is  zz  ~  nyjia  •>  Wt  f°  many 
times  the  greateft. 

For  let  j  zzo+a^+^+Ja"*.  .  .  to  ^%  L  zz 
laft  or  greateft  term.  Then  by  the  Method  of  In- 
cnments,  szz  n  +  i.a  zz  2%  putting  n+i.azzz. 
But  (by  Cor.  Ex.  10.  Prop.  XIII.  Increments),  the 

integral  of  xn  zz  —-■  x &c.  Or  writing  z  for 

z*        z* 
dc,  and  2  for  n,  the  int.  of  z*  zz  -—  — —  &c.  But 

fincetfis  infinite,  %isinfinite,andz3  is  infinitely  greater 

z3 
than  z 2 ;  whence  int.  of  z z ,  that  is  .r  zz  — .   But^zzi 

z         

and  z  zz  na  zz  a;  therefore s  zz  ~  =  fl-r1^      ** 

$a> 


3* 


?  +  lM  x  rrr  a*     But  as  0  is  infinite,  n+i  zzn\ 
%a         »t*« 

and  jzz  —  X  ^     zz  |»  X  »fl  zz|x»L. 

3a 
Cor.  7#<?  greateft  term  multiplied  by  the  number  of 

terms,  is  equal  to  thrice  the  fum  of  the  feries. 

PROP.       IV. 

,  In  a  feries  of  cubes,  whofe  roots  are  in  arithme- 
tical progreffion,  beginning  at  0,  and  infinitely  conti- 
nued-, as  0,  a',  2~a\  Ja\ to~naz  \  the  fum 
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3 

of  all  the  terms  is  ==  \nyna  ,  or  -I  fo  many  times  the 
greatefl  term* 

greatefl:  term,  then  by  the  method  of  increments 
szzn+i.a  =  £3,  putting  »  +  i.fl  =  2,  But  (by Cor. 
Ex.  10.  Prop.  XIII.  Increments).     The  integral  of 

*  =  ^+T^_  2"  &c'  or  Puttin§  *  for*>  and  3 

for  n  \  the  int.  of  z*  zz &c.  But  *  z=  i 

and  zzznazza.     Alfo  fince  »  is  infinite,  2  is  infi- 
nite, and  z4  is  infinitely  greater  than  z5;  and^+i~^. 

Whence  int.  z* or  j=  ~  =  »+i.*4  =  £f_4  =   2? 
4?  4^  4^  44 

X  *fcz5  a=  4»xL. 

Cor.  The  greatefl;  term  multiplied  by  the  number  of 
termsy  is  equal  to  four  times  the  fum  of  the  feries. 

PROP.      V. 

If  there  be  a  feries  of  mth  powers ,  whofe  roots  are 
in  arithmetical  progreffion,  beginning  at  0,  and  conti- 
nued to  infinity \  as  0,  am,  2?,  £$*,  4?*.  .  .  .  to  na\ 

n  __  1 


the  fum  of  all  the  terms  is  zz  — —  x  Tn"1  - 

J  m  +  i  A  m  m  +  i 

Xfo  many  times  the  greaUft  term. 

Let  s  =  o+a">  +  ^+fa™.  .  .  +  ~^  L  =  Iaft 
term  ;  and  by  the  method  of  increments,  szz  n~+I.am 
=2  s»    And  (by  the  fame  Cor.  Ex.  10.  Prop.  XIII. 

Increments)  szz  int.  zm  zz  **'/.    _  »£  &c#    But 

m  +  i'Z        2 
B  2  »=:!, 
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n  =  i ,  and  zzznazza-,  and  fince  n  is  infinite,  n+i  .a 
=z  na,  and  zm  vanifhes,  being  infinitely  lefs  than 
2        ;  therefore  J—    =—    zz    n  +  i.a  — 

m+i.a  ""  W-M-0      **      "  m  +  l  *  »**     ""  »+i 
X»L. 

Cor.  2lfo  greateft  term  multiplied  by  the  number  of 
terms,  is  equal  to  m  +  i  times  the  fum  of  the  feries. 

PROP.      VI. 

To  refolve  a  Problem  by  the  Arithmetic  of  Infinites. 

The  chief  ufe  of  this  method  is  to  find  the  con- 
tent of  geometrical  quantities,  as  of  fuperficies  and 
folids,  by  reducing  them  to  their  indivifible  parts, 
or  firft  elements  •,  and  then  finding  the  fum  of  all 
thefe,  as  directed  by  the  following 

RULE. 

Suppofe  a  line  to  be  compofed  of  an  infinite 
number  of  points ;  a  furface  of  an  infinite  number 
of  lines,  drawn  parallel  and  equidiftant  from  one 
another ;  and  a  foiid  of  an  infinite  number  of 
planes,  parallel  and  equidiftant  •,  then  obferve  what 
fort  of  a  feries  it  is  that  makes  up  that  quantity. 
Find  the  fum  of  that  feries  by  fome  of  the  forego- 
ing propofitions,  which  will  be  the  content  required. 

Scholium. 

Here  lines  are  fuppofed  to  be  made  up  of  an  in- 
finite number  of  equidiftant  points ;  plain  figures 
of  an  infinite  number   of  parallel  lines,  like  the 
threads  in  a  piece  of  cloth*    And  folids  of  an  in- 
finite 
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finite  number  of  planes,  like  the  leaves  in  a  book.  Fig. 
Yet  thefe  points,  lines  and  furfaces,  are  not  really 
fuch,  but  are  called  fo  by  reafon  of  the  fimilitude. 
For  thefe  points  are  in  ftrictnefs,  infinitely  fhort 
lines  \  the  lines,  infinitely  narrow  parallelograms, 
and  the  planes  that  compofe  the  folids,  infinitely  thin 
folids  \  fo  that  whenever  we  fpeak  of  points,  lines, 
or  planes,  compofing  any  geometrical  magnitude, 
it  muft  always  be  underflood  in  the  fenfe  here  men- 
tioned. Moreover,  if  all  thefe  parallel  lines  that 
make  up  a  furface  be  perpendicular  to  the  axis  of 
a  curve  •,  then  thefe  parallel  lines  will  cut  the  curve, 
or  any  other  line,  at  oblique  angles,  and  the  points 
fuppofed  to  conflitute  that  curve,  or  that  line,  will 
be  greater  than  the  correfpondent  points  in  the  axis, 
in  fome  certain  proportion ;  which  proportion  is  to 
be  inveftigated  by  the  property  of  the  figure* 

Ex.  i. 

To  find  the  area  of  the  Parallelogram  ABCD. 

Draw  AP  perp.  to  the  bafe  CD  •  divide  AP  into 
an  infinite  number  of  equal  parts,  thro'  all  which 
fuppofe  fo  many  parallels  drawn  to  the  bafe  CD. 
Then  all  thefe  equal  lines  compofe  the  area  of  the 
parallelogram,  and  their  number  is  denoted  by  AP. 
Then  by  Prop.  I.  the  fum  of  ail  is  zz  one  of  them 
multiplied  by  the  number  of  all ;  that  is  —  CDx  AP, 
or  the  bafe  multiplied  into  the  height. 

Ex.  2. 

To  find  the  content  of  a  cylinder  ABCD.  2 

Draw  AP  perp.  to  the  bafe,  which  divide  into  an 
infinite  number  of  equal  parts ;  thro'  which  draw 
as  many  planes  parallel  to  the  bafe  CD.  Then  all 
thefe  equal  planes  compofe  the  folidity  of  the  cy- 
linder-, whofe  number  is  AP.  Whence  by  Prop.  I. 
the  fum  of  all  is  zz  one  CD  x  their  number  AP; 

B  7  that 
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Fig.  that  is,  the  cylinder  =  CDxAP,  or  the  bafe  multi- 
plied by  the  height. 

And  the  fame  way  the  folidity  of  a  paralielopi- 
pedon  or  of  a  prifm  is  calculated. 

Ex.  3. 

«  To  find  the  area  of  a  triangle  ABC. 

Draw  AP  perp.  to  the  bafe  BC  -,  divide  AP  into 
an  infinite  number  of  equal  parts  ;  thro5  which 
fuppofe  lines  drawn  parallel  to  BC.  Then  thefe 
lines  make  up  the  triangle,  and  are  a  feries  of  terms 
in  arithmetical  progreiTion  beginning  at  0,  and  end- 
ing at  BC  •,  and  the  number  of  them  is  denoted  by 
AP.  Then  (by  Prop.  II.)  the  fum  of  all  the  terms 
is  =z  -APxBC  j  that  is,  the  area  of  the  triangle 

-  ApxBC 

2 

Ex.  4. 

4.  To  find  the  folidity  of  a  cone  ABC. 

Draw  AP  perp.  to  the  bafe  BC  ;  divide  AP  into 
an  infinite  number  of  equal  parts ;  thro'  which  draw 
planes  parallel  to  the  bafe  BC.  Then  thefe  planes 
make  up  the  cone ;  and  their  diameters  are  a  feries 
of  quantities  in  arithmetical  progreiTion,  beginning 
at  0,  and  ending  at  BC  ;  therefore  the  planes  or 
circles  themfelves  are  proportional  to  a  feries  of 
fquares,  whofe  roots  are  in  arithmetical  progreiTion. 
Whence  (by  Prop.  III.)  the  fum  of  all  the  feries  is 
zz-J-APx  -bafe  BC ;  that  is,  the  cone  is  zz  4-  height 
X  bafe. 

And  the  fame  way  it  i6  proved,  that  a  pyramid 
is  4-  the  height  x  by  the  bafe. 


Ex. 
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Fig. 
Ex.  5.  b 

To  find  the  fur  face  of  the  right  cone  ABC.  5. 

Draw  the  axis  AP,  and  DF  perp.  to  it,  and  put 

AP-i',  BPzz£,  AB=j,  ADzz*,  rzz3.14.16;  then 

by   fimilar    triangles,  AP  (b)  :  PB  (b)  :  :  AD  (x)  : 

bx  2 cbx 

DF  zz  -r  ;  and  — - ,—  zz  periphery  at  F.     Then  the 

fum  of  all  the  peripheries  at  F  makes  up  the  fur- 
face  of  the  cone.  But  the  points  in  AB  being 
greater  than  thofe  in  AP,  in  the  ratio  of  AB  to 
AP.     Therefore  the  periphery  at  F  mull  be  in- 

iscbx       2scb 
creafed  to  —tjt  or  —rr-  X  x,  and  then  the  fum  of 

all  thefe  peripheries  make  up  the  furface.  But  the 
fum  of  all  the  xs  is  o,  1,  2,  3,  &c.  to  AP  -,  that 
is  (by  Prop.  II.)  ^APxAP  or  4AP2.     Therefore 

,  .     r    r  2scb 

the  conic  furface  is  zz  -rr  X  ihh  zz  bcs  zz  circum- 
ference of  BCxAB. 

Otherwife. 

Put  BP  zz  b,  AB  zz  s,  AF  zz  2,  then  by  fimilar 

bz 
triangles  AB  (s)  :  BP  (b)  :  :  AF  (z)  :  FD    zz   —  ; 

2cbz 
tnen  — —  zz  periphery  at  F ;  and  the  fum  of  all 

thefe  peripheries  make  up  the  furface.  Now  all  the 
z's  confHtute  a  feries  of  terms  in  arithmetical  pro- 
greflion,  whofe  laft  term,  and  alfo  the. number  of 
terms  is  s  :  and  therefore  the  fum  (by  Prop.  II.)  is 
iss.     Therefore  the  fum  of  all  the  peripheries,  or 

the  furface  of  the  cone  is  zz  —  x  \ss  zz  cbs  as  be- 
fore. 
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Ex.  6. 

To  find  the  folidity  of  any  fegment  of  a  fphere 
ADF. 

Draw  the  diameter  AB,  and  DEF  perp.  to  it ;  and 
put  radius  AC  zz  r,  AE  zz#,  DE  zzjr,  c  zz  3.1416  ; 
then  by  the  nature  of  the  circle  yy  zz  zrx — xx.  Then 
if  AE  be  divided  into  an  infinite  number  of  equal 
parts,  and  planes  be  drawn  thro'  them  parallel  to 
DF  •,  the  fum  of  all  thefe  circular  planes  make  up 
the  fegment.  Now  one  of  thefe  circles  is  cyy  or 
icrx — cxx  -,  and  all  the  x's  conflitute  a  feries  of  terms 
in  arithmetic  progreffion,  whofe  fum  (by  Prop.  II.) 
is  ixx.  Alfo  the  fum  of  all  the  xx's  (by  Prop.  III.) 
is  4-*%  where  the  greatefl  term  is  xx,  and  number 
of  terms,  x.  Therefore  the  fum  of  all  the  cir- 
cles conftituting  the  fegment,  is  2crxixx — cX^x\ 

ex* 

or  crxx .     Therefore  the  ferment  D AF  zz 

3  ° 

crx — ^exx  x  x  :  that  is,  the  fegment  D AF  is  equal 
to  a  cylinder  whofe  height  is  AE,  and  bafe  crx — ^cxxy 
or  icyy+^cxx  zz  ~  circle  DF+-J-  circle  AE. 

Cor.  The  hemisphere,  as  likewife  the  fphere  is  -§■  the 
circumfcribing  cylinder.  

For  when  x  zz  r,the  fegment  becomes  err — \crr 
X  r  zz  \crryr* 

Ex.  7. 

To  find  the  fur  face  of  the  fegment  of  a  fphere  D  AF. 

Let  CAzzr,  AEzz*,DE  zzjy,  czz.  3.1416;  then 
the  circumference  at  D  zz  2cy.  And  the  fum  of  all 
the  peripheries  make  up  the  furface  of  the  feg- 
ment DAF.  But  the  points  in  AD  being  greater 
than  thofe  in  AE,  in  proportion  of  the  tangent  TD 

to 
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to  TE,  or  of  DC  to  DE  ;  therefore  y  :r::i:  — 

zr  magnitude  of  a  point  at  D.     Whence  2cy  x  — 

or  icr  is  the  true  periphery  at  D.  And  the  fum  of 
all  thefe  peripheries  ==  furface  of  the  fegment ;  and 
the  number  of  them  is  denoted  by  AE.  Therefore 
(by  Prop.  I.)  that  fum  zz  2^rxAE-,  that  is,  the 
furface  of  the  fegment  DAF  —  2crx. 

Cor.  The  furface  of  the  hemifphere  is  -=.2crr\  and 
of  the  whole  fphere  \crry  or  four  great  circles  of  the 
fphere. 


«$>•$»•$"$»<$• 


SECT. 
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SECT.      II. 

The   Differential  Method. 


CT*H  E  Differential  Method^  is  the  art  of  working 
with  the  differences  of  quantities.  By  this  me- 
thod any  term  of  a  feries  may  be  found  from  the 
feveral  orders  of  differences  being  given  \  or  vice 
verfa,  any  difference  may  be  found  from  having 
the  terms  of  the  feries  given :  it  likewife  mews  how 
to  find  the  fum  of  fuch  a  feries.  And  it  gives 
rules  to  find  by  interpolation,  any  intermediate 
term,  which  is  not  expreffed  in  the  feries,  by  hav- 
ing its  jlace  or  pofition  given. 

Whfca  'any  feries  of  quantities  is  propofed,  take 
the  firft  term  from  the  fecond,  the  fecond  from  the 
third,  the  third  from  the  fourth,  &x.  then  all 
thefe  remainders  make  a  new  feries,  called  the  firft 
order  of  differences.  In  this  new  feries  take  the  firft 
term  from  the  fecond,  the  fecond  from  the  third, 
the  third  from  the  fourth,  &c.  as  before-,  and 
thefe  remainders  make  another  feries,  called  the 
fecond  order  of  differences.  In  like  manner,  in  this 
feries,  take  the  firft  term  from  the  fecond,  the  fe- 
cond from  the  third,  &c.  And  thefe  will  make  a 
feries,  called  the  third  order  of  differences.  And 
after  this  manner  you  may  proceed  as  far  as  you 
will.  Thus  in  the  following  proposition,  A,  b,  c,  d,  ey 
&c.  is  the  feries  •,  B,  B%  BJ,  B*,  &c.  the  firft  order 
of  differences ;  C,  C%  O,  &c.  the  fecond  order 
of  differences-,  D,  Da,  &c.  the  third  order-,  E, 
&c.  the  fourth  order,  and  fo  on.  But  the  firft  terms 
of  thefe  feveral  orders  of  differences,  as  B,  C,  D, 
E,  &x.  are  thofe  that  are  principally  made  ufe  of 
in  calculations  by  this  method. 

PROP. 
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PROP.      I. 

If  there  be  any  feries  A,  b,  c,  dy  e,  &c.  and  if 
there  be  taken,  the  fir  ft  differences  B,  B%  B*,  &V. 
the  fecond  differences  C,  C%  O,  &c.  the  third  dif- 
ferences D,  D%  DJ,  &c.  and  fo  on. 

'Then  if  T  ft  and  for  the  firft  term  of  the  nth  dif~ 

n — i             n — i 
ferences\  I  fay,  +T=A — nb+nx—^-c — ;?x ' 

n — 2    _  n — i     n — 2     n — 3        _, 

X  — -  d+nx  —~  X~~^~  X~~^~  e—&c-  that  *S 

+T,  when  n  is  even,  and  — T  when  n  is  odd. 

The  feveral  Orders  of  A    r» 

differences  being  taken  b  C 

as  before  directed,   will  B*  pz-  D     «* 

Hand  thus.  Then  t>,         t>. 

J    B    O  D 

B+       &c. 
e 

feries     A       ,      £      ,       c      ,      J      ,      e,     &c. 

1  ft  diff.    # — A     ,    c — b   ,    d — c   ,     e — d,     &c. 

2d  diff.       c — 2#+A,  d — 2c+b,  e — 2d-\-c,  &c. 

3d  diff.         d — zc+zb — A,e — ^d+^c — b,&c. 

4th  diff.  e — \d-\-6c — 4^+ A,  &c. 

That  is,  B  zzb—A,Cz=:c— 2b+A,Dzz  d—%c+3b 

—A,  E  —  e— 4d+6c—4.b  -f  A,  &c.  or— B  =  A— b9 

+C  =  A— 2^+f,— D  22  A — 3M-3V—4  +E  &:  A 

— 4^-f-6c — 4-d-t-e,  &c.  where  putting   T    fuccef- 

fively  equal  to  B,  C,  D,  E,  &c.  and  n  2fi  1,  2,  3, 

4,  &c.  the  Prop,  will  be  evident. 

Cor.  Hence     AzrA,  the  firft  term. 
Bzz  — A  +  £,  the  firft  difference. 
C=z      A — 2b -\-c,  the  2d  difference. 
I)— — A  +  3^ — 3f  +  ^»  the  ^d  difference. 
E=       A — 4<£-}-6r — 4</+tf,  the  ^th  difference. 
Fzz  — A  -f  5  £ —  ioj+i  0^—5  *  +/,  the  5  /£  difference. 
&c. 

PROP. 
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PROP.      II. 

If  A,  b,  c,  d,  e,  &e.  be  any  feries ;  and  there 
be  taken  B,  C,  D,  E,  &c.  the  jirft  of  the  feveral 
orders  of  differences, 

'Then  I  fay  the  nth  term  of the  feries,  will  be  zz  A  + 

» — 1_  n — i  n — -2^  n — i  n — 2  n — 2 
B  +  X C  -J x X - 

.        n — 1      n — 2      n — 2      n — 4  _ 

D+  — X— X  YX-4~E+&C- 

For  from  the  equations  in  the  laft  Prop.  viz. 
B  zz  b — A,  C  zz  c — 2b + A,  &c.  we  have  by  tranf- 
pofing, 

£zzA+B,zz  —  A+2^+Cr=—  A  +  2A+2B+C 
(expunging  b) ;  that  is, 

rzzA  +  2B+C,  JzzA— 3*+3r+D=zA— 3A— 3B 
4-3A  +  6B  +  3C4-D  (expunging  b  and  c)  •,  that  is, 
d  zz  A+  3B  +  3C+  D.  Alfo*  zz  —A+4b—6c+4.d 
+E  =  (expunging  b,  c,  d)  — A+4A+4B— 6 A 
— 12B— 6C-}-4A-}-i2B-f  12C+4D+E;  that  is, 
<?=:A+4B  +  6C+4D+E,  &c. 

Then  puting  A,  b,  r,  d,  &c.  for  the  nth  term ; 
and  n  fucceflively  zz  1,  2,  3,  4,  &c.  the  feries  will 
be  evident. 

Cor.  1.  If  d\  d'\  d'%  &c.  be  thefirft  of  the  fir  ft, 
fecond,  third  order,   &c.  of  differences  \  then 

The  nth  term  of  the  feries,  A,  b,  c,  d,    &c.  will 

n — 1  v      n — 1      n — 2  n — 1     n — 2 

^A  +  Ti+TXTi"+TXT 

*^  +  ^ 

&c. 

Fpr  B  zz  d',  C  zz  d'\  D  zz  d^\&cc.  And  the  coef- 
ficients are  the  uncise  of  the  n—ith power. 

Cor.  2.  Hence  alfo  it  follows,  that  any  term  of  a 
given  feries  may  be  accurately  determined ;  if  the  dif- 
ferences of  any  order  happen  at  laft  to  be  equal. 

Cor. 
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Cor.  3.  Hence  A  =  A,  the  fir  ft  term, 
/:=:A-f-B,  the  2d. term. 
r— A-f2B-}~C.  the  $d term. 
J— A  -\-  3 B  -f  3 C  -f  D,  *£*  4^  term. 
^z=A  +  4B  +  6C+4D  +  E,  the   yh  term. 
/=A  +  5B-f  10C+10D  +  5E  +  F,  the  6th  term, 
.(f=A  +  6B  +  i5C  +  2oD  +  i5E+6F  +  G,Afc7/£/frw. 
&c. 

PROP.     III. 

If  a>  £,  r,  h  e,  &c.  be  any  feries ;  and  d\  d  '\ 
d"\  &c.  the  firft  of  the  fever al  orders  of  differences  \ 
Then 

The  fum  of  n  terms  of  the  feries y  is  zzna+nx 
n — 1  „  n — 1      n — 2  _  n — 1      n — 2 

—J  +nx-rX-j-d"+nX~X-j- 

X~-fd-+nX'-rX-j-X~6X   -fd  < 

+  &c. 

For  in  the  feries  of  quantities, 

0  ,  a  ,  a+b ,a+b+c,  a+b+c+d^  &c, 
ift  diff.  are  a  ,  b     ,     c      ,       d      ,     &c. 
2d  diff.           d\  d'2    ,  d'i       ,     &x. 
3d  diff.             d"     ,  d"2    ,     &c. 
4th  diff.  d"'     9     &c.  

Therefore  (by  Cor.  1.  Prop.  II.)  the  n  +  itk  term 
of  the  feries,  0,  a,  a+b,  a+b+c,  a+b+c+d,  &c. 
or  the  rih  term  of  the  feries,  a,  a+b,  a+b+c, 

a+b+c+d,  &c.  is  zz  o+na+nx  ™  d'  +  n  X 

s\ 

71— — - 1         72— ~*2 

X  — ' — d"  +  &c.     But  the  nth  term  of  the 

2  3 

feries    a,    a  +  b,     a+b+c,  &c  is  the  fum   of  n 

terms  of  the  feries,  #,   b7  c,  d,  &c.  and  therefore 

n — 1  „         n — 1      n — 2  l        0 

equal  to  na+nx  —z~d  +nx~~—  X  "T-^"  +  &c* 
2  23 
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PROP.      IV. 

If  there  be  fever al  fets  of  quantities  in  arithmetic 
frogreffion^  whofe  number  is  m^  and  the  common  dif- 
ferences p,  q,  r,  j,  &c.  and  if  a  new  feries  be  form- 
ed  by  multiplying  the  refpetlive  terms  of  all  thefe  fe- 
ries into  one  another  ;  then  I  fay  the  mth  order  of  dif- 
ferences will  be  equal  to  one  another •,  and  to  pqrs,  &c* 
Xinto  1x2x3X4,  &£•  torn. 

1 .  Suppofe  two  feries ; 

as    a^  a+p,  a+2p,  a  +  3p9  a+4p,  &c. 
and    b,  b+q,  b  +  2q,  b+^q,  b+4q,  &c. 


then  by  multiplying  we  have  ab,  a  +p  xb+q,a  +  2p 
X  b  +  zq->  &c.  that  is, 

feries  1  DifF.  2  Diff. 

&c. 

therefore  the  2d  differences  are  equal,  and  equal  to 
/>p<iX2,  where  mzzi. 

2.  Suppofe  three  Jeries. 
as     a,  a+p,  a  +  ip^  a  +  ^p,  a  +  qp,  &c. 
b,  b+q,   b  +  2q,    £  +  37,  b+^q,   &€. 
f,  r+r,    c  +  2',\    c  +  zr,    c+^r,  &c. 
The  terms  of  thefe  being  multiplied,  produce  a  fe- 
ries whofe  terms  are, 
abc 
a+pxb  +  qxc+r 


a~\-2pxb  +  2q  xc-\-2r 
a-\-lpXb-\-3qXc  +  2r 
G+4pXb+4qXc+w 
&c. 


thefe 
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thefe  being  multiplied  at  length,    and  fubtradted 
from  one  another,  will  give  the  following  feries> 
which  is  the  firft  order  of  differences, 
abr-\-bcp+aqc  +  pqc+  aqr+  pbr+pqr 
abr+bcp+aqc+3pqc  +  3aqr+3pbr+jpqr 
abr+bcp  +  aqc  +  5pqc  +  saqr+5pbr+igpqr 
abr+bqp+aqc  +  jpqc  +  jaqr+jpbr+sjpqr 
&c.     And  the  differences  of  thefe,    or  the  fe- 
cond  differences  being  taken,  we  have 
ipqc + 2  aqr + 2pbr + Gpqr 
2pqc+2aqr+2pbr+i2pqr 
2pqc + 2  aqr + 2pbr  -4- 1  Spqr 
and  the  third  difference  will  be 
6pqr 
6pqr 
here  m  =  3>  and  tne  mt^  difference  is  pqrx^X^X^ 

3.  Suppofe  four  feries. 

As  ^,  *+^,  *+2jp,  j+3/>,  *+4£,  &c. 

£,  £+£,  ^  +  2^,  £  +  3£,    b+4q,  &c. 

',   *+r,  r+2r,   f+3^  r+4r,  &c. 

^,  J+j,  d+2s,  d+zs,   J+4J,  &c. 

and  when  multiplied,  produce 

abed 

+  a+pX b+qxe+rxd+s    

+  a  +  2p  X  b-\-2q  X  c+2r  X  dj-2s 
+  a  +  3p  X  b  +  <$g  x  c +  %r  x  d+%s 
■T  a+4P  X  b+4q  X  c+4rxd+4-S 
+  ^  +  5pxb  +  5qxc+srxd+5s 
&c 
Let  ABCD  be  any  term  ; 

and  the  next,  A4j)XB-f^C+rxD+J;  that  is, 

AB  +  Ag+j>B+j>gxCD+Cj+rD+rJ=ABCD  + 

ABxCs+rt>+rs+CDxAq+pB+pg  +  Aq+pB 

+pq  xCs+rD+rs,  From  this,  fubtraft  ABCD,and 

the 
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the  remainder  is  the  firft  difference =ABxCj+rD+rj 
+  CDX  Aq+pB+pq  +  Aq+pB+pqxCs+rD+rs. 
To  abridge  the  work,  keep  in  only  fuch  terms  as  in- 
volve the  moft  of  the  quantities  ABCD,  for  the  reft 
will  vanifh  before  you  come  to  the  laft  differences. 
By  this  means  the  firft  difference  becomes  only  ABx 
CTTrD+CDx  Aq+Bp  \  that  is,  the  firft  difference 
(i)  =ABCj+ABDr+CPAg+CDBj>  ;_jhen  the 

next  term  is  evidently  A+p2^+£2i£+!l2iL+ 
A+pxB~+gxD  +^r+A-f/)XC-frxD -W  Xg 
+  B+gxC+rxD+JXjp=  AB-HA^j-^BxC+r 
XJ+  AB+Ag+pB  XD+JX£+  AC+Ar+j>C  x 
p+j  x  g  +  BC+Br+gC  xD+i  XP=  (2)  ABO 
+ABr*+A£+l>BxC+r  X  s  +  ABDr+ABjr+ 
AT+fBxD-K  X  r+ACDg+ACjg+_Ar+j>Cx 
B+ix  2+BCDj>+BC#  +  Br+qCxV+s  X  P ', 
from  this  fubtrafting  the  equation  (1),  and  the  fe- 
cond  difference  is  ABrj  +  Aq+pB  X  C+r  X  s+ 
ABsr-b  Ag+paxD+J  X  r+AOgX  Ar+pC  X 
D+j  X  j+BC#+  Br+?CxD+f  x/>=ABrj+ 
ACyj+BCpj,  +ABrj+AD?r+BD/>r,  +AOj  + 
ADrj+CDpj,  +BC#+BDrp+CD/>j,"  &c.  by 
abridging  =  (3)  2ABrj+2ACj5  +  2BC/>j+2ADjr 
+  2BD/>Sr+2CD/>j,  this  is  the  2d  difference ;  and  the 

next termis2rJxA  +p  X B + ?  +??*X  A-j-j>x  C+r 
+  2^>J  x  B+2  xC+r  +  2qrxA-\-p  X L>  +J  +  2prX 
B+?  X  D  +  J  +  2pqx~C+rx  D+sj=t4)2rsxAB  + 
2rexAg+/>B  +  2jjAC  +2</jX  Ar+j>C  +2^jBC  + 
2^jx  Br+qC  +2qrAD  +  2qrX  As+pD_  +2prBD  + 
2prxBs-\-qD  +2pqCD  +  2pqX  C'j  +  rD,  &c.  by  a" 
bridging;  from  this  laft  equation  taking  equation 
(3),  the  remainder  is  the  3d  difference  —  2rsxAg  + pB 
+2qsxAr+pC  +  2psxBr+gC  +  2qrx  As+pD  + 

2/rx  B7+?D  '  +  W  O+rD  =  (5)  6?™  A  +  6^rjB 

4-  6/>jjC 
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+  6pqsC  +  6pqrD.  Then  the  next  term  is  (6)  6qrsx 
A+p  +  6prsx  B+7+  6pqsxC+r  +  6pqrx  D  +s  , 
from  this  equation,  take  equation  (5),  and  there 
remains  6pqrs  +  6pqrs  +  6pqrs  +  6pqrs  rz  ijpqrs  the 
fourth  and  laft  difference,  lb  the  fourth  difference 
is  zz pqrsxiX2X3X4-  \  and  fo  on  for  moreprogref- 
fions. 

-  1    .         m  ; — m  m 

Cor.  1.  In  the  feries  a     +  a+p    +  a+2p    + 


a  +  zp  ,  £s?r.  rite  /^  W  *j«*/  differences  will  be  pm 
X  into  1x2x3X4,  &?*.  ^  w  /#7».f. 

For  then  ^>,  ^,  r,  j,  &c.  are  all  equal. 

Cor.  2 .  J#  any  adfecled  equation  of  the  mth  power \ 
putting  fucceffively  any  numbers  of  a  feries  in  arithme- 
tical progreffwn,  for  the  unknown  quantity ;  the  mth 
differences  will  be  equal. 

For  the  lower  powers  all  vanifh  before  you  come 
to  the  laft  difference ;  and  therefore  that  difference 
depends  entirely  on  the  higheft  power  in  the  equa- 
tion, which  is  the  wth  power. 

PROP.      V. 

Let  A,  b9  cy  dy  £,  &c.  be  any  feries ;  B,  C,  D, 
E,  &c.  the  firft  of  the  feveral  orders  of  differences  ; 
and  let  their  pofition  be  fuppofed  to  be  fuch,  that 
they  may  be  at  a  units  diftance  from  one  another ; 
and  let  x  be  the  diftance  of  any  term^  (to  be  inter- 
polated \)  then  I  fay, 

y  zzA+xB+xx— -C+tfX-r—  X  -— D+* 
z  »   z  3 

X 1         X 2         X 2    t-.  Q 

x— x  -3-x^£  +  &c. 

or;>=A  +  xB+^PC+^:::^Qp+^  RE 

+  ^pSF+&c.  where  P,  Q,  R,  &c.  are  the  co- 
efficients of  B,  C,D,  &c. 

C  For 
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For  (Prop.  II.)  the  nth  term   of  the  feries  is 


A   + 


■th 


—  B+  — 

i  '       i 

n 


i       n- 

-  x  - 


C,  &c.  and  the 

—  i 
;~C,  &c.  which 


H  +  i"  term  =  A  +  7B  +  nx     2 

is  the  term  at  the  nth  diftance  from  A  i  then  put 
x  ~  »,  and  the  term  at  x  diilance  from  A,  will  be 

^  ^  x — r^  x — *      #— 2  ' 

P  ==  A  +  x  B  +  x  X  -— C  +  x  X  -j-  X  — -  D, 

&c.  And  as  this  holds  exaclly,  when  P  is  any  of 
the  terms  A,  £,  c*  d,  c,  &c.  Therefore  it  will  be 
nearly  true,  when  P  is  any  intermediate  term. 

Cor.  Hence  if  fever  at  equidiftant  ordinates  in  any 
curve  be  given *  the  quantity  of  any  ether  ordinate* 
whofe  pojition  is  given*  may  be  found  by  this  Prop, 
that  is*  fuch  an  ordinate  may  be  interpolated. 

PROP.      VI.       Prob. 

If  there  be  a  feries  of  equidiftant  terms  \  a*  b*  c* 
d*  ey  6? c .  whofe  firft  differences  are  fenatt ;  to  find 
any  term  wanting  in  that  feries*  having  any  number 
cf  terms  given. 

RULE. 

Take  the  equation  which  (lands  againft  the 
number  of  given  terms,  in  this  table  •,  and  by  re- 
ducing the  equation,  that  term  will  be  found, 


a — bzzo. 
a — ib  +  czzo: 
a — 3#  +  3'£— -  dzzo. 
a — 4.b-\~6c — ^.d+ezzo, 
a — 5^+ ioc — ioi-H'5* — /=Q. 
a — 6b  + 1 5c — 2od+ 1  $e — 6f+gzzo. 
a—jb  +  2ic—35d+35e—2if+jg—hiz:o. 
a — 8^-f  2  3c — 56^-f  70c — s6f+28g—8b+izzo. 
n — 1  n — i       n — 2  2      - 

For 
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For  (by  Prop.  I.)  the  quantities  Handing  againft  Fig. 
the  numbers  1,  2,  3,  4,  &c.  are  the  firft  of  the 
firft,  fecond,  third,  fourth,  &c.  differences.  Now 
as  the  firft  differences  are  fmall,  the  other  differences 
will  decreafe,  and  the  laft  of  them  may  be  taken 
for  nothing.  And  the  more  terms  there  are  given, 
the  nearer  the  equation  approximates  ;  likewife 
the  quantity  fought  will  be  determined  more  ex- 
actly, as  it  is  nearer  the  middle  of  the  equation ; 
the  error  being  almofl  reciprocally  as  the  coefficient. 

For  Ex.  Suppofe  b,  r,  d>  e,  f  g,  are  given  to 

find  a ;  againft  6  you  have  a — 6b+ 1 5*:—  2od-\- 1 5* 

— 6/+£  =  0,  which  reduced  gives  a  zz  6b — 1  $c+iod 

- — i$e-\-6f — g.     If  the  third  c  had  been  fought ,  and 

2od — 15^+6/— g — a+6b 
the  reft  given  \  then  c  zz  ' 

PROP.      VII. 

If  a,  £,  c,  d,  e,  &c .  be  any  feries ;  and  fuppofe    8. 
the  fever al  terms  placed  at  unequal  diftances  from  one 
another.     To  find  any  intermediate  term%  whofe  place 
or  pojition  among  the  reft,  is  given. 

Suppofe  the  feries  a,  £,  r,  d>  er  &c.  placed  as 
ordinates  in  a 'curve;  and  let  MN,  MP,  MQ, 
MR,  MS,  &c.  be  the  correfpondent  bafes,  for 
which  put  n,  P,  Q,  R,  S,  Sfc.  refpectively  \  alfo 
put  NP  zzp,  PQjr:  qy  QR  ±  r,  RS  t=  s,  &c.  and  let 
x  reprefent  any  bafe,  and  y  its  correfpondent  term 
in  the  feries. 

Then  affume  jrA+Bx  x — n  +  Cx  x — n  x 


x— P  +Dxy — n  x  x—F  x  x— 0^4-  E  X  x~~  n  x 
x — P  x  x — Qx  x — R,  &c.  continued  to  as  many 
terms  as  there  are  ordinates,  or  terms  of  the  feries. 
Confequently  x  will  afcend  to  a  power,  onelefs  than 
the  number  of  terms. 

C  2  Then 
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Fig.      Then  put  0,   £,    c->  d^  <?,  &c.  fuccefllvely  for  y. 
8.  and  »,  P,  Q^  R,  S,  &c.  for  x. 

And  thefe  will  produce  as  many  equations  as 
there  are  unknown  quantities,  A,  B,  C,  D,  E, 
&c.  which  therefore  will  be  determined  as  follows. 

a  zz  A  

b  zz  A+Bx  P— n 

c-  A+BxQr-*  +CxQ^xC£h7 


^/zzA+BxR— «+CxR— «XR~P  +  D   x 

R^xR-PxR^ 

e  =  A+BxS^»  +Cx  S^ x  S— P  +Dx  S^» 

X  S=P  x  S^lQ+ExSZ^xSZp 

XS— QxS-R, 
&c   Then   inftead   of  P— »,  Q— »,  Q^-P,   &c. 

put  their  values^,  ^>+j,  ^,  &c.  and  you'll  have 
the  following  equations. 

t?  is  A+B^ 

r  zz  A+Bx/^h?  +CXi>+?  X? 


rf  zz  A+Bx/>+f+r  +Cx  j>+g+r  X  g+r  +Dx 

jp+?+rx  j+rxr 


ez:A+Bx;+?+r+j+    C    X  p+q+r+s  X 
j+^W  +DXj>  +  g+r+JXg+r-M 

x  r+i  +Ex  j>+g+r+jxg+r+j 

Then  take  each  equation  from  the  following  one, 
and  you'll  have, 

b — a  zzBp 

c—b  rz  Bj  +  Cx  J+J  X? 


:rf— < f  =  Br  +  Cxp  +  2j+r  xr  +  D  Xp+q+r  X 

J+^X  f 
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e—d  =  Bs+Cxp+2q+2r+sxs+Dxp+g+rx  FlS- 

q+2r-\-sXs+q+r+sXr+sxs  +  E 

Xp+q+r+sxy+r+sxr+s  Xs. 
And  dividing  by  the  refpe&ing  coefficients  of  B, 

and  then 

P 
—  zzB+Cxp+q  =Bi. 

-^  =  B+Cxp+2q+r  +  Vxp+q+r  x  q+r 
-=:-zzB+Cxp  +  2q-i-2r+s  +  D  X  p+q+r 


Xq+zr+s+g+r+sx  r+s  +  E  x 

p+q+r+sxq+r+sxr+s  =  B3, 

&c. 
And  again  fubftradting  each   equation   from  the 
next,  

Bi— B  =Cxp+q.  

Bi—BizzCxq+r+Dxp+f+rx  q+r. 

B3— B2 zz Cx  r+7  +  DX  p+2q+2r+s  Xr+s 

+Exp+q+r+7x  q+r+sxr+s. 
&c 

And  dividing  by  the  coefficients  of  C, 
Bi— B 

B2— Bi 


B3— B2 


r+J 


=  C  +  D  X  ?+2,^+2r+j  +  E  x 


p+q+r+sxq+r+s  =zC2i. 
C  3  And 
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Fig.  And  taking  the  differences  of  thefe  equations, 


8, 


Ci—  C    ~  Dxp+q+r. 

C2 — Ci  zz  Dxq+r+s+Exp+q+r+sxq+r+7. 
&c. 

And  dividing  by  the  coefficient  of  D, 
Ci-C 

p+q+r-D> 
C2 — Ci 


s  =  D+Exp+q+r+s  =  Di, 

&c     And  taking  the  differences  as  before, 
Di — D  =e  Exp+q+r+s. 

Dl~D  T^       ft 

and  — ; — ; — r-  =  E,  &c. 
p+q+r+s 

And  thus  you   may  proceed  as  far  as  you  will ; 

whence  to  find  the  intermediate  term,  whofe  bafe 

is  x9  we  have  this 

RULE. 

Let  ay   by    Cy    dy  ey  &c.  be  the  feries,    M  any 
fixed  point,  and 

for  MN  y  NP  ,  PCb  QR ,  RS,  &c. 
put      n   y   p    y    q   y    r    ,    j,  &c.  and 

let  B    zz >  -r  .     t> 

/      C 


B        *-^  r+j       &c. 

Ac. 
Then  the  term  anfwering  to  the  bafe  #,  is 


y—A+Bxx — n  +  Cxx — nXx — n+p  +Dx* — nX 

x—n+p  X  x-  n+p+q  +  Ex  x — n  X  x — n+p  X 

x-^n+p  +  qXx — n+p+q+ry   +  &c. 

where 
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where  M  may  be  taken  at  pleafure,  and  may  be  Fig. 
either  without  or  among  the  ordinates.  And  here  8 . 
x  is  fuppofed  to  lie  towards  the  right  hand  ;  but  if 
it  be  taken  to  the  left  from  M,  it  mud  be  made 
negative.  And  if  any  of  the  terms  of  the  feries 
a,  £,  <r,  &c.  be  negative,  the  ordinate  reprefenting 
it,  muft  lie  below  the  bafe  MS. 

Cor.  Suppofing  B,  C,  D,  E,  &c.  found  as  be-  9. 
fore,  and  let  M  fall  upon  N  at  the  firfi  ordinate, 
then  will  n  zz  o,  and  let  p,  q,  r,  s,  &c.  be  the  feve- 
ral  difiances  of  the  ordinates  from  each  other,  'Then 
putting  x  for  any  bafe  reckoned  from  M  ;  then  will  the 
'correfponding  term  to  be  interpolated  be, 

yzzA-\-Bx+Cxxx — p+Dxxx — pxx — p— y+E#x 

x — pXx — p — qXx — p — q — r  +  &c.  continued  to 
as  many  terms ,  as  there  are  terms  in  the  given  feries. 

Scholium. 

They  that  would  fee  other  methods  of  interpo- 
lating the  terms  in  a  given  feries,  may  confult  the 
Philofophical  Tranfaclions,  No.  362  $  or  Sterling's 
Summiation  of  feries,  englifhed  by  Mr.  Ho  Hi  day. 

PROP.      VIII. 

¥0  find  a  curve  line  of  the  parabolic  hind,  which  fhall 
fafs  through  any  given  number  of  points. 

RULE. 

Let  the  points  be  A,  B,  C,  D,  E,  &c.  and  10. 
from  them  to  any  right  line  MT  given  in  pofition, 
let  fall  as  many  perpendiculars,  AM,  BP,  CQ, 
DR,  ES,  &c.  Then  to  find  other  points  through 
which  the  curve  muft  pafs  ;  aflume  any  point  X, 
and  put  x  for  the  bafe  MX,  and  y  for  the  corref- 
ponding ordinate  XY.  Then  if  the  diftances  of 
the  ordinates  AM,  BP,  CQ^  &c.  be  all  equal  5  find 

C  4  the 
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Fig.  the  value  of  y  by  Prop.  IV.  But  if  their  diftances 
io.  be  unequal,  find  the  value  of  y  by  Prop.  VII. 
which  gives  the  point  Y,  through  which  the  curve 
is  to  pafs  •,  and  thus  you  may  find  as  many  points 
as  you  will ,  through  all  which  draw  the  curve  re- 
quired. 

Cor.  Hence9  the  interpolation  of  the  terms  of  a 
feries  comes  to  the  fame  things  as  finding  the  ordi- 
nate* in  a  parabolic  curve  of  fome  degree  or  other. 
As  fuppofe  the  equation  to  the  parabolic  curve  be 
y  zz  A+Bx+Cxx-+-T)x>+1Ex\  &?<:.  where  the  pow- 
ers of  x  mufi  afcend  to  as  many  dimenfions  as  there  are 
crdinates  wanting  i .  Therefore  if  fuch  a  parabola 
be  defcribed  as  above  diretledy  whofe  fever al  ordinates 
reprefent  the  particular  terms  of  a  given  feries  •,  then 
to  find  any  other  term  of  that  feries^  is  no  more  than 
finding  the  correfpondent  ordinate  of  the  curve. 

PROP.      IX. 

To  find  the  area  of  any  given  curve* 

RULE. 

>!.  Thro*  any  number  of  points  in  it,  defcribe  a 
parabolic  curve  (by  Prop.  VIII.)  ,  and  find  its 
area,  which  will  be  nearly  equal  to  the  area  of  the 
curve  propofed. 

Thus  let  ADF  be  the  curve,  and,  fuppofe  any 
number  of  equidiftant  ordinates  to  be  erected,  as 
AM,  BP,  CQ^,  DR,  &c.  and  thro'  A,  B,  C,  D, 
&c.  fuppofe  a  parabolic  curve  to  pafs,  and  let  any 
bafe  MX  zz  x9  and  its  ordinate  XY  =  y  •,  and  the 
equation  of  the  parabolic  curve  is  y  zz  A-\-Rx+ 
C#*+Dx5  &c.  continued  to  as  many  terms  as 
there  are  ordinates.  Then  to  find  the  area  of  this 
parabola-,  fuppofe  x  divided  into  an  infinite  num- 
ber of  equal  parts,  according  to  the  Arithmetic  of 
Infinites.     Then  (by  Prop.  I.  Sect.  I.)  the  fum  of 

all 
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all  the  A's  is  =  Ax.    And  (Prop.  II.)  the  fum  of  Fig. 

B##  1 1 

all  the  Bx  is  zz And  (Prop.  III.)  the  fum  of 

all  theC**  zz  —  •     And  (Prop.  IV.)  the  fum  of 

all  the  Dx*  zz  - — ,  and  fo  on.      Therefore   (by 

Prop.  VII.)  the  fum  of  all  the  /s,  or  of  all  the 
A+Bx+Cxz+Dx^  &c.  that  is,  the  area  of  the 

B*z        Cx*        Dx* 

curve  is  zz  Ax+  —   -\ +  .  &c.    zz 

2  I    .■      *  4. 

A+iBx+^Cxl+^Dx*   &c.  x  #,    or  put  L    for 
x    the  length  of    the    bafe ;    then    the    area   zz 

A+iB*+^C**+4-D*s  &c.  x  L. 

Now  let  #,  b,  £,  dy  e,  &c.  be  the  ordinates  of 
\he  given  curve  placed  at  equal  diftances ;  and  let 
MP,  PQi  QR,  &c.  each  zz  i.  Then  from  the 
rature  of  the  parabolic  curve,  (^zz  A4-B#+Cv% 
&c.)  putting  x  zz  o,  1,  2,  3,  4,  &c.  and  you'll 
hive  the  following  equations. 

0zzA 

£zzA+  B+     C+     D+       E,  &c. 

^■zzA+2B+  4C+   SD  +    16E,  Sec. 

^zzA-f  3B+  9C  +  27D+   81E,  &c. 

^zzA+4B+i6C  +  64D  +  256E,  &c. 

&c.    9 
Thefe  are  continued  to  as  many  terms  as  there 
ire  equations  or  ordinates.     Then  if  the  quantities 
A,  B,  C,  D,  &c.  be  expunged,  by  help  of  thefe 

equations,  out  of  the  area  (A+4-B#+4-C* %  &c. 
XL);  you'll  have  the  area  expreiTed  by  the  ordi- 
nates, a>  £,  c,  d^  &c. 

1.  For  one  ordinate. 

Here  a  zz  A,  x  zz  o,  and  AL  zz  area.  Therefore 
AL  zz  area. 

2.  Fof 
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2.  For  two  ordinates. 
Here  x  zz  i,  a  zz  A,  b  zz  A+B,  therefore  B  zz £ — a9 

b — a 

andthe  area  zz  A+4-BxxL  as  a+  ~£-  x  L  s   that 

is,  the  area  si  L. 

'  2 

3.  For  three  ordinates. 

Here  x  zz  2,  and  a  zz  A 

£zzA+  B+  C 
<:  =  A+2B+4C 

b—azzB+  C 
o-  *zzB+3C 


r — ib+a  si  2C 


B  -  *— a— C  =  — |«^2*-4i 
Then  the  area  A+^BX2+^CX4XL  becom<s 


,7 


Ti^f;}*^-. 


or      4*+-j£+-£rxL  zz g L  the  area. 

4.  For  four  ordinates. 
Here  x  ZZ3,  area  zz  A+!-B+3C+iZD. 
and    a  zz  A 

£zz  A+  B+  C+  D 
c  zz  A+2B+4C+  8D 
JzzA  +  3B-f-9C-f27D 

*— a  =  B+  C+  D 
c—b  zz  B  +  3C  +  7D 
^— c     zz       B  +  5C+19D' 


*— 
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c~~%b+fl  zz    2C  +  6D 

d— 2C+b    §=     2C+12D 

^ — 3^+3# — a  zz  6D 

r — ib+a — d+2,c — %b+a  zz  2C 
or    2^ — 5#+4f—  dzz  2C 
and    *z — ^-f2^ — jj^z?-£j 
— ia+ifi-^ic+id  =zD 
i^a—C—D  zz  B  zz  —^a+zb—lc+\d. 
whence         a 

—  ^-a+U  —  lc  +  idl 

+  $a  —  -rb  -+-  6c  —  ~dsx  L  zz  area. 

—  >+^— ^  +  ^> 
t      .    a+d+zb+^c^ 

that  is 0- ~L  zz  area. 

o 

5.  For  five  ordinates. 
Here  x  =  4,  and  the  area  =:  A+2B+i^C+  16D 

+  HiE. 

5 

and  a  zz  A 

£zz  A+  B+  C+  D+  E 
r~A+2B-f-  4^4-  8D+  16E 
^zzA+3B4-  9C  +  27D+  81E 
^ -A+4B+16C+64D+256E 


then  b — a  zz 

B  + 

c+ 

D+ 

E 

c — 2b+a   zz 

2C  + 

6D+ 

14E 

^—3^+3^—^   = 

6D+  36E 

e — 4^4-  6c — 4.b+a 

**~* 

24E 

whence         E  zz  ^-e—~d+^c~^b+-^a. 

6 

C=  c~"26  +  a-  3D  -7E  =  i{e-y+  ^c~llb  +  IJ* 

2  43 


Thefe 
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Thefe  values  of  A,  B,  C,  &c.  fubftituted  in  the 
value  of  the  area  will  give  the  area  zz  ^e+^-d  + 
rtc  +  iyb  +  -re-*  :  X  L ;  that  is,    the   area     z= 

9° 

6.  If  fix  ordinates  be  given. 
Here   *  =  5,  and   the   area  =  A+4B+^iC+ 
J-L1D+ 12  5E+ JUi^JF  •,  and  proceeding  as  before 

we  fhall  find  the  area    =  *-? *~-ffi 

jOXc+d 

288      L* 
For  #  n  A 

£z=A+  B+     C+     D+         E+         F 

^  =  A+2B+  4C+  8D+     16E+     32F 

■i/=A+3B+  9C+   27D+  81E+  243F 

*  =  A+4B+16C+  64D+256E+1024F 

fzzA+5B+2sC+i25D+62sE+3i2sF. 

19 

Tog"/;  put  their  refpeftive  values,  from  the  equa- 
tions above,  and  we  fhall  have 


-12  A 

288 


F. 


^288         288         288         288  288        n      288 

ti2A+L00B+  !22c+42?  D  +  8-22    E+ 1^2?  F 
+  288       288       288       288  288  288 

5£  A+  -5°B+  ii?  c+ii£2D+  ±252  E+  iiiiSF. 

+288       288  T  288        288         288  288 

.  1La+  122.B+  2^c+  1^d+  I2122E+  Z^!2?F. 
^288       288        288        288         288  288 

+J2  a+  2Lb+  47i  c+  !i2lD+  ii?ZiE+  I22Z£f. 
288       288       288         288         288  288 


The 
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The  fum  of  all  thefe  is  the  area,  viz. 

2I£a4-  Z^B+  £±22c+  9°00P -f  36oooE  ,  is000?,, 
288       288       288        288         288  288     ' 

or  A  +  2|B  +    8jC   +  31P   +  125E    -f      52o|F, 
zz  the  area,  as  it  ought  to  be.     And  thus  you 
proceed  to  find  the  area,  when  more  ordinates  are 
given. 

Cor.  1.  If  we  put  A  for  the  fum  of  the  firft  and 
loft  ordinates,  B  the  fum  of  the  fecond  and  lafi  but 
one,  C  the  fum  of  the  third  and  loft  but  two,  &c. 
and  where  the  number  of  the  ordinates  is  odd,  let  the 
loft  capital  denote  the  middle  ordinate.  Alfo  put  L 
for  the  length  of  the  bafey  or  the  diftance  of  the  firfi 
and  loft  ordinates  \  youHl  have  the  following  table  of 
areas  againft  the  refpeclive  number  of  ordinates f 

AL 
A+4BxL 


*^k<L 


8 
7A+32B+12C 

90 
i9A  +  75B+5oC^L 


288 
41A+216B+27C+272D  - 


840 
75iA+3577B+I323C+2989P^L 


17250 
989A+5888B— 928C+104Q6P— 454oEvT, 


28350 

Cor, 
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Cor.  2.  After  the  fame  manner ',  if  a,  b,  c,  dy 
&c.  reprefent  any  equidiftant  feclidns  of  a  folid  -,  A 
the  fum  of  the  firft  and  laft,  B  the  fum  of  the  fecond 
and  laft  but  onei  &V.  the  foregoing  table  will  give  the 
folidity,  againft  the  proper  number  of  feclions,  Very 
tienrlji 

Cor.  3.  To  reduce  the  curve  to  another  with  fewer 
.  -fates  ;  take  the  fum  of  the  firft  and  laft  for  a  new 
ordinate,  the  fum  of  the  fecond  and  laft  but  one,  for 
another  new  ordinate  next  it,  &V.  and  laftly,  double 
the  middle  ordinate  if  odd,  for  the  laft  of  them.  Ton 
will  have  a  new  curve  With  fewer  ordinates  ;  whofe 
area  is  eafier  found,  and  is  nearly  equal  to  the  area  of 
the  former. 

Moreover,  when  the  ordinates  of  this  new  Curve 
are  had  ;  if  there  be  taken  the  fum  of  the  firft  and 
fecond  ordinates,  the  Jum  of  the  third  and  fourth,  the? 
fum  of  the  fifth  and  fix  th,  and  fo  on.  Or  if  you  take 
the  fum  of  the  three  firft,  and  the  fum  of  the  three 
next,  and  fo  on  ;  or  if  there  be  taken  the  fum  of  each 
four,  or  the  fum  cf  each  five  ordinates,  &c.  for  the 
ordinates  cf  another  curve,  it's  area  will  be  equal  to 
the  area  of  the  given  one.  dnd  in  'each  curve'  the  bafe 
muft  be  diminifhed  in  proportion  to  the  number  of  or- 
dinates that  were  added  together :  and  thus  a  proper 
?iumber  of  ordinates,  in  any  curve  being  given?  its 
quadrature  will  be  reduced  to  the  quadrature  ef  ano- 
ther curve,  with  fewer  ordinates. 

Cor.  4.  Or  when  nine  ordinates  give  not  the  area 
exacl  enough,  erec-t  more  -,  and  divide  the  area  into 
fever  at  parts,  and  find  all  the  pctris  fcparately.  And 
it  will  be  molt  expeditioufly  done,  if  you  take  no  more 
than  three  or  four  ordinates  at  met. 


PROP. 
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PROP.      X. 

Ho  refolve  Problems  by  the  differential  Method. 

RULE. 

This  is  done  by  making  ufe  of  the  foregoing  Pro- 
pofitions,  according  as  the  nature  of  the  queftior* 
requires. 

When  the  firft  of  any  order  of  differences  j$ 
wanted,  it  is  to  be  found  by  Prop.  I. 

When  any  term  of  a  feries  is  required,  it  will  be 
had  by  Prop.  II. 

If  you  want  the  fum  of  any  number  of  terms, 
it  is  found  by  Prop.  III. 

To  interpolate  any  term  of  a  feries,  then  Prop. 
V,  VI,  VII,  VIII,  and  their  Corollaries,  muft  be 
made  ufe  of,  as  occalion  requires. 

And  to  find,  the  areas  of  curves  \  proceed  by 
Prop.  IX. 

When  the  feveral  orders  of  differences  happen 
to  be  very  great,  it  will  be  convenient  to  take  the 
Logarithms  of  the  quantities  concerned,  whofe 
differences  will  be  fmaller  •,  and  at  3  ail  when  the 
Logarithm  is  obtained,  the  number  or  quantity 
belonging  to  it,  and  which  was  required,  will  eafily 
be  had. 

In  working  by  the  differences  of  quantities,  the 
labour  may  in  many  cafes  be  abridged,  by  putting 
a  number  of  cyphers,  for  fo  many  terms  at  the 
beginning  of  the  feries  •,  by  which  means  you'll  get 
feveral  of  the  differences  equal  to  o,  and  fo  the 
anfwer  will  be  obtained  in  fewer  terms. 


Sr. 
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Ex.  i. 

To  find  the  firji  of  the  %th  order  of  differences  in 
the  geometrical  progrefiion  i,  3,  9,  27,  81,  &V. 

Here  (by  Prop.  I.)  n  zz  8,  A,  £,  r,  &c.  zz  1, 
3,  9,  &c.  whence 

Tzz  1—8^+28^—56^  &c.  zz  1—8x3  +  28x9 
—56x27  +  70x81—56x243  +  28  X  729  — 8  x 
2187  +  6561  zz  32896 — 32640  zz  256  ;  that  is, 
256  is  the  firft  of  the  eight  order  of  differences. 

Ex.  2. 

What  is  the  firft  of  the  5th  order  of  differences,  of 
this  feries,  1,  4-,  4,  4,  ^,  fcfr. 

Put  A,  b,  c,  d,  &c.  zz  1,  ±9  ^  4-,  &c.  »  zz  5. 
then  (Pr.  I.)  — T  zz  1  ~- ^b+ioc — ioi+  5^  —  / 
2s:  1— •2-2-+ 2T  iT  +  x¥. — TT  zz  34-5-— * 3tt  —  TJ  > 
that  is,  Tzz—  ^ 

£*.  3. 

/Fto  «  the  firft  of  the  fourth  order  of  differences 
cf  the  feries  of  cubes,   1,  8,  27,  64,   125,  fcfc 

Let  A,  £,  c,  </,  &c.  zz  1,8,  27,  64,  &c. 
n  zz  4.  Then  (Prop.  I.)  T  zz  A— 4^+ 6c— 4-d+e 
zz  i — 32  +  162 — 256+125  zz  288 — 288  zzo,  fo 
that  Tzo,  the  fourth  order  of  differences. 

Ex.  4. 
What  is  the  20th  term  of  the  feries  i,  8,  27,  64, 
125,  fcfV. 

Here  put  1,  7,  12,  6,  for  A, 
B,  C,  D  ;  n  =  20  5  then  (Prop. 
II.)  the  20th  term  will  be  zz  A 
_         10.18  iq. 18.17 

zz  1  +  133  +  2052  +  5814  zz 
8000,  the  20th  j  term  of  the  fe- 
ries. 

Ex. 


1 

B 

C 

8 

7 

12 

D 

27 

'9 

18 

6 

64 

37 

6! 

24 

6 

I2£ 
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Ex.  5. 

What  is  the  20th  term  of  the  triangular  numbers^ 
1,  3,  6,  10,  15,  21,  iSc. 

A  K 

Here  A,  B,  C,  D,  are  e-  *          C    D 

qual   to    1,    2,    1,    o;    and  2 

»  zz  20  ;  therefore  (by  Prop.  3           •-? 

II.)  the  20th  term  =A+i9B  6     3     1     ° 

-f- 19X90  =  1  +38  +  171  10     4     1     ° 

.zz  210. 


15 


5 


Ex.  6. 

7#  j/W  the  fum  of  n  terms  of  the  arithmetical 
progreffion  1,  2,  3,  4,  5,  fcfc. 

Put  *,  J',  *T  zz  1,   i,  o,  then  (by         A   /£' 
Prop.  III.)  the  fum  of  n  terms  of  the         *  d" 

r     •       •  » I  .  2        X 

lenes  is  #+#.  — —  zz  «+^ — ~n  zz  o 

nn+n       n+i  D  o 


*•  4 


1 


.£#.  7. 

^  find  the  fum  of  n  terms  of  the  fquare  numbers* 
«t,  4,  9,  16,  25,  36,  &V. 

Here  *,  </',  d'\  d'"  zz  1,  3, 
2,  o  ;  whence  (by  Prop.  III.)  a    &< 

the  fum  of  n  terms  is  zz  #  +  30  *  ^"  ^'" 

» — 1        #X» — ixn — 2  4^2 

*  — +  3  =  5     2     o 

~ — -  +  — 1 — »       16  7 


2 


9« — 3       a»» — 6»+4  25 


9 


_»  + . n 
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200+30+1  0+1  20+1 

-? n  n  n  X X  — " — 5  the  fum  of 

6  2  3 

n  terms. 

Ex.  8. 

5l»  find  the  fum  of  n  terms  of  the  cube  numbers?  I, 
8,  27,  64,  125,  &c. 

Here  fubftituting  the 
values  of  a?  d\  d\  d"\  a 

by  Prop.  III.  we  have  j       ^      ^" 

the  fum  of  n  terms  —  7  J"' 


0 — 1 


8        7     12 


*+.*  —  ><  7 +  ia«  ^     19     i8     6     ^ 

# — 1     0 — 2      „  _       97  6 

X-T—X-— +60X  64     ^      24 

^  61 

n — 1       n— 2        n — 2  125 

2  3  4 

700 — 70  0+ — 60+1 10*- — 60 

—  0+ — — +20* — 60s+40+~ 

2  4 

04  +  20*  +  0* 

~ the  mm  of  »  terms. 


£#.  9. 

iTo  /% J  /£*  yi//0  0/  0  /m0j-  0/  the  biquadrate  nunfr 
lersy  1,   16,  81,  256,  &V, 

Here  fubftituting 
for  <#,   J',    <^ ",    d"\  o  J 

&c.  their  values  o,  1  J' 

1,  14,  36>,&x.  and  '  I4   36  , 

the  fum  of  0  terms  16       ^     50  ^       ^  Q 


of  the  feries  1,  16,  65  24 

Si,  &c.  being  the  "  IIQ  84 


194 


fame  as  the  fum  of 
0+1  terms  of  the 
feries  o,  1,  16,  &c. 
therefore   (by  Prop.  III.)  fubftituting  0+1  for  0, 

the 


a 
0 

*' 

1 

1 

16 
81 

15 

65 

256 
625 

175 
369 
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•11  1     nn+n       n* — n 
the  fum  will  be +  — 7 —  X  14+ 

1^- — X36+ — 5- — f^ x 

24=-—  »H — »H — #'* #,  the  fum  of  »  terms 

5  2  3  3° 

required,  of  the  feries  i,   16,  81,  &c. 

Ex.  10. 

7*0  /#i  /itf  fum  of  n  terms  of  the  feries  1,  6,  20 
50,   105,   196,  336,  540,  825,  &V. 

This  is  the  fame  thing  a     v 

as  finding  the  fum  of  0+3  o    u     d"    ,„, 

terms  of  the  feries  o,  o,  o                ,,„. 

o,     1,    6,    20,    50,    &c.  1 

Therefore  writing  o  for  ^,  012 

if,  d";  and  i,  2,  ford"',  1            3 

du,\  and  w+3  for»;   we  x           ^     5     Z 

have  (by  Prop. III. )  the  fum  6^9 

»+3X«+2X»+-:  Xn  2Q   J4 

""  2-3-4 

n+ixn  +  ixn+ixnxn — 1 
+    — — X  2    z= 

T  2.3.4.5 

^ -^ — — =z  the  fum  of  n  terms 

of  the  feries  1,  6,  20,  50,  &c. 

Ex.   11. 

Gn>*»  /^  logarithms  of  101,  102,  104,  ##i  105^ 
/#  j?#*/  /£?  /^g-.  of  103. 

Here  are  j  entities  given  ;  therefore  by  Prop. 
VI.  againfl  4  you  have  a — /\.b+6c — \d+e  zz  o  ; 
where  c  is  fought,  and  all  the  reft  are  given  -,  there- 

r             ■                 z^Xb+d — a-\-e 
tore  we  have  c  = 7 . 

D  2  4~ 
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a '  zz  2.0043214 

b  zz  2.0086002 

d  =  2.0170333 

e  zz  2.021 1893 

b+dzz    4-0256335 
4 

4X^M=:  16.1025340 
a+ezz    4.0255107 

6)  12.0770233 

2.0128372  the  log.  103. 

jEtf.    12. 

there  are  given  the  cube  roots  of  45,  46,  47,  48, 
and  49  ;  /0  jff»<*  the  cube  root  of  50. 

Here  five   quantities  are   given;    whence  (by 
Prop.  VI.) ;  againft  5  you  have  a—sb  +  ioc—  lod 
+  $e—fzz  o,  where/  is  required;  therefore  /  = 
a — 5^4-  ior — iod+$e. 
N.  Log. 

45  3-556893  =  "•   *  =  2,5?o8!3 

ior  =  36.088260 

5g  =  18.296530 
57-94I683 


46 
47 
48 

49 


3.556893  ==  a. 
3.583048  =  b. 
3.608826  =  c. 
3.634241  s=  d. 
3.659306  =5  e. 


17.915240 
36.342410 
54.257650 

/  5-    3.684033  cs  cube  root  of  <e« 

•*  '      .      L.J  11   .1-  ■!»>■•'  *" 


£a& 
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Ex.  13. 

Given  the  natural  tangents  of  88°,  54',  55',  56', 
57',  58',  59',  00;/  890 ;  to  find  that  of  88°,  58',  18". 

Tangents     -g 
A  =  52.080673        C    D 
*  =  52.882109   «  25042     E 
f  =  53.708587    +'  26235   ig  76  G 
^  =  54.561300  *  /  £  27504    *  83  /  1 
«  =  55.44i5i7  909073  28856  1443  9I 

/=56.350590        Q,Q„2        30299  ™ 

g  =  57.289962  939372 

Here  taking  88°  54'  from  88°  58'  ; 8",  the  re- 
mainder is  4'  18"  =  4.3  ;  therefore  put  x  zz  4.3, 

and  (by  Prop.  V.)  jy  =  A+4.3XB  +  4'3*3'3  C  + 

4.3X3.3X2.3^   ,  4-3X3-3X2-3Xi-3^    . 

6  D+  TA  E  + 

4-3X3.3X2.3XI.3X.3 
120 

4.3X3.3X2-3XI-3X.3X.— -7  G 
720 
and  collefting  the  terms,  52.080673 

3.446175 

177673 

6489 

134 

Tan.  88  58'  18"  =  55.711144 

Ex.  14. 
Given  the  log.  fines  of  i°  o',  i°  1',  i°  2',  1°  3'; 
to  find  the  fine  of  i°  1 '  40". 
Sines  -p 

A  =  8.2418553  C 

*=  8.2490332       S-"»68     D 

D  3  Then 
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Then  fubtracYing  i°o'  from  i°  i'  40",  there  re- 
mains T  40"  =  1—  =  #s  then  (Prop.  V.)the fine  to 

be  interpolated  is  j  zr  A+-|B+-^C— ^D  5  that  is, 

+  8.2418553 

+     119631 

—      649 

—       2 


+  8.2538184 

—      651 

S.   i°  1'  40"  zz  8.2537533 

Ex.  15. 

GZI^TZ     /#*  /m^    TV ,    -rrs    to    TT5    TT 1 

/<?     jf»i 

5  O 
TT 

T~2T 

I 
TT 

TT 


that  which  ftands  in  the  middle  between  TV  and  TT. 

To  fave  the  trouble  of  reduction,  take  the  lo- 
garithms of  the  numbers. 
Log.  A  g 

-  1-6989700  _  86oo2     c        D 

-1.7075702  _  8  1671  _65    E 

-1.7160033  _  g2^6     1605  _  8. 

-1.7242759  _  8'         '547     . 
—  1.7323938  J* 

Then  put  xz2|  the  difcance  of  the  number  to 

be  interpolated,  from  —  \  then  by  Prop.  V.  y  zz. 

A+-C-B+  VC+AD— r!-8E.     In  numbers 

—  1.6989700 

—  215005 

+     3l33 
—     21 

—    1 

—  1.7204727 

-  +   3 ■ 33 

—  1.7201594  being 

the  log.  of  - — -  the  number  fought. 

Ex. 
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Fig. 
Ex.  16. 

Given  three  diftances  of  the  fun  from  the  tropic ,    8. 
and  the  times  of  obfervation.     To  find  the  time  of  the 
folftice. 

viz.       Dec.  20  ...  39 " 
21  .  .  .    6 
24  .  .  .  74. 
Comparing  this  with  Prop.  VII.  we  have  a  zz  39, 
b  zz  6,    £—74;    and^  zz  1,    g  =  3  *    tnen  B  = 
£_a                         ,_£      68                        Bi— B 
zz — 3  3,Bi  z= zz  —  zz  22-4;  C  zz  — ; 

p     ^     66  q        3         3  p+q 

zz  ^p  zz  1344 ;  then  (Cor.  Pr.  VII.)  j  zz  39- 

33^+13^X^7,  or  jy  zz  39—4644^+13-^^ 
zz  o,  becaufe  y  is  nothing  at  the  time  of  the  fol- 
ftice. Therefore  xx — 3.3713*  zz — 2'.8o24,  and 
x — 1.6856  zz +^.1383  zz  .3724,  and*  zz  1.3132, 
or  #  =  2.0580. 

Ex.  17. 

Given  a  comet's  diftance  from  the  fun  on  the  follow- 
ing days  at  12  at  nighty  to  find  its  diftance  Dec.  20. 

Decern.   12  .  .  .  dift.  301  zz  a 
21 620  zz  b 

24 7lS—c 

26 772  zz  d 

Here  x  zz  8,    the  time  after  Dec.  12  ;    and  by 
Pr.  VII.  p  zz  9,  j  zz  3,  rz2;   and  B  zz  §^2  — 

35.4444;  Bi  =y- 31.6666,  B2=^-  =  28.5-, 
c__  3-7778  __    x   g     Ci  ___  3-i666  _ 

12  *J    4    5  ^ 

.3185 

—.6333  D  =*  ~    I4     =  —.0227  y  then 

D  4  J  zz 
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y  =  301+35.4444x8— 31 48X8X—  1 — .0227X — I 
X— 4  =  301 +283.5555+2.5 1 84— .0908;  that  is, 
y=z  586.9831  the  comet's  diftance  Dec.  20,  at  12 
at  night. 


>iyk 


Ex* 

18. 

Given  Jive  places  of 

a  comet  \ 

to  find  it 

tNov.i6d. 

d. 

h. 

Nov 

•  3 

1 7,  place  Leo 

29 

5i 

5 

15    .  . 

Virgo 

3 

23 

10 

16    .  . 

*5 

32 

18 

21    .  . 

Libra 

18 

52 

20 

17    .  . 

28 

10 

Proceeding  by  Prop.  VII.  we  mall  have 

Nov.  2  17  ,^ 

£     '      1     22  =  1.9166  =  j>. 

10   16     5       x  =5.0417  =?• 
i?»     8      5  =  »-Jo83=;r. 

20   17  DD0 

Leo  2o  a  z^  _  7 

4,.  ^    ^  7  2     32  =      2.^222   =  # ^. 

Virgo  ^3  23=*     A^-itis  66^c-b. 
Libra  Is  s!=i     33  W=  33.3333  =  ^—r. 

B    =1.8436,0    =  .o8<4,D    =  .oo28,E  =  —  .0003 
Bi  =  2.4099,0?  =  .  1  246,D  1  = — .0016 
B2  =  4.0609,02  =.1008 

B3  =5-0729 

from  Nov.  16   17 
take  Nov.     3   1 7 

remains   13     o    therefore   x  =  13,     whence 

(Cor.  r.  Pr.  VII. )j>  =  <z  +  1. 8436x13+. 0814X13X 
1 1. 0834+.  0028x13X1 1.0834x6.0417 — .0003x13 

X 
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Xn.0834x6.0417X-2.1666  zz  a+z%\6<)%2  — 
Leo29°  5i'+38°4i,53"/:z:Libra80  32'  53"> its 
place  November  1 6d.   17b. 

Ex.   19. 
In  the  given  feries  1,  yXi5~X  ~X  1,  7*^~XT 

Xi,  — X— X— X  ~Xi,  &?f.  /<?  jfosi  the  term  in  the 

7        5       3       * 
middle  between  the  fecond  and  third. 

A    „  By    Prop.  V. 

1     B  C     D  x  zz  i±.       Alfo 

m      I  ,  E   e~  P  =  #5    Q^  i» 

_  a        T  »  T  3         T  — >     3 


3- 


1  6 

*  3     TT 


TT 
8 

oT" 


Vzzx-^T,  &c. 


3tt 

then,  =  A  +  IB  +  IC-^D+^E-^F+^^G  &c. 
or,  =  1  +  1  {  —  I  —  &  — ■  ¥4 3— tw  —  ttIt*  &c- 
that  is  j  —  2.357. 

Ex.  20.  Fig. 

Gri>£?z    the   lengths  of  three   equidiftant   or  din  at  es    10» 
("5,  7,  <2«J  8^)  ;  07^  /£<?  /^/Z?  0/  the  bafe  MQjzz  10 ; 
/0  find  the  area  of  the  curve  AMQC. 

By  Cor.  1.    Prop.  IX.  A  =  AM+CQjz:  5  +  8 

zz  1 3.  Bz  BP  zz  7,  then  for  three  ordinates,  the 

A  +  4B  13  +  28  41  ,Ql 

area  zz  — ■? —  L  zz — g — x  10  zz  -t-xiozz68^-. 

Ex.  21. 
Given  the  length  of  four  equidiftant  ordinates  f  5, 
7,   8,   10J,  and  bafe  MR  zz  10,  to  find  the  area  of 
the  curve  AMPvD. 

Here  A  zz  AM+DR  =  15,    B  zz  BP+CQjz: 

15.     Then  for  four  ordinates,  the   area  (Cor.  1. 

jY^  •    _  A4-3BT        15+45  60 

IX.)  is  zz — ^ —  L  zz jj — x  10  zz-jXio=: 

75,  as  required. 

Other- 


11. 
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Fig. 

Otherwife, 

Put  AM  =  5  +  10  =  15,  and  BPzz  7  +  8  zz 
15  •,  then  put  A  zz  AM  +  BP  zz  30 ;  and  the  area 

A  30 

for  thefe  two  ordinates  is  zz  —  x  L  zz  —  X5  zz  75. 

Ex.  22. 

Given  the  lengths  of  five  equidiftant  ordinates,  fio, 
11,  14,  16,  16),  and  the  length  of  the  hafe  MS,  20 ; 
to  find  the  area. 

Here  A  =  AM+ES  zz  26,  B  zz  BP+DR  zz 
27,  C  zz  14,  L  zz  20.     Then  (by  Cor.  1.  Pr.  IX.) 

7A+32B  + 12C          182  +  864+168 
the  area  is L  zz — x 

I2I4  c  7 

20  z=  -?—  X  20  =269^. 

Or  thus, 
Reduce  it  to  3  ordinates,  putting  AM  zz  10  +  16 
ZZ26,    BP  zz  11  +  16  zz  27,    CQ^zz  2x14  =  28. 
Then  A  zz  AM+CQ^zz  54,    BZZ27;    then  the 

A+4B               54+108  162 

areazz— g —  X  10  zz — -g x  10  zz  —  x  10 

zz  270. 

Or  thus, 

In  the  laft  curve,  the  three  ordinates  are  26,  27, 
28-,  make  AM  zz  26  +  27  zz  53,  BP  zz  27  +  28 
zz  55,  L  zz  5  ;    and  put  A  zz  AM+BP  zz  108  \ 

A  108 

then  the  area  zz  —  L  zz  — -  X  5  =z  270. 

Ex.  23. 
12         Given  the  lengths  of  fix  equidiftant  ordinates,  (10, 
12,    11,  7,  o,  9,)^  bafezo;  to  find  the  area. 

Here  A  zz  10 — 9  zz  1,  B  zz  12+0  zz  12,  C  zz 
1 1 +7  zz  18,    L  zz  20  -,    then  (Cor.  1.    Pr.  IX.), 

area 
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19A  +  75B+50C             19+900+900 
area  zz  ^  XL  _ m  X 

20  =  -  gg  X  20  =  126— ;  where  note,  as  the  or- 
dinate VF  is  negative  \  the  area  SVF  below  the 
bafe,  is  alfo  negative. 


Or  thus, 
Divide  the  area  into  two  parts,  one  with  four 
ordinates,  the  other  with  three.     For  the  four  or- 
dinates 10,  12,  11,  7 ^  we  have  A  zz  17,  B  zz  23; 
A+3B  17+69  86 

and  the  area  zz  — g —  X12  z:  — g: —  X  1 2  zz  -j? 

X  12  —  129. 

For  the   three  ordinates    7,  o,  — 9  ;  we  have 

A+3B 
A  zz  — 2,  B  zz  o ;  whence  the  area  zz  — ^ —  L  zz' 

Tx8=-2' 

Then  the  whole  area  zz  129 — 2  zz  127. 

.£#.  24. 
Let  18  ordinates  be  given  in  a  curve  ^  o,  2,  3,  4, 

6,  5>  3^  x»  —  **  — 3>  —4,  — 5>  —  5>  — 3>  — 1> 

o,  2,  5  ;  tffl^  /£*  &*/£  17 j  /*  find  the  area. 

The  fhorteft  way  is  to  take  three  or  four  ordi- 
nates at  once.  Thus  for  the  four  ordinates  o,  2, 
3,  4  •  we  have   A  zz  4,  B  zz  2  +  3  zz  5  -,  and  the 

A+3B  4+i_5  57 

area  zz  — —  L  zz  -y-  X  3  =  ~g"  =  7i- 

Then  for  the  area  with  the  four  ordinates  4,  6,  5, 
3  •,  here  A  zz  4+3  zz  7,    B  zz  6  +  5  zz  1 1  -y   and 

thearca=^-g^X3  =  15. 

Again,  with  the  four  ordinates  3,  1,  — 1,  — 3; 
here  A  =  o,  B  ;=  o,  and  the  area  =0. 

Then 
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Then  with  the  four  ordinates  — 3,   — 4,    —5, 
— 5;  here  A  =  —8,  B  zz  — 9  ;    and  the  area  = 
— 8—27  35 
- X3  =  —  yX3  =—  I3-J- 

Then  with  the  four  ordinates  — 5,  — 3,  — ir 
o;    here   A  zz  — 5,    B  zz  — 4 ;    and   the  area  zz 

Laftly  with  the  three  ordinates  o,  2, 5 ;  here  A  zz  5, 

,   ,  5  +  8  J3 

Bz2-5  and  the  area  zz  —r-  X  2  zz  —  =44* 

Then  the  fum  of  all  thefe  areas  is  7^+15 — 13-J- 
— -6^-+  44  zz  64}  j  tn^t  is  the  whole  area  zz  64J, 
cfteeming  thefe  parts  negative,  that  are  below  the 
bafe. 

Ex.  25. 
Given  8  ordinates  of  a  hyperbola  between  the  of- 
Jymptotes,  ±&  4?>  -&  «,  ih  4t,  H*  tt  5  /'  find 
the  area. 

Here    ^  zz  4-1  =  1 .00000 

b  zz  44  —  0.90909 

rzz44  =  0.83333 

^zz  44  zz  0.76923 

*zz  44  zz  0.71428 

/  zz  4°  zzo. 66666 

g-  4^  =  0.625 

£zz  -=z  0.58823 
then  A  zz  a+h  zz  1.58823,  B  zz  b+g  zz  1.53409, 
C  zz  £+/  zz  1.5,     D  zz  d+e  zz  1. 48351 ;     then 
(Cor.  1.  Pr.  IX.)  the  area  zz 
751A-f-3577B+1323C29  +  89DT 

ryis^ ' —  L> where  L  =  7  i 

that  is,  the    area  zz 

1 192. 76  +  54S7. 44+ 1984.5+4434.2 1  _ 

17280  *  7  — 

5.3062,  as  required. 

THE 
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ELEMENTS 

OF      THE 

CONIC     SECTIONS; 

DEMONSTRATED 

In     THREE      BOOKS, 

Book  I.     Of  the  Ellipsis. 
Book  II.  Of  the  Hyperbola. 
Book  III.  Of  the  Parabola. 


Et  ft  omnia  a  veteribus  inventa  ejfent :   hoc  tamen  femper 
novum  eritt  ufus  et  inventorum  ah  aliis  fcientia  et  difpofttio, 

Se  NEC. 


THE 


PREFACE. 


J  T  is  not  my  defign  in  this  Treatife,  to  lay  down  all  the, 
**  properties  of  the  Conic  Seclions,  but  Jhall  confine  my f elf  t§ 
thofc  that  are  mojl  ufeful.  For  to  fay  all  that  has  been  writ- 
ten, or  may  be  written  concerning  thefe  curves,  would  far 
exceed  my  intended  brevity ,  and  be  attended  with  ?io  advan- 
tage. 'Therefore  fetting  afide  all  trifling  and  ufelefs  propor- 
tions^ I  have  endeavoured  to  explain  the  chief  and  mojl  confe- 
derate properties  of  thefe  curves,  and  I  think  I  have  omit- 
ed  but  few  things  that  are  either  ufeful  or  curious. 

The  mojl  ufeful  and  remarkable  curves,  next  the  circle,  arc 
the  Conic  Seclions.  Thefe  curves  make  a  confiderable  branch 
in  geometry.  They  are  of  great  ufe  in  feveral  parts  of  th$ 
mathematics,  particularly  in  Dialling,  for  delineating  the 
figns  ;  likewife  in  the  Projection  of  the  fp  here,  where  feve- 
ral of  the  circles  are  projecled  into  Conic  Seclions ;  and  the. 
like  in  Perfpective  ;  alfo  in  Optics,  to  reflecl  or  refracl  the 
rays  to  a  geometrical  focus  \  all  Aftronomy  is  built  thereon  \ 
the  Conftruction  of  algebraic  equations  depends  much  upon 
them  ;  they  are  very  ufeful  in  natural  Philofophy  for  inves- 
tigating the  phenomena  of  nature.  A  man  cannot  be  a  pro- 
ficient in  the  abferufer  parts  of  the  mathematics,  without  the. 
knowledge  of  the  Conic  Seclions,  which  leads  the  way  to  the 
higher  geometry.  And  it  is  abfolutely  necejfary  to  know  the 
fundamental  properties,  for  all  fuch  perfons,  as  would  make  any 
advances  in  natural  philofophy,  and  for  under/landing  the 
amazing  difcov cries  of  the  lajl  age,  in  the  mechanifm  of  the 
univerfe. 

As  to  this  Treatife,  I  have  comprehended  all  I  had  to  fay 
on  this  fubjecl,  in  three  Books,  for  the  three  Conic  Seclions 
feparately :  which  is  better,  at  leaf!  for  beginners,  than 
treating  them  altogether,  in  a  more  abjlracl  and  general  man- 
ner.    The  feveral  propofitions  are  delivered  in  fuch  order,  as 

they 
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they  feemed  mofl  naturally  to  follow  from  one  another  ;  and^ 
for  the  fever  al  Seclions,  are  laid  down  nearly  in  the  fame  or- 
der',  and  almofl  in  the  fame  words ,  that  the  relation  they  have 
to  one  another,  may  the  better  appear. 

In  the  Hyperbola,  many  of  the  propofitions  comprehend  a 
great  many  particular  cafes,  which  would  require  a  vafl  num- 
ber of  cuts  to  defcribe  them  all,  as  they  relate  to  the  oppofte 
Seclions,  or  to  the  conjugate  hyperbola's.  Therefore  I  have 
treated  them  in  as  general  a  way  as  I  could.  And  any  parti- 
cular cafe  may  be  eafily  inferred  from  the  general  propofition, 
mutatis  mutandis,  attending  duly  to  the  nature  of  that  pro- 
pofition.  And  to  ajfifl  the  reader's  imagination,  in  the  mofl  re- 
markable propofitions,  I  have  denoted  fuch  particular  cafes  by 
fmall  letters  of  the  Alphabet.  And  in  many  inflances  I  have 
done  the  fame  thing  with  the  other  Seclions,  where  it  appear- 
ed necejjary. 

I  have  chofen  to  demon/irate  thefe  their  properties  from  their 
fimple  defcription  upon  a  plane,  without  making  ufe  of  the 
cone,  as  being  eafier  to  underfland.  For  when  the  demon- 
Jlrations  are  taken  from  the  Seclions  of  a  cone,  they  are  more 
difficult  to  comprehend,  by  reafon  there  are  fo  many  interfec- 
tions  of  planes  with  planes,  and  planes  with  folids,  that  the 
reader  is  confufed  with  them.  Whereas  thefe  properties  are 
£afily  drawn  from  their  mechanical  defcription  upon  a  plane, 
and  the  demonflrations  are  more  fimple  and  natural. 

At  the  end  of  each  Book  I  have  given  a  colleclion  of  the 
mofl  ufeful  Problems.  And  lafl  of  all  I  have  jhewn  what 
fort  of  curves  thefe  are,  which  are  made  by  cutting  a  cone  by 
a  plane  in  fuch  and  fuch  pofitions  -,  and  have  demonflrated 
that  thefe  are  the  very  fame  curves,  we  have  here  been  treat- 
ing on.  So  I  hope  the  reader  will  be  furnijhed  here  with  every 
thing  that  is  neceffary  for  him,  in  this  branch  of  geometry. 


W.  Emerfon. 
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CONIC   SECTIONS. 

BOOK      I. 

Of  the  Ellipsis. 

. .  -     .  j  i 

DEFINITIONS. 

D  E  F  I  N.      I. 

IF  two  pins  be  fixed  at  the  points  F,  S  -,  and  a  pja 
thread  PSFP,  put  about  them  and  knotted  at  P  -, 
then  if  the  thread  be  drawn  tight,  and  the  point  P 
.  and  the  thread  be  moved  about  the  fixed  centers  F, 
S  ;  the  point  P  will  defcribe  the  curve  PD/>BEAP, 
called  an  Ellipjis. 

DEF.      II. 
The  points  or  centers  F,  S,  are  called  the  Foci. 

DEF.     III. 

The  line  AB,  drawn  thro'  the  foci  to  the  curve, 
is  called  the  tranfverfe  Axis. 

DEF.      IV. 

The  point  C  in  the  middle  of  the  axis  AB,  is 
the  Center. 

DEF.      V. 

The  line  DE,  (drawn  thro'  the  center  C)  per- 
pendicular to  the  tranfverfe  AB,  is  called  the  con- 
jugate Axis. 

E  D  E  F, 
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D  E  F.     VI. 

Fig.      Any  line  TO,  drawn  thro'  the  center  C  to  the 
2.    curve,  is  called  a  Diameter.     And  the  extremity  T 
(or  O)  its  vertex. 

D  E  F.      VII. 

If  TO  be  a  diameter,  then  the  diameter  GK, 
drawn  parallel  to  the  tangent  at  its  vertex  T,  is 
called  its  conjugate.  And  the  two  diameters  TO, 
GK,  are  faid  to  be  conjugates  to  one  another. 

D  E  R     VIII. 

The  line  LR  (drawn  thro*  the  focus  F,  perpen- 
dicular to  the  tranfverfe  axis  AB,)  is  called  the  pa- 
rameter or  latus  reclum. 

D  E  F.      IX. 

A  line  drawn  from  any  point  of  the  curve  (as  HI) 
perpendicular  to  the  tranfverfe  axis,  is  called  ,an 
Ordinate  to  the  tranfverfe.  And  in  general,  any 
line  drawn  from  the  curve  to  any  diameter  TO,  pa- 
rallel to  its  conjugate  GK,  (as  HN,)  is  an  ordinate 
to  that  principal  diameter  TO.  If  it  go  quite  thro* 
the  figure,  as  H£,  it  is  called  a  double  Ordinate. 

D  E  F.      X. 

A  right  line  meeting  the  ellipfis  in  one  point  M, 
but  does  not  cut  it,  is  called  a  'Tangent  to  it  in  that 
point,  as  TM. 

D  E  F.      XL 

The  part  of  the  diameter  between  the  vertex  and 
the  ordinate,  is  called  the  Axfciffa  :  TN,  AI.  And 
the  Vertex  is  the  extremity  of  any  diameter. 


PROP. 
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PROP.      I. 

The  fum  of  the  lines  FP,  SP,  drawn  from  the  foci, 
to  any  point  of  the  curve,  is  equal  to  the  tranfverfe 
axis  AB. 

For  by  conftruclion,  PF+PS  ±  AF+AS  =r 
AF  +  AF+FS  =  2AF+FS.  And  the  fame  PF-+- 
PS  =  2BS  +  FS;  therefore  2AF+FS  =  2BS4- 
FS ;  and  2AF  =  2BS,  or  AF  =  BS.  Whence 
PF+PS  =  2AF+FS  zz  AF+BS+FS  m  AB. 

Cor.  The  two  foci  are  equally  diftant  from  the  ver- 
texes,  and  alfo  from  the  center  :  AF  =  BS,  and 
FC  =  SC. 

For  it  is  proved  that  AF  =  BS  -9  and  fince  AC 
=  CB  (def.  4),  therefore  AC— AF  =  CB— BS,  of 
FC  =  SC. 

PROP.      II. 

A  line  drawn  from  the  end  of  the  conjugate  axis,  to 
the  focus,  is  equal  to  half  the  tranfverfe;  DF  zz  CA. 

Draw  DS  to  the  other  focus.  Then  the  two 
right  angled  triangles  CDF  and  CDS  are  fimilar 
and  equal.  For  SC  z:  CF,  the  angles  at  C  are 
right,  and  CD  common  ;  therefore  SD  zz  DF  ;  and 
fince  the  fum  SD+DF  zz  the  tranfverfe  (Prop.  I.), 
one  of  them  DF  zz  half  the  tranfverfe  CA. 

Cor.  The  difiance  of  the  foci  is  a  mean  proportional 
between  the  fum  and  difference  of  the  tranfverfe  and 

conjugate  axes,  SF2  zz  BA-j-DE  x  BA — DE. 
For  CA1  =  DF2  zz  DC2+CF2  .  andCF2  = 

CA2— CD2  =  CA+CDxCA— CD;  and4CF2 

or  SF2  zz  2CA+2CD  x  2CA— 2CD. 

E  2  PROP. 


Fig, 
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Fig. 

PROP.      III. 

g.  The  reel '-angle  of  the  focal  diftances  from  either  ver- 
tex, is  equal  to  the  fquare  of  the  femiconjugate  :  AFx 
FB  =  DC2. 

For  DC2  =  DF2—  CF2  =  (Prop.  II.)  CA2— 
CF2  =  (Geom.  I.  12.)  CA+CF  X  CA— CF  = 
BC+CF  X  CA— CF  =  BFxFA. 

PROP.      IV. 

6         As  the  tranfverfe  axis  to  the  conjugate,  fo  the  con- 
jugate to  the  latus  return  of  the  tranfverfe :  AB :  DE 
: :  DE :  LR. 

For  SL-f-LF  =  BA  =  2CA  (Prop.  I.);  and 
SL  —  2CA — JLF,  and  by  fquaring  (Geom.  I.  n.), 
SL2  =  4CA2—  4CAXLF+LF2.  And  in  the 
right  angled  triangle  SLF,  SL2  =  SF2+LF2  -, 
whence  4AC2— 4CAxLF-j-LF2  =  SF2+LF\ 
and4AC2— 4CAxLF  rSF2  =  4CF\and4AC2' 
=  4CAxLF-t-4CF2  zz4CAXLF+4DF2—  4DC\ 
and4AC2+4DC2  =  4CAxLF-f  4.DF2;  butCA2 
z=DF2  (Pr.IL);  therefore  4DC2  =  4CAxLF  3 
--2CAX2LF3  that  is,  DE2  =BAxLR. 

m  Cor.  1 .  As  the  femitranfverfe  is  to  the  femi-conju- 
gate,  fo  the  femiconjugate  to  half  the  latus  reclum  % 
CA  :  DC  :  :  DC  :  LF. 

Cor.  2.  As  the  femitranfverfe,  to  the  difiance  of 
the  focus  from  the  center  -,  fo  is  the  fame  difiance,  to 
the  difference  between  the  femi 'tranfverfe  and  half  the 

latus  reclum  :  FC2  z=  CAxCA^'07 

For  CF2  =  DF2— DC2  =  (Pr.  II.)  CA2— < 
CD2  -  CA2— CAxLF  (Pr,  IV.  Cor.  1.) 


Cor. 
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Cor.  3.  The  re  Wangle  BFA  zz  half  the  tranfverfe  Fig. 
X  half  the  latus  return  zz  CAxFL.      By   Cor.   1.   3. 
and  Prop.  III. 

Scholium. 

Since  the  tranfverfe  axis  is  to  the  conjugate,  fo 
the  conjugate  to  the  latus  rectum,  of  the  tranfverfe 
axis.  Therefore  in  any  other  diameters,  the  third 
proportional,  to  the  diameter  and  its  conjugate,  is 
called  the  latus  reclum  of  that  diameter. 

PROP.      V. 

From  any  point  M  in  the  curve,  drawing  the  lines   4» 
MF,  MS,  to  the  two  foci  ;  and  the  ordinate  MP  per- 
pendicular to  the  tranfverfe  axis  BA  \  it  will  be> 
As  the  femitranfverfe,  CA  : 
to  the  diftance  of  the  focus  from  the  center,  CF  : : 
So  the  diftance  of  the  ordinate  from  the  center,  CP  : 

Y**r     77.^  r     ,       7.  T.rr^^ro  MS MF 

to  v^#£  the  difference  of  the  ItnesmF,  MS,  or . 

For  make  SD  zz  CA,  then  SM  =  CA+DM, 
and  FM  zz  2CA— SM  zz  CA— DM.  In  the  right 
angled  triangle  SMP,  SM*  or  CA2  +  2CAxDM-f- 

DM1  (Geom.I.  10.)  zz  SP2+PM2  =  CF+CP* 
4-PM2  zzCF*  +  2CFxCP+CP*+PM\  andin 

the  right  angled  triangle  FMP,  FM2   or  CA2 — 

2CAXDM  +  DM2  zz  FP2  +  PM2  zz  CF— CP2 
4-PM2  zz(Geom.I.ii.)CF2— 2CFxCP-f-CP2-|- 

PM2  ;  then  fubtracting  the  latter  equation  from  the 
former,  SM2—  FM2  —  4CAxDM  zz  4CFxCP, 
and  CFxCP  zz  CAxDM.  But  fince  SM  zz  CA 
+DM,  and  FM  zz  CA— DM  5  therefore  SM— 
FM  zz  2DM  ^  therefore  CF  x  CP  zz  CA  x 
SM— FM 


Cor, 
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Fig.      Cor.  i .  If  F,  S  be  the  foci,  MP  an  ordinate  *, 

4-    then  it  is  G A  :  CF  :  :  CP  :  CA— MF  or  SM— CA. 
For  CFxCP  =  CAxDM,  and  DM  zz  SM— 
CA  =  CA— FM. 

Cor.  2 .  IfF,Sbe  the  foci,  MP  an  ordinate  -,  then 
the  difference  of  the  fquares  of  the  lines  SM,  FM ; 
that  is,  SM2— FM2  zz,  4CFxCP. 

Cor.  3.   If  F,  S  ^  £i?£  foci,  MP  <z«  ordinate ; 

/£<?»  CAxSM— FM  zz  2CFXCP. 


4- 


For  SM2  —  FM2  zz  SM+FM  X  SM— FM 
(Geom.  I.  12.)  zz  2CA  X  SM^FM  zz^FxCP, 
and  CA  x  SM— FM  zz  2CFXCP. 

S  C  H  OLIUM. 

If  PM  falls  on  the  other  fide  of  F,  as  pm,  then 
pF  zz  Qp — CF,  and  its  fquare  the  fame  as  before, 
and  the  reft  of  the  demonftration  the  fame* 

PROP.      VI. 

If  an  ordinate  MP  be  drawn  to  the  tranfverfe 
axis  ;  it  will  be, 

As  the  fquare  of  the  tranfverfe,  BA2  : 
to  the  fquare  of  the  conjugate,  NE 2  :  : 
So  the  reclangle  of  the  figments  of  the  tranf  BP A  : 
to  the  fquare  of  the  ordinate,  PM2. 

For  make  SD  zz  CA,  then  DM  is  half  the  dif- 
ference of  SM  and  MF  -,  therefore  by  Prop.  V. 
CA  :  CF  :  :  CP  :  DM,  and*(Propor.  13.) 
CA:CA+CForBF::CP:CP  +  DM,and(Pro.4.) 
CA  :  CP  :  :  BF  :  CP  +  DM,  and  (Propor.  13.) 
CA  :  CA  +  CP  or  BP  :  :  BF  :  BF+CP  +  DM. 

ButBF  =  BC+CF  =  SD  +  CF-,  andBF  +  CP 
4-DM  zz  SD+CF+CP+DM  zz  SM+CS+CP 
zz  SM  +  SP;  whence 

CA  :  BP  :  :  BF  :  SM+SP. 

Again, 
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Again,  fince  CA  :  CF  :  :  CP  :  DM ;  then  Fig. 

(Pro.i3.)CA:(CA— CF)AF::CP:CP— DM^and    4. 

(Proper.  4.)  CA  :  CP  :  :  AF  :  CP-DM,  and 

(P.i3.)CA:(CA—CP)PA::AF:AF— CP+DM. 

But  AF  =  CA— CF  -  SD— SC  ;  therefore  AF 

—CP+DM  =  SD— SC— CP+DM  =  SM— SP  ; 

therefore 

CA  :  PA  :  :  AF :  SM— SP,  and  we  had 

before,  CA  :  BP  :  :  BF  :  SM+SP  •,  then  multiply- 

ing  thefe  proportions  together  (Propor.  1 8),  we  have 

C  A 2  :  BPxP  A : :  BFxF  A  :  SM  2  — SP 2  (Geom.  12.) 

But  (Prop.  III.)  BFxFA  -  CN2,  and  Geom.  II. 

21.  Cor.  1.)  SM*— SP2  zz  PM2  ;  therefore  CA2  : 

BPA  : :  CN2  :  PM\  or  alternately 

CA2  :CN2  ::BPA:PM\ 

or  BA2  (4CA2)  :  NE2  (4CN2)  :  :  BPA :  PM2. 

Cor.  1.  CA2  :  CN2  :  :  BFA:PM2. 

Cor.  2.  As  the  tranfverfe  BA  : 

to  its  latus  reftum  :  : 

So  the  rectangle  BPA  : 

to  fquare  of  the  ordinate  PM2. 

NE2 
For  (Prop.  IV.)  latus  rectum  st  -/\tt,  whence  fince 

BA2:EN2::BFA:PM2. 

NE2 
therefore  BA  :  ^~  or  latus  rectum  :  :  BFA  :  PM2 

(Propor.  6.). 

Cor.  3.  The  reft  angles  of  the  fegments  of  the  tranf- 
verfe, are  as  the  fquares  of  the  ordinates. 

For  every  rectangle  is  to  the  fquare  of  its  ordi- 
nate, in  the  given  ratio  of  CA2  to  CN  ,  or  of  BA 
to  the  latus  rectum. 

Cor.  4.  As  the  fquare  of  the  femi tranfverfe  CA2  : 
Retlangle  of  the  focal  diftances  from  vertex  BFA :  : 
So  reftangle  of  the  fegments  BPA  : 
Square  of  the  ordinate  PM2. 

E  4  PROP. 
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Fig. 

PROP.      VII. 

5.  If  the  ordinate  MG  be  drawn  perpendicular  to  the 
conjugate  DE,  it  will  be, 

As  the  fquare  of  the  femi conjugate,  DC2  : 
to  fquare  of  the  femitranfuerfe,  CA    :  : 
So  the  reel  angle  of  the  fegmer.ts  of  con).  DGE  : 
to  fquare  of  the  ordinate,  GM\ 

For  by  Cor.  1.  Pr.  VI.  CA2  :  CD7  : :  BPA :  PM*. 

But  BPA  zz  AC+CP  x  AC— CP  (Geom.  I.  12.) 
zz  AC2  — CP2  zz  AC  —  GMZ  ;  therefore  CA 
CD    :  :  AC  —  CP    :  PM.%  and  alternately  CA2 
CA2— CP2  :  :  CD2  :  PM2  ;  and  by  diviiion  CA2 
CPa  :  :  CD2  :  CD*— PMa  or  CD       CG'  ;  and  al- 
ternately CA2:  CD2:  :CP::CD*~^^ 

X  i'.D— CG  that  is,  EGxGD-,  or  CA2  :CD3 : : 
GM2  :  DGE. 

Cor.  I  he  whole  ordinate  to  the  tranfverfe  or  con- 
jugate axis,  is  biffetled  by  that  a%is  -,  and  equal  or- 
dinates  are  equally  diftant  from  the  center. 

For  the  rectangle  of  the  fegments  of  the  axis 
being  in  a  given  ratio  to  the  fquare  of  the  ordinate  •, 
and  that  rectangle  being  the  fame,  for  the  ordinates 
on  both  fides  -,  thefe  ordinates  muft  be  equal.  Like- 
v  ife  that  rectangle  remains  the  fame,  at  equal  dis- 
tances on  each  fide  the  center-,  and  therefore  the 
ordinates  are  equal  at  equal  diitances. 

PROP.      VIII. 

6.  If  MP  be  an  ordinate,  to  the  tranfverfe  \  F,  S  the 
foci  \  and  you  make  CA  :  CF  :  :  CP  :  CI  -,  then  the 
rcttangle  SMxMF  zz  CA2— CI2. 

SM FM 

For  make  SD  zz  CA,  then  DM  zz  - > 

2 

CFxCP 

and  by  Prop.  V.  DM  zz  —  ^-—  zz  CI  by   con- 

ft ruct  ion  ; 
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ftrudtion  •,  and  SM  X  MF  =  CA+DM  x  CA— DM  Fig. 
zz  CA2— DM1  =  CA4— CP.  6. 

Cor.  i.    If  CA  :  CF  :  :  CP  :  CI  5    then  FM  = 
AI,  and  SM  zz  BI. 

For  DM  zz  CI,  and  SM  zz  CA+DM  =  CA 
+CI  zz  BI,  and  therefore  FM  zz  AI. 

Cor.  2.  CA  :  CF  : :  CP  :  CA— FM  or  SM— CA, 

PROP.      IX. 

If  F,  S  be  the  foci,  C  the  center ',  MP  an  ordinate   6. 
to  the  tranfverfe,  CE  the  femiconjugate  \  then  CM* 
zz  CA+CE2— SMF. 

For  in  the  triangle  SMF,  (Geom  II.  28),  SM* 

+MF2  zz  2CF  +2CM  .  ButSM+MFz  zz  SM* 
+  2SMXMF  +  MF2  ;  therefore  SM2  +  MF2  zz 

SM+MF2  —  2SMXMF  zz  BA2— 2SMXMF. 
whence  BA2— 2SMXMF  zz  2CF2  +  2CM2.  There! 
fore  2CM2  zz  BA2--2CF  —  2SMXMF  zz  4CA* 
_2CF2— 2SMXMF;  and  CM2  zz  2CA<— CF* 
— SMxMF  zz  CA2  +  CEZ— SMxMF. 

Cor.  1:  If  CA  :  CF  :  :  CP  :  CI ;  then  CM  zz  EI. 

It  follows  from  this  and  the  laft  Prop. 

Cor.  2.  If  CA  :  CF  :  :  CP  :  CI;  then  reclanglf 
BPA  zz  rectangle  SIF+PM\ 

For  BPA  zz  CA2— CP2  zz  CA2— CM2+PM* 
zz  SMF— CE2+PM2  zz  (VIII)  CA2— CP^CE2 
+PM2  zz  CF2— CP+PM2  zz  SIF+PM2. 

PROP.      X. 

If  from  the  foci,  two  lines  SM,  FM  be  drawn  to   7. 
any  point  in  the  curve,  as  M  \  they  will  make  equal 
angles  with  the  curve  in  that  point. 

Take  m  infinitely  near  M  in  the  curve,  and  draw 
Smy  Fm  j  and  from  S  and   F  defcribe  the  fma.ll 

arches 
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Fig.  arches  Mr,  #*/,  thro*  M  and  m.     Then  fince  SM 

7.  +MF  =  Sm+mF,  by  Pr.  I.  that  is,  SM+M/+ 
tF  z=  Sr-\-rm+mF ;  and  taking  away  the  equal 
quantities  SM,  Sr,  as  alfo  /F,  mF  ;  there  remains 
M/  zz  rm.  Therefore  in  the  infinitely  fmall  tri- 
angles Mrw,  and  Mtm,  right  angled  at  r  and  /,  we 
have  M/  z=  wr,  and  the  hypothenufe  Mm  common ; 
therefore  the  fides  Mr  and  nit  are  equal,  and  the 
oppofite  angle  Mmr  and  mMx.  -,  that  is,  MmS  and 
mMF  are  equal;  but  m  being  infinitely  near  M,  the. 
angle  M^S  zz  GMS  the  external  angle  at  M ; 
whence  mMF  =  GMS. 

Cor.  If  a  line  MO  be  drawn  perpendicular  to  the 
tangent  MT  in  M  ;  the  angles  FMO  and  SMO  are 
equal. 

For  they  are  the  complements  of  the  equal  angles 
FMT  and  SMG. 

PROP.      XL 

8.  If  MP  be  an  ordinate  to  the  tranfverfe;  and  MO 
perpendicular  to  the  tangent  at  M  ;  and  S,  F  the  foci  ; 
then  CA2  : CF2  :  :  CP :  CO. 

For  (Geom.  II.  25.)  in  the  triangle  SMF,  where 

MO  bifTeds  the  angle  SMF,  it  is  SM  :  MF  :  :  SO 

OF;  and  by  compofition  (Propor.  13.)  SM+MF 

SM— MF  :  :  SO+OF  :  SO— OF  •,  that  is,  2CA 

SM— MF  :  :  2CF  :  2CO  :  :  CF  :  CO,  and 

SM— MF  ^    ^ 

CA2  : X  CA  :  :  CF  :  CO.     But  (Prop. 

SM— MF 

V.) X  CA  =  CFxCP  ;  therefore  CA2 : 

2 

CFxCP  :  :  CF  :  CO  :  :  CF2  :  CFxCO.  And  al- 
ternately CA*  :  CF2  :  :  CFxCP  :  CFxCO  :  :  CP : 
CO. 

Cor.  1.  CA2  :CD2  :  :  CP :  PO. 

For 
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For  CA2 :  CF*  :  :  CP  :  CO  5    and  by  divifion,  Fig. 
CAa  :  CA2— CF2  or  CD2  :  :  CP  :  CP— CO  or  PO.    8. 

Cor.  2.  2CA  :  latus  return  :  :  CP  :  PO. 

For  CA2  :  CD2  :  :  CP  :  PO,  and  2CA  :    ^-, 

or  the  latus  re&um  :  CP  :  PO. 

Cor.  3.  CA:MF:  :  CF  :  OF. 

For  we  had  2CA  :  SM— MF  :  :  CF  :  CO,  and 
by  divifion  2CA  :  2CA— SM  +  MF  :  :  CF  :  CF— 
CO  5  that  is,  2CA  :  SM  +  MF— SM+MF  :  :  CF  : 
OF  5  that  is,  2CA :  2MF,  or  CA :  MF  :  :  CF  :  FO. 

PROP.      XII. 

If  S,  F  be  the  foci,  and  MO  perpendicular  to  the    8. 
tangent  in  M  5  then  MO2  =  SMxMF— SOxOF. 

For  fince  MO  biffefts  the  angle  SMF-,  there- 
fore (Geom.  II.  26.)  MO  +SOJB  zz  SMF  5  and 
MO1  zz  SMF— SOF. 

CD 

Cor,  1.  MO  =  q   v/SMxMF;    or    CA2  : 

CD2  :  :  SMF  :  MO2. 

For  (Geom.  II.  25.)  SM  :  MF  :  :  SO  :  OF,  and 
by  compofition,  SM  +  MF  of  2CA  :  MF  :  :  SO+ 
OF   or  SF  :  OF. 

or  CA   :  CF   : :  MF  :  OF,  in  like 
manner  CA   :  CF  :  :  SM  :  SO,  and  multiplying, 

CA2  :  CF2 : :  SMF  :  SOF  ; 
and  CA, :  CA2— CF2or  CD"  : :  SMF  : SMF— SOF. 
that  is,  CA2  :  CD2  : :  SMF  :  MO2,  by  this  Prop. 

Cor.  2.  SMb  zzMO  +BOA— CD2. 

For  SMF  zz  MO^+SOF.  But  SOF  zz  SC2— 
CO2  zz  BC*— CD2— CO1  zz  BOA— CD2. 


PROP. 
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Fig. 

PROP.      XIII. 

9-  If  thro"  any  point  M,  the  line  SG,  equal  to  BA? 
be  drawn  from  the  focus  S,  and  FG  from  the  other 
focus  F  •,  and  the  line  MD  ^  drawn  to  the  middle  of 
FG  ;  then  MD  will  touch  the  curve  in  M. 

For  draw  FM,  then  MG  =  AB— SM  =  FM  v 
therefore  MD  is  perpendicular  to  FG,  whence  FM 
•  d  GM. 

To  any  other  point  m9  in  the  line  DM ;  draw 
Sm9  Gm,  Fm ;  then  in  the  triangles  GmD,  FmD ; 
the  angles  at  D  being  right,  and  the  including 
fides  equal,  the  hyp.  mG  =  mF.  In  the  triangle 
SG//z,  the  fum  of  the  two  fides  Sm+mG  is  greater 
than  the  bafe  SM  +  MG,  (Geom.  II.  5.);  that  is, 
Sm+mF  is  greater  than  SM  +  MF-,  and  therefore 
by  conftrudlion  of  the  ellipfis,  the  point  m  is  with* 
out  it  5  and  fo  are  all  points  except  the  point  M. 

Cor.  1.  The  tangent  at  M,  biffecls  the  external 
angle  FMG,  made  by  two  lines  drawn  from  the 
focus. 

Cor.  2.  The  tangents  at  A  and  B  are  perpendicular 
to  the  tranfuerfe  axis  AB  ;  likewife  a  tangent  at  the 
end  of  the  conjugate  is  perp.  to  the  conjugate. 

PROP.      XIV. 

10.  If  PM  be  an  ordinate,  AD  a  line  drawn  from 
the  ends  of  the  tranfuerfe  and  conjugate  axes,  and 
PO  parallel  to  AD  •,  then  PMa  =  CD*— C(V  = 
DQxQE. 

For  by  the  fimilar  triangles  ACD,  PCQj  AC  : 
CD  : :  PC  :  CQj  and  AC*  :  CD* : :  PC* :  CQ* ;  and 
(Propor.  13.  laft  cafe)  AC*  :  CD*  :  :  AC2— PC*  : 
CD*— CQ\     But  (Prop.  VL),  AC*  :  CD* : :  BPA 

or 
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or  AC1—  PC*  :  PM*-,  therefore  PM*  =  CD'— CQ^  Fig. 
or  CD+CQLx  CD— CQ^ 

PROP,      XV. 

If  yV?  be  an  ordinate  to  the  tranfverfe  axis,  and    1  l. 
MH   be  drawn  perpendicular  to  the  curve  at    iVl, 
cutting-  the  tranfverfe  and  conjugate  axes  at  O  and 
H.     //  will  be  as  OP  :  OC  :  :  CD* :  CF\     F  being 
the  focus. 

For  (by  Prop.  XL)  CA2 :  CF* : :  CP  :  CO.  And 
by  divifion,  CA*—  CF*  :  CF*  :  :  CP— CO  :  CO; 
that  is,  CD*:CF*::OP:CO. 

Cor.  1.  CD1 :  CF* : :  MO  :  OH  :  :  MP  :  CH  :  : 
PO  :  CO. 

This  follows  from  the  fimilar  triangles  MOP 
and  HOC.  ,    , 

Cor.  2.  If  L  be  the  latus  reclum  of  AB ;  then, 
L  :  AB— L  :  :  MO  :  OH  : :  OP  :  OC  :  :  MP  :  CH. 

For  CD1  :  CF*  or  CA*— CD*  :  :  MO :  OH,  &c. 

CD1  CD* 

(by  Cor.  1 .) ;  therefore  y^- :  C A  —  -^  :  :  MO  : 

OH(Propor.  5.  Cor.  1.);  that  is,  (by  Pr.  IV.  Cor.  1.) 
£L  :  CA— £L  : :  MO  :  OH^  orL  :  BA— L  :  :  MO  : 
OH,  &c. 

Cor.  3.  CA* :  CD*:  :CH  +  PM  :  PM:  :  CP  :  OP. 

For  CD1  :  CF*  : :  MP  :  CH  j  and  compounding, 
CD1  :  CD*-fCF*  (CA*) : :  MP  :  MP+CH  : :  CP: 
OP. 

PROP.      XVI. 

If  PM  be  an  ordinate  to  the  tranfverfe^  MT  a    12. 
tangent  at   M;  then  CP,  CA,  CT  are  continually 
proportional  -,  C  being  the  center. 

For  draw   MO  perp.  to  MT,  then   fProp.  XI. 
Cor.  1.)  CA* :  CD*  : :  CP  :  PO  :  :  CJ?1  :  CPX  PO, 

and 
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Fig.  and  drawing  PQ  parallel  to  AD,  then  CA* :  CD* :  : 
12.  CPZ :  CQ^,  by  fimilar  triangles;  whenceCP*  :CPx 
PO  ? :  CP* :  CQ^  therefore  CPxPO  zz  CQ* ;  by 
Ax.  7.  Proportion.  But  in  the  right  angled  trian- 
gle OMT,  where  MP  is  perp.  to  OT,  OPxPT 
=  PMS  (Geom.  II.  20.  Cor.  2.f=z  CD*— CQ*. 
(Prop.  XIV.)  =  CD2— CPxPO,  by  what  is  juft 
proved.  Therefore  OPxPT+OPxCP  =  CD1 3 
that  is,  OPxCT  =  CD*. 

But  OPxCT  :  CPxCT:  :  OP  :  CP  :  :  (Pr.  XL 
Cor.  1.)  CD4  :  CA*  5  that  is,  CD2  :  CPxCT  :  : 
CD1  :  CA*. 

Therefore  (Ax.  7.  Proport.)  CPxCT  =  CA*  * 
or  CP  :  CA  :  CT-H-. 

Cor.  1 .  If  C  be  the  center,  PM  an  ordinate,  MT 
^  tangent,  MO  /*rp.  /<?  MT  ;  then  OP,  CD,  CT, 
<2n?  continually  proportional,  or  OPxCT  z=  CD1. 

Cor.  2 .  If  Q  be  the  center  PM  ^;/  ordinate ;  then 
BP  :  PA  :  :  BT  :  AT ;  and  therefore  BT  is  har- 
monically divided  in  the  points  P,  A. 

For  fince  CT  :  CA  :  :  CA  :  CP ;  therefore 
(Propor.XIII.)  CT+CA  :  CT— CA:  :  CA+CP: 
CA— CP; 
that  is,  BT  :  AT  : :  BP  :  AP. 

PROP.      XVII. 

12.  If  MG  be  an  ordinate  to  the  conjugate,  MV  a 
tangent  at  M,  C  the  center ;  then  CG,  CD,  CV, 
are  continually  proportional. 

By  fimilar  triangles  CV  :  VG  :  :  CT  :  GM  or 
CP  :  :  (laft  Prop.)  CA2  :  CP2  or  GM1  (Prop.  VII.) 
:  :  CD1  :  DGE  or  CD*— CG\ 

And  by  divifion  CV :  CV— VG  or  CG  :  :  CD2  : 
CG2;  whence  (Propor.  12.)  CVxCG*  =  CGx 
CD*  or  CVxCG  =  CD1 ;  therefore  CG  :  CD  : 
CV  are  -~. 

Cor. 


Fig.i 
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Cor.   i.  If  C  be  the  center,  MG  an  ordinate  to  Fie. 
the  conjugate,  MV  a  tangent,  and  MH perp.  to  the  j.  ' 
tangent   MV;  /£<?#  HG,    CA,    CV,    are  continual 
proportionals. 

For  CGxCV  -  CD-,  but  CGxCV  :  HGxCV  : : 
CG  or  PM :  HG  (by  iimilar  triangles)  : :  OP  :  GM  or 
CP  (Prop.  XI.  Cor.  i.)  :  :  CD*  :  CA*  j  that  is, 
CD1  :  HGxCV  :  :  CD2  :  CA2 ;  therefore  (Ax.  7. 
Propor.)HGxCV  =  CA*. 

Cor.  2.  If  C  be  the  center,  MG  an  ordinate  to 
the  conjugate,  MH  perp,  to  the  tangent  MV ;  then 
EG  :  GD  :  :  EV  ^DV  ;  and  EV  is  harmonically  di- 
vided in  the  points  G,  D. 

For  fince  CV  :  CD  : :  CD  :  CG,  by  compofition 
and 

divifion,CV +CD :  CV— CD : :  CD + CG :  CD— CG. 
that  is,  EV  :  DV : :  EG  :  DG. 

PROP.      XVIII. 

If  a  femi circle  AFD  be  defcribed  on  the  tranfuerfe  14, 
or  conjugate  axis  AD  of  an  ellipfis  AKD,  and  the 
ordinate  PM  be  drawn  cutting  the  circle  in  I ;  the 
tangents  MT,  IT,  drawn  from  the  points  M,    I, 
will  inter feci  the  axis  in  the  fame  point  T. 

For  (by  Prop.  XVI,  and  XVII.)  the  tangent  MT 
will  interfeft  the  axis  in  T,  fo  that  CP,  CA,  CT, 
be  in  geometrical  progreffion.  And  (Geom.  IV. 
26.)  If  a  tangent  IT  be  drawn  to  touch  the  circle 
at  I,  it  will  interfed:  the  diameter  in  T,  fo  that 
CP,  CA,  CT  be  in  geometrical  progreffion,  the 
fame  as  in  the  ellipfis. 


PROP. 
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Fig. 

PROP.      XIX. 

15.  If  on  the  tranfuerfe  axis  AB  as  a  diameter  a  cir- 
de  A  KB  be  defer ibed ;  and  the  ordinate  PM  be  drawn 
cutting  the  circle  in  N^  then  FN  will  always  be  to 
PM,  in  the  given  ratio  of  the  f emit  ran fu  erf e  CA,  to 
the  femi  conjugate  CD. 

For  (Geom.  IV.  17.)  PN2  =  BPA  •,  and  (Prop. 
VI.)  CA2  :  CD' :  :  BPA  or  PN* :  PM' ;  and  there- 
fore CA  :  CD  :  :  PN  :  PM. 

Cor.  If  a  circle  be  defcribed  9H  the  conjugate  axis 
DE  as  a  diameter,  and  an  ordinate  QR  be  drawn 
cutting  the  circle  in  I  •,  then  QI  will  always  be  to  QR, 
in  the  given  ratio  of  the  femi  conjugate  CD  to  the.femi- 
tranfuerfe  CB. 

For  (Geom.  IV.  17.)  QI*  =  DQE.  And  (Prop. 
VII.)  CD2  :  CB* :  :  DQE  or  QI*  :  QR2.  There- 
fore DC  :  CB  : :  QI :  QR. 

PROP.     XX. 

16.  If  the  line  FD  be  drawn  from  the  focus,  perpendi- 
cular to  any  tangent  MD  ;  then  the  interfeclion  D 
will  be  in  the  circumference  of  the  fircle  ADB,  de- 
fcribed on  the  diameter  BA  the  tranfuerfe  axis. 

For  produce  SM  from  the  other  focus,  and  FD 
till  they  interred  in  G.  Draw  CD,  FM.  Then 
in  the  right  angled  triangles  FMD,  GMD.  The 
angle  FMD  (by  Prop.  XIII.  Cor.)  =  GMD,  and 
Ml)  being  common  -,  therefore  FD  —  DG,  and 
FM  =  MG  ;  and  fince  FC  =  CS  >,  therefore  CD 
is  parallel  to  SG  (Geom.  II.  12.  Cor.  1.).  There- 
fore the  triangles  FCD  and  FSG  are  fimilar ;  there- 

f        r       rr>        >r,r    rn-^r      SM+MG 
fore,  fince  FD  :=  VrG,   CD  =  ^bG  = 
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zz  -'  B  A  zz  C  A  ;  therefore  D  is  in  the 

z 

circumference  ADB. 

And  by  the  fame  reafoning,  if  S  is  the  other  fo- 
cus, and  SH  be  perp.  to  MH  -,  the  point  H  is  in 
the  circumference  of  the  fame  circle  ADB. 

Cor.  i.  If  a  circle  be  defcribed  on  the  tranfverfe 
AB,  and  a  tangent  at  M,  cuts  it  in  D,  H  \  and  the 
lines  FD,  SH,  be  drawn  from  the  foci,  to  the  points 
D,  H  ;  then  FD,  SH  are  perp.  to  the  tangent  HMD. 

Cor.  2.  If  F,  S  be  the  foci,  C  the  center,  MD  a 
tangent  at  M  -,  then  if  CD  be  drawn  parallel  to  SM, 
to  cut  the  tangent  in  D  ;  then  CD  zz  CA  half  the 
tranfverfe. 

Both  thefe  corollaries  follow  from  the  demon- 
ilratlon  of  this  Prop. 

Cor.  3.  If  a  tangent  HD  int  erf  eels  the  circle  AHE 
in  D  and  H  •,  the  perpendiculars  to  it,  DF,  HS,  will 
pafs  thro'  the  foci  F  and  S. 

Cor.  4.  If  CI  be  drawn  parallel  to  the  tangent  at 
M  •,  then  IM  zz  CA. 

For  then  IM  zz  CD,  and  CD  =  CA,  by  Cor.  2. 

PROP.      XXI. 

If  S,  F  be  the  foci,  HT  a  tangent  at  M ;  // 
SH,  FD  be  drawn  perp.  to  the  tangent  MX  -,  then 
SHxFD  =  BSxSA.  J 

Defcribe  a  circle  ARH  about  the  tranfverfe,  and 
produce  HS  to  cut  the  circle  at  R  •,  and  draw  CR. 
Then  fince  <  H  is  right,  RHD  (Geom.  IV.  14.) 
is  a  femicircle  zz  BHA  ;  therefore  RB  zz  DA,  and 
<Z  RCB  zz  <  DC  A.  Therefore  in  die  triangles 
SCR,  FCD,  the  fides  SC,  CR,  are  equal  to  FC, 
CD,  refpectively,  and  the  included  angles  at  C 
equal  •,  therefore  SR  zz  DF.  (But  Geom.  IV.  20. 
Cor.  2.)  HSxSR  zz  BSxSA^  chat  is,  HSxDF 
zz  BSxSAzzBFxFA. 

F  Cor. 


V9 

Fig. 
16. 
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Fig.      Cor.  The  reclangle  HS  X  FD  zz  fquare  of  the  fe- 
17.  miconjugate.     This  is  plain  by  Prop.  III. 

PROP.      XXII. 

1 7,      If  HT  be  a  tangent  -,  FD,  SH  perpendiculars  on 
'  it,  from  the  foci ;  then  HM  :  MD  :  :  HT :  TD. 

For  defcribing  the  circle  BHA,  about  the  tranf- 
verfe  BA,  and  drawing  SM,  FM ;  then  the  tri- 
angles SMH,  FMD  are  fimilar,  for  the  angles  at 
H  and  D  are  right,  and  SMH  =  FMD  (by  Prop. 
X.) ;  therefore  HM  :  MD  :  :  HS  :  DF.  Alfo  the 
triangles  TSH  and  TFD  are  fimilar  -,  therefore  HS: 
DF  :  :  TH  :  TD  •,  whence  HM  :  MD  : :  TH  :  TD. 

Cor.  Hence  HM  :  MD  :  :  TC+CF  :  TC— CF. 
For   HM  :  MD  : :  TH  :  TD  : :  (by  fimilar   tri- 
angles) TS  :  TF  :  :  TC  +  CS  :  TC— CF. 

PROP.      XXIII. 

jge  If  HMD  be  a  tangent  at  M,  and  SH,  FD,  per- 
pendiculars, on  it  from  the  foci  S,  F,  CE  the  femi- 
conjugate.  Then  the  reclangle  FIMD  zz  SMF — CE2. 

For  defcribing  the  circle  BHDA,  and  drawing 
the  ordinate  PM,  and  producing  it  to  the  circle  ac 
N,  and  V  •,  we  have  (Geom.  IV.  20.  Cor.  2.),  HMD 

zz  NMV  zz  NP  +  PM x  N P— PM  zz  NP2~PM2 
zz  BPA— PM1  (Geom.  IV.  17.)  zz  BPA— CM*  + 
CP1;  but  BPA  zz  CA2—  CP%  and  BPA  +  CP* 
zz  CA\  Alfo  CM*  zzCA2+CE2— SMF  (Prop. 
IX.);  therefore  HMD  zz  CA2—  CMZ  zz  CA2— 
CA*-~CE»  +  SMF  zz  SMF— CE2. 


PROP, 
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PRO  P.     XXIV.  Flg" 

If  S,  F  be  the  foci,  HMD  a  tangent  at  M;  FD,  tg# 
SH  perpendiculars  on  the  tangent  HD,  CE  the  ferni- 
conjugate.     It  will  be  SM  :  MF  :  :  CE*  :  FD*  5  and 
MF  :  MS  :  :  CE*  :  SH1. 

For  (by  Prop.  X.)  the  angle  SMH  n  FMD  ; 
therefore  the  triangles  SMH,  FMD  are  fimilar ; 
whence  SM  :  MF  :  :  SH  :  FD  :  :  SHxFD  :  FD* : : 
(Prop.  XXI.  Cor.)  CE*  :  FD*. 

And  FM  :  MS  :  :  FD :  SH  :  :  FDxSH  or  CE*: 
SH*. 

PROP.      XXV. 

If  MP  be  an  ordinate  to  the  tranfverfe,  HM.T  a  iq, 
tangent  at  M,  C  the  center,  AK,  CG,  BH  perp.  to       * 
AB.     Then  AK  :  PM  :  :  CG  :  BH. 

For  (Prop.  XVI.)  TC  :  CA  : :  CA  :  CP.  And 
by  compounding,  TC  :  TC  +  CA  or  TB  : :  CA  : 
CA+CP  or  BP.  And  (Propor.  XIII.)  TC  :  TB  : : 
TC— CA  :  TB— BP  ;  that  is,  TC  :  TB  : :  TA  :TP. 

But  all  the  triangles  TAK,  TPM,  TCG,  TBH 
are  fimilar;  therefore  TA  :  TP  :  :  AK  :  PM,  and 
TC  :  TB  :  :  CG  :  BH  ;  whence  AK  :  PM  : :  CG : 
BH. 

Cor.  TA  :  TP  :  :  TC  :  TB. 

PROP.      XXVI. 

If  PM  be  an  ordinate,  C  the  center,  AK,  CG,  jq. 
BH  perpendicular  to  the  tranfverfe  BA  -,  HMT  a 
tangent  at  M  ;  then  AKxBH  =  PMxCG  as  CD1, 

the  fquare  of  the  femiconjugate. 

For  (Prop.  XXV.)  AKxBH  ==  PMxCG  ;  and 
(Prop.  XVII.)  PM  :  CD  : :  CD  :  CG  •,  whence  PM 
XCG  =  CD*. 

*F  2  Cor. 
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Fig.      Cor.   i.  AKxBH  zz  PMxCG    zz  iBAxlatus 

19.  reclum  zz  BSA,  S  being  the  focus. 

This  follows  from  Prop.  IV.  Cor.  1 .  and  Prop.  III. 

Cor.  2.  Lines  drawn  from  PI  and  K  to  the  focus> 
make  a  right  angle  HSK. 

For  by  Cor.  1.  HB  :  BS  :  :  SA  :  AK ;  therefore 
(Geom.  II.  16.)  the  triangles  HBS,  SAK  are  fi- 
milar,  and  <  BHS  zz  ASK. 

But  HSK  zz  HSA— ASK  zz  HSA— BHS  zz 
HBA  a  right  angle. 

Cor.  3.  Hence  a  circle  defcribed  on  the  diameter 
HK  will  pafs  thro*  the  foci  S,  F. 

PROP.     XXVII. 

20.  If  S,  F  he  the  foci,  HMD  a  tangent  at  M,  MO 
perpendicular  to  it,  and  OG  perp.  to  SM ;  then  MG 
is  half  the  latus  rettum. 

For  draw  3H,  FD  perp.  to  HD  ;  then  (by  Prop. 
XXI.  Cor.)  SHxFD  zz  CE%    the  fquarc  of  the 
femiconjugate;    And  by  the  fimilar  triangles  SMH, 
FMD,  MOG,  MS  :  SFI  :  :  MO  :  MG, 
andMF:  FD  :  :  MO  :  MG; 
and  multiplying,  MFxMS:  :SHxFD::  MO*:MG2. 
or  (XXI.  Cor.)    MFxMS    :    MO1  :  :  CE* :  MG*. 
,       But (XII.  Cor.  1.)  MFxMS    :    MO<  :  :  CA*  :  CE*. 
therefore  CA*  :  CE*  :  :  CE* :  MG1 

or  CA    :  CE  :  :  CE   :  MG  zz^ latus  rectum, 
by  Prop.  IV.  Cor.  1. 

Cor.  1 .  Jf  MO  be  perp,  to  the  tangent  at  M  ;  L 
zz  latus  rebtum  of  the  tranfverfe  axis  \  then  AB — L  : 
t  :  :  reflantfe  SOF  :  MO\ 

For  we  had  before  SMF :  MO1 : :  CA1  :  CE'  or 
CAx;L  : :  C A  :  ^L  •,  and  by  divifion  SMF— MO* : 
MO1  :  :  CA—iL  :  \L  : :  BA— L  :  L  ;  but  (Prop. 
XU.)  SMF— MO  zz  SOF. 

Cor. 
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Cor.  2.  If  MH  be  perp.  to  the  curve  at  M,  cut-  Fig. 
ting  the  two  axes  in  O  and  H  ;  and  S,  F  fo  the  foci.  1 1 . 
Then  SOF  =  MOH. 

For  SOF  :  MO2  :  :  BA— L  :  L :  :  (Prop.  XV. 
Cor.  2.)  HO  :  MO  :  :  MOxHO :  MO* ;  therefore 
SOF  =  MOH. 

Cor.  3.  Therefore  a  circle  may  be  defcribed  from 
fome  point  of  the  conjugate  CD ;  which  willpafs  thro' 
the  fociy  S,  F,  and  alfo  thro'  M  and  H. 

PROP.     XXVIII. 

If  FH  be  an  ordinate  at  the  focus,  TH  a  tangent  21. 
at  H,  PM  any  other  ordinate,  continued  to  the  tan- 
gent at  G  •,  then  this  line  PG  zz  FM,  the  line  drawn 
from  the  focus  to  the  top  of  the  ordinate, 

1.  For  FH  is  4-  the  latus  rectum;  and  (XXVI. 
Cor.  1.)  FHxCN  =  ±  latus  reftum  X  CA  =  FH 
XCA;  whence  CN  ~  CA. 

2.  Draw  AL,  BZ,  perp.  to  AB;  then  (Prop. 
XVI.)  CA  :  CF  :  :  CT  :  CA.  And  by  divifion 
(CA— CF)  AF  :  CF  :  :  (CF— CA)  TA  :  CA  ;  and 
compounding,  AF  :  (AF+FC)  AC  :  :  AT :  (AT 
+  AC)  TC  :  :  (fibular  triangles)  AL  :  CN  or  AC  •, 
therefore  AF  —  AL. 

3.  Likewife  (XVI.  Cor.  2.)  AF:FB::TA: 
TB  :  :  (fimilar  triangles  J  AL  or  AF  :  BZ  •,  there- 
fore BZ  =  BF. 

4.  By  Prop.  XVI,  CA*  zz  CFxCT  -  CF  X 

CF+FT  =  CF*+CFT,  andCA*— CF1  or  CD*  = 
CFxFT. 

5.  By  fimilar  triangles,  TF  :  FH  :  :  TC :  CNor 
CA  :  :  TCxCF  or  CAa  :  CAxCF  :  :  CA  :  CF  j 
that  is,  TF  :  FH  :  :  CA  :  CF. 

6.  By  the  laft  art.  C  A  :  CF  : :  TF  :  FH  : :  (fimi- 
lar triangles)  TP :  PG. 

F  3  And 
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Fig.      And  ( Prop.  XVI.  and  VIII. )  CT  :  CA  7 

21.  Cor.  2)CA:CF::  \CP:FM— CAT 
(compounding)  CT+CP  or  TP  :  FM  ;  therefore 
TP :  PG  : :  TP  :  FM,  whence  PG  =  FM. 

Hence  are  drawn  the  following  corollaries, 

Cor.  i .  If  TZ  be  the  focal  tangent  -,  AL,  CN, 
BZ  perpendiculars  on  AB ;  then  CN  s  CA. 

Cor.  2.  AL  =  AF,  and  BZ  =  BF. 

Cor.  3.  CFxFT  =  CD*. 

Cor.  4.  TF  :  FH  :  :  CA  :  CF. 

Cor.  5.  TA  :  AF  : :  TP  :  FM. 
For  by  fimilar  triangles,  TA  :  (AL)  AF  : :  TP  : 
(PG)  FM. 

Cor.  6.  CA  :  CF  :  :  TP  :  FM. 

For  CA :  CF  :  :  TF  :  FH :  :  TP  :  PG  or  FM. 

\ 

PROP.      XXIX. 

22.  If  AB  be  the  tranfverfe  axis,  C  the  center,  F  the 
focus ;  and  if  CF  :  CA  : :  C  A  :  CT  ;  and  TE  beperp. 
to  TB.  Then  if  from  any  point  M,  MF  be  drawn 
to  the  focus,  and  ME  parallel  to  TB  ;  //  will  be  CF  : 
C A :  :  FM :  ME. 

For  if  the  ordinate  FH  be  drawn,  and  the  tan- 
gent TH,  then  (Prop.  XVI.)  it  will  be  CF  :  CA  :  : 
CA  :  CT.  And  therefore  (Prop.  XXVIII.  Cor.  6.) 
CF  :  CA  :  :  FM  :  FP,  or  CF  :  CA  :  :  FM  :  EM. 

Cor.  MF  is  to  MR  always  in  a  given  ratio,  where- 
ever  the  point  M  is  taken. 

Scholium. 

The  line  TE  is  by  the  writers  on  conic  feclions, 
called  the  Direclrix. 

P  R  O  P. 
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Fig. 
PROP.      XXX. 

If  BA,  DE,  be  the  tranfverfe  and  conjugate  axes-,  23. 
and  if  the  difference  between  the  femitranfverfe  and 
femi conjugate,  be  fet  from  the  point  G  in  the  conju- 
gate, to  I  in  the  tranfverfe,  and  continued  to  M,  till 
IM  ~  femiconjugate  CD.  "Then  M  will  be  in  the 
curve  of  the  ellipfis. 

For  draw  MP  perpen.  to  AB,  and  MR  parallel 
to  it,  then  the  triangles  GRM  and  MPI  are  fimi- 
lar  ;  therefore  GM  :  RM  :  :  IM  :  IP  ;  that  is,  CA  : 
CP  ::IM  :IP;  and  CA*  :  CP* :  :  IM* :  IP*.  And 
by  divifion  CA*  :  CA*— CP*  or  BPA  :  :  IM*  or 
CD* :  IM*— IP*. 

But  IM*— IP*  =5  PM\  Therefore  CA* :  CD* :  : 
BPA  :  PM* ;  which  is  the  property  of  the  ellipfis 
by  Prop.  VI. 

Cor.  If  from  any  point  M  in  the  ellipfis,  MI  zz 
CD  (the  femiconjugate)  be  drawn  to  the  tranfverfe, 
and  continued  to  the  conjugate  at  G  -,  then  MG  is 
equal  to  the  femitranfverfe  CA. 

PROP.      XXXI. 

If  two  circles  BDA,  KLV  be  defcribed  about  the  24. 
tranfverfe  and  conjugate  diameters  ;  and  CD  be  drawn, 
and  from  D,  D?  perpendicular  to  BA  ;  and  from  L, 
LI  perp.  to  DP  -,  then  the  point  I  will  be  in  the  el- 
lipfis. 

For  fince  LI  is  parallel  to  CA,  CD  :  CL  :  :  DP : 
IP  'Geom.  II.  12.  Cor.  4.)  3  that  is,  CA  :  CG  :  : 
DP :  IP,  which  is  the  property  of  the  ellipfis  by 
Prop.  XIX. 


F  4  PROP. 
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PROP.     XXXII. 

25.         Any  diameter  MN  is  biff e  tied  in  the  center  C. 

From  M  draw  the  ordinate  MP  on  the  tranfverie 
AB ;  take  CQ^zz  CP,  and  ereft  QN  perp.  to  AB 
to  cut  MN  in  N.  Then  the  triangles  CPM  and 
CQN  are  fimilar,  for  all  the  angles  are  equal,  alfo 
CQ^zz  CP  5  therefore  CN  =  CM. 

PROP.      XXXIII. 

16.  If  ML,  VR  be  two  conjugate  diameters,  and 
from  the  ends  thereof  there  be  let  fall  the  perpendi- 
culars MP,  V Coordinates,  to  the  tranfverfe  axis  AB  , 
thenCQlzz  APxPB. 

For  (Prop.  XVI.)  CP  :  CA  :  :  CA  :  CT. 

And  CP  :  (CA— CP  or)  PA  :  :  CA  :  (CT— CA 
or)  AT :  :  (Propor.  XIII.)  CP+CA  or  BP  :  PA-f 
AT  or  PT  •,  whence  CPxPT  3=  APxPB  =  AC*— 
CP*.     And  AC*  zz  CPxPT+CP*. 

Alfo,  fince  CV  is  parallel  to  the  tangent  MT 
(clef.  7.),  the  triangles  TPM  and  CQV  are  fimilar. 
And  AQB  =  AC*  — CQi  =  CPxPT  +  CP*  — 
CQ%  and  { Prop.  VI.  Cor.  3.)  APB  :  AQB  :  :  PM* : 
QV*  (fimilar  triangles)  :  :TP*  :  CQ^,  that  is,  CPx 
PT  :  CPxPT+CPv- CQ*:  :  TP* :  C(>,  and  by 
permutation  CPxPT  :  TP*  :  :  CPxPT  +  CP*— 
CQ*  :  CQl;  and  bv  adding,CPxPT+Tfr :  :  TP* :  : 
CP  x  FT  +  CP1  :  CQ£  •,    and  by   permutation, 

CP+PT  X  PT  :  CP  +  PI"  X  CP  :  :  TP*  :  CQ% 

or  TP  :  CP  :  :  TP*  :  CQ*,  whence  TPxCQ^  r= 
CPxTPS  or  CPxTP  =  CCV,  or  APxPB=CQ\ 

Cor.  1.  AQxQB  =  CP*.  _ 


ForCP'zzAC*— CPTzzCA2— CQ^zCA-f-CQ 

X  CA— CCL=  AQxQB. 

Cor. 


B.  I.  THE      ELLIPSIS.  27 

Cor.  2.  CP24-CQ^zz  APB  +  AQB  zz  CA*.       Fig. 

For  APB  zz  CQ^  zz  AC2— CP%  26. 

and  AQB  zz  CPa   zz  AC2— CQ2,  and  adding, 
APB+AQB  =  CP*+C(>  zz  2AC2— CP2— CQ* 
and  2CP14-2CQ^zz2AC* 
or      CP2-f  CQ^zz    AC2. 

Cor.  3.  If  ML,  VR  fo  two  conjugate  diameters, 
MP,  Y  Coordinates  to  the  tranfverfe  axis\  then 
PM'  +  QV2  zz  CD1,  the  fquare  of  the  conjugate. 

For  CA2  :  CD1 :  :  BPA  or  CQ;  :  PM1  :  :  BQA 
or  CP2  :  QV2, 

andCA2  :  CD1  ::CQ2  +  CP*  :  PM*  +  QV%  and  al- 
ternately 

CA*  :  CQ^  +  CP*  or  CA2  :  :  CD2  :  PM2-f  QV2, 
therefore  (Propor.  2.)  PM2-j-QV2  zz  CD2. 

Cor.  4.  CA  :  CD  :  :  CP  :  QV  :  :  CQ  :  PM. 
For  C A2 :  CD- :  :  BPA  or  CQ*  •  PM*« 
and  CA* :  CD* :  :  BQA  or  CP2 :  QV2 ; 
whence  CA  :  CD  : :  CQj  PM  : :  CP  :  QV. 

PROP.      XXXIV. 

"The  fum  of  the  fquares  of  two  conjugate  diameters,   2  6. 
is  equal  to  the  fum  of  the  fquares  of  the  two  axes : 
ML2+VR2  zz  AB2+DE2. 

For  CM2  zz  CPZ+PM\  and  CV2  zz  CQ*  + 
QV2 ;  whence  CM2  +  CV2  zz  CP2+CQ^+PM2  + 
QV2  zz  ajr.  XXXIII.  Cor.  2.)  CA2+PM2  +  QV2 
zz  (ib.  Cor.  3.)  CA2+CD2. 

PROP.      XXXV. 

If  MN,  KR  be  two  conjugate  diameters  \  then  the  27. 
rectangle  of  the  diftances  of  the  feci,  from  the  vertex, 
of  the  diameter  MN  is  equal  to  the  fquare  of  its  fe- 
miconjugate  CK  :  FMxMS  zz  CK\ 

For  (Geom.  II.  28.)  FM2  +  MS2  zz  2MC1-}- 
2FC2-,  but  FM+MS  zz  2 AC,  which  fquared  is 

FM2  + 
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Fig.  FM1  +  MSz+2FMxMS  =  4 AC%  from  which  fub- 

27.  trading  the  firft  equation,  2FMxMS  =  4AO— 
2MC2— 2FC\or  FMxMS  =  2 AC1— MC2— FC*. 
But  AC2— FC2  t=  CD\  whence  FMS  =  AC2  + 
CiS— MC2  5  but  (Prop.  XXXIV.)  AC+CD*  = 
CM2+CK%  therefore  FMS  ±  CK\ 

Shorter  tbus9 

By  Prop.  IX.  CM2  =2  CA2+CD2— SMF,  there- 
fore SMF  =f  CA2  +  CD2— CM2;  but  (Prop. 
XXXIV.)  AC*+CD*  =  CM2+CK\  and  AC2+ 
CD2— CM2  zz  CK2  =  SMF. 

Cor.  1.  If  F,  S,  ^  /^  &?,  then  FMxSM  z= 
MCxi  /tftaJ  return  of  the  diameter  MC. 

For  KR2  =  MNx  latus  reftum  of  MN  (Prop. 
IV.  Schol.),  and  dividing  by  4,  KC2  =  MCxi 
latus  re&um  zz  SMF. 

Cor.  2.  Jf  MO  be  perp.  to  the  tangent  at  M  ;  then 
CA:CD::CK:MO. 

For 'Prop.  XII.  Cor.  1.)  CA2 :  CD2 : :  SMF  or 
CK2 :  MO\  and  CA  :  CD  :  :  CK :  MO. 

PROP.      XXXVI. 

28.  If  F,  S,  be  the  foci  \  TH  a  tangent  at  any  point 
M  •,  FT,  CI,  SH  perpendiculars  on  the  tangent  -> 
MC,  CK  femi diameters  conjugate  to  one  another  \ 
then  FM  is  to  FT,  or  SM  to  SH,  as  CK  to  CD  the 

femiconjugate  axis. 

For  fince  CF  =  CS,    FJ+SH  =  2CI.     The 
triangles  FMT  and  SMH  arc  fimilar  •,  whence  MF  : 
FT  :  :  MS  :  SH  :  :   (Propor.   XIII.)   MF+ MS  : 
FT-J-SH  :  :  2AC  :  :  2CI  :  :  AC  :  CI. 
Again,  AC  :CI::MF:FT 

and  AC  :  CI  : :  MS  :  SH  by  fimilar  triangles, 

there- 
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therefore   AC* :  CP  : :  MS  X  MF  :  SHxFT,  Fig, 

but  (Prop.  XXXV.)  MSxMF  =  CK\  and  (Prop.  28. 
XXI  Cor.)  SHxFT  zz  OD%  therefore  AO  :  CP  : : 
CK2 :  CDZ :  :  MF* :  FT4. 
and  AC  :  CI : :  CK  :  CD  :  :  MF  :  FT  : :  MS  :  SH. 

Cor.  MF  :  FT  :  :  AC  :  CI  :  :  CK  :  CD. 

From  the  demonftration. 

PROP.      XXXVII. 

All  circumfcribing  parallelograms,  who fe  fides  are  2q, 
parallel  to  two  conjugate  diameters,  are  equal  to  the 
reel  angle  of  the  two  axes.     GHNQ^zz  RTXZ. 

For  let  CI  be  perp.  to  GH  which  touches  the 
ellipfis  in  M-,  then  (Prop.  XXXVI.  Cor.)  BC 
CI  :  :  CK  :  CD,    therefore  CIxCK  zz  BCxCD 
thatis,MCKH  =  DCBT,  and4MCKH  zz  4DCBT 
that  is,  GHNQ  =  RTXZ. 

PROP.      XXXVIII. 

If  BA  be  the  tranfverfe  axis,  MV  any  diameter ;  30, 
AE,  MT,  two  tangents  at  A  and  M,  interfering 
BA  and  VM  in  T  and  E ;  then  the  triangle  CAE 
=  CMT. 

Draw  the  ordinates  MP,  AD,  to  CA  and  CM; 
then  the  triangles  CPM,  CAE  are  fimilar,  and 
likewife  CDA,  CMT,  are  fimilar;  whence  CD: 
CM  :  :  CA  :  CT  :  :  (Prop.  XVI.)  CP  :  CA  :  : 
CM:CE;  therefore  (Geom.  II.  12.  Cor.  1,  4) 
the  lines  DP,  MA,  ET  are  all  parallel  to  one  ano- 
ther; whence  (Geom.  II.  10),  triangle  AME  zz 
triangle  AMT  ;  to  which  add  the  triangle  ClvIA, 
then  triangle  CAE  zz  triangle  CMT. 


Cor. 
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Fig.      Cor.  i.  The  lines  DP,  MA,  ET  are  parallel  i§ 
30.   one  another. 

From  the  demonftration. 

Cor.  2.  The  triangle.  AIT  z=  triangle  MIE. 
This  appears  by  taking  CAIM  from  the  equal 
triangles  CAE,  and  CMT. 

Cor.  3.  Triangle  MPT  =  triangle  ADE  =:  flrw- 
/0ZO/W  MPAE  zz  trapezoid  MDAT. 

For  fince  AME  ±  AMT,  add  the  triangle  AMP, 
then  PMT  =  MPAE,  or  add  AMD  f  —  AMP), 
then  ADE  -  (MPT  zz)  ADMT. 

Cor.  4.  Triangle  CDA  tz  triangle  CPM. 
For  CD  :  CM  :  :  CP  :  CA ;  whence  CDA  s= 
CPM(Geom.  II.  17.  Cor.  1.) 

PROP.      XXXIX. 

11 1  If  B  A  he  the  tranfverfe  axis,  MV  a  diameter  *, 
MP,  QL  ordinates;  AE,  MT,  tangents -9  QIF  perp. 
to  AB;  /£*»  /£?  triangle  QIR  ~  trapezoid  IAEF. 

By  fimilar  triangles  CA  :  AE  :  :  CP  :  PM  :  :  CI: 
IF-,  and  CA  :  AE  :  :  (Propor.  XIII.)  CA  +  CP  : 
AE  +  PM  :  :  CA  +  CI  :  AE+IF. 

But  reftangle  BIA  =  AI  x  CA  +  CI,  and  rec- 
tangle BPA  =  AP  x"CA+Cj?;    therefore  BIA  : 

BPA  :  :  AI  x  CA+CI  :  AP  X  CA+CP  :  :  AI  x 

AE+IF  AE+PM 

:APx ~ :  :   trapezoid  AEIF  : 

PAEM. 

The  triangles  MPT,  QIR  are  fimilar,  whence 
triangle  MPT  :  QIR  :  :  MR*  :  QI*  : :  BPA  :  BIA:: 
trapezoid  PAEM  :  trapezoid  AEIF  5  but  MPT  =z 
PAEM  by  Prop.  XXXVIII.  Cor.  3.  therefore 
QIR  2=  AEIF. 

The 
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The  demonftration  is  the  fame  thing  for  the  point  Fig. 
y,  ufing  the  fmall  letters  inftead  of  the  great  ones.    31. 

Cor.  The  triangle  QLF  zz  the  trapezoid  LMTR. 

For  (Prop.  XXXVIII.)  CAE  zz  CMT,  fubtraft 
CLR  from  both,  and  thenLRAE  =  LMTR,  but 
LRAE  zz  LRIF+FIAE  zz  LRIF+RQI  -  LQF 
zz  LMTR. 

PROP.      XL. 

Let  CK  be  the  femiconjugate  to  MC,  LQ  an  or-  3  r« 
dinate  thereto  ^  then  CM1 :  CK2  :  :  rettangle  MLV  : 
TuQfquare. 

Draw  the  tranfverfe  axis  AB,  and  KO  perp.  to 
it.  Then  (Cor.  Prop.  XXXIX.)  FQL  zz  LMTR, 
and  for  the  fame  reafon,  OKC  zz  CMT.  But 
triangle  CMT  :  CLR  :  :  CM1  :  CL%  and  CMT  : 
CMT— CLR  : :  CM2 :  CM*— CL2  5  that  is,  triangle 
CMT  :  trapezoid  LMTR  :  :  CM2 :  rectangle  VLM. 
But  the  triangles  OXC,  FQL  are  fimilar  •,  there- 
fore CK2  :  LQ2  :  :  triangle  OKC  :  triangle  FQL; 
or  CK2 :  LQ7' :  :  triangle  CMT:  trapezoid  LMTR:; 
CM2 :  rectangle  VLM  ;  or  CK2 :  CM2 : :  LQ2  :  rec- 
tangle VLM. 

Cor.  1 .  As  the  tranfverfe  MV  :  to  its  latus  rettum : : 

fo  the  re 51 'angle  MLV  :  to  fquare  of  the  ordinate  LQ*. 

For  MV  :  latus  reftum  :  :  MV2  :  MV  X  latus 

rectum   or    2CK7,  (Sch.  Prop.   IV.)   :  :  rectangle 
MLV  :  LQ\ 

Cor.  2.  The  re 51  angles  of  the  fegments  of  any  dia- 
meter, are  as  the  fquares  of  their  ordinates. 

Cor.  3.  The  diameter  biffecls  all  its  double  ordi- 
nates 5  and  the  ordinates  are  equal  at  equal  diftances 
from  the  center. 

For 
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Fig.      For  the  proportion  being  the  fame  for  the  ordi- 

3 1 .  nates,  at  the  fame  point,  on  each  fide  ;  thefe  ordi- 
nates  mull  be  equal.  And  fince  all  the  terms  of 
the  proportion  remain  the  fame  at  equal  diftances 
from  the  center  -,  the  ordinates  will  be  equal  at  e- 
qual  diftances. 

PROP.      XLT. 

32.  If  two  right  lines  GI,  HP  be  drawn  parallel  to 

33.  two  conjugate  diameters  DK,  MV,  to  inter  fell  in 
R;  then  CM2  :  CK*  :  :  rectangle  HRP  :  rectangle 
GRI. 

For  (Prop.  XL.)  PN2  :  :  IO2  :  :  DNK  :  DOK ; 
and  (fig.  32.)  PN2  :  PN2— IO1 :  :  DNK  :  DNK— 
DOK.     But  PN2— IO1  =  PN2— RN2  =  PRH. 


And  DNK— DOK  zzDNxNO+OK— DN+NO 

XOK  =  DNxNO— NOxOK  zz  DN— OK  xNO 
zz  GRxNO  zr  GRI. 

Alfo  (fig.  33.)  PN2  :  IO1— PN2  :  :  DNK  :  DOK 
—DNK.    But  IO2— PN2  zz  RN2— PN2  zz  PRH  ; 

and  DOK— DNK  zz  DO  x  ON+NK  —  DO+ON 
X  NK  zz  DOxON— ONxNK  zz  DO— NK  x  ON 
=  DN— OK  x  ON  zz  GRxON  zz  GRxRl. 
Therefore  PN2  :  PRH  :  :  DNK  :  GRI, 
or  PRH  :  GRI :  :  PN2 :  DNK  : :  CM2 :  CD2. 

Cor.  Hence  if  two  other  lines  be  drawn  parallel 
to  HP,  GI  •,  the  reclc.ngles  cf  their  fegments  will  be 
as  the  reel  angles  PRII  and  GRI  parallel  to  thern^ 


PROP. 
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Fig. 
PROP.      XLII. 

If  a  line  as  HG  interfett  any  diameter  AB  in  D,  34. 
and  a  diameter  FK  be  drawn  parallel  to  HG ;  then  35. 
the  rett  angle  ADB  :  re  Wangle  GDH  :  :  as  CB2 :  CF\ 

Draw  the  conjugate  MV,  and  AI  parallel  to  GH; 
and  the  triangles  CDE,  CAI,  are  fimilar,  whence 

CAxCE 
CI  :  CA  :  :  CE  :  — ^ —  z=  DC,  and  CI  :  AI  : ; 

AIxCE 
CE  :  DE  zz      a      s  alfo  (by  Prop.  XL.)  MC*  : 

CE2xCF* 
CF2  :  :  CM2— CE*  :  EH*  zz  CF*  —      CMZ     . 

Hence  (fig.  34.)  re&angle  ADB  zz  AC2— CD1  = 

CA2xCE2                   CP-CE2 
AC2  —  — m; —  zz  CA2  X q[1 — . Again CF2: 

CM2  :  :  AI2  :  CM2— CP,  whence  CM2xAP  = 
CF2xCM2— CF'xCP,  andCM2xAP+CF2xCP  zz 
CF2xCM2.  But  the  re&angle  GDH  zz  EH2— ED* 

-CF2      CE*XCP       ^^-CF2 
-^r  ~      CM2     ~      CP       ~  ^    ~ 

CE2xCF2xCP+APxCE2xCMA 

CM2xCP  -C*  "~ 

CE2xCF2xCM2  C£xCP  _ 

CM2xCP       —  ^   —       CP        —  <-*    X 
CP CE2 

— £jt —  :   therefore  rectangle  ADB  :  GDH  :  : 

CA2  :  CF2. 

And  in  fig.  35,  the  demonftration  is  the  fame, 
only  ADB  zz  CD2— AC2,  or  —  ADB  zz  AC2— 
CD2,  and  —GDH  zz  EH2— ED2  i  whence  the  fame 
eonclufion  will  follow. 


P  R  O  P. 
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PROP.      XLIII 


«g§  If  two  lines  GH,  LE  interfeft  one  another  in  D, 
and  the  Jemidiameters  CF,  CK  be  drawn  parallel  to 
them  -,  the  reftangle  GDH  is  to  the  reftangle  LDE  :  : 
CF2  :  CK2. 

Thro'  D  draw  the  diameter  AB :  then  by  the  laft 
Prop,  rectangle  GDH  :  reftangle  '  ADB  :  ;  CF2  : 
C6\  And  rectangle  ADB  :  reftangle  LDE  :  :  CB2: 
CK*.     Therefore  GDH  :  LDE  : :  CF1 :  CK2. 

37.  Cor.  1.  If  any  line  AB  cut  two  parallels  GH,EF, 
in  D  and  L  •,  the  rectangle  ADB  :  reftangle  GDH  : : 
reftangle  ALB  :  reftangle  ELF. 

For  EF,  GH,  being  parallel  to  the  fame  dia- 
meter •,  thefe  rectangles  will  be  as  the  fquares  of 
the  femidiameters  parallel  to  thefe  lines. 

38.  Cor.  2.  If  two  parallel  lines  EF,  GH,  cut  other 
two  parallels  MNAK;  their  fever  al  reft  angles  will 
be  in  the  fame  ratio  •,  ABK  :  GBH  :  :  MDN  :  GDH: : 
ACK  :  ECF  : :  MLN  :  ELF. 

For  each  pair  will  be  feverally  proportional  to 
the  fquares  of  the  femidiameters  parallel  to  thefe  lines. 

PROP.      XLIV.  • 

30.  If  DM  be  a  tangent  at  M,  and  DN  any  line  cut- 
ting the  ellipfis  in  O  and  N  -,  and  if  the  femidiameters 
CF,  CK  be  drawn  parallel  to  DM,*  DN  j  thenDM1: 
CDxDN:  :CF2:CK\ 

Although  this  maybe  inferred  from  Prop.  XLII, 
by  fupppoling  the  points  G,  H,  to  coincide  in  M 
(fig.  35.) ;  yet  I  mall  give  the  demonftration  of.  it 
here  in  particular,  in  refpect  of  the  diameter  DACB. 

Thro' 
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Thro'  the  center  C  draw  DAB,  and  draw  AI  pa-  Fig. 
rallel  to  DM.  39- 

By  fimilar  triangles  CP  :  AP    :  :  CM2 :  DM2, 
and  (Prop.  XL.)   AP  :  MIV  :  :  CF2   :  CM2, 

Therefore, 

(Propor.  XVII.)  CP  :  MIV  :  :  CF2  :  DM2, 

Again  by  fimilar  triangles, 


CP 

:  CM1 

. :  CA* :  CD1,  and 

by  divifion,  CP  :  CNP- 

-CP  :  : 

CA*  :  CD*— CA! 

that  is,  CP 

:  MIV 

: :  CA1 :  ADB. 

whence  CA* 

:  ADB 

:  :  CP  :  DM\ 

But  (Prop.  XLII.)CA* 

:  ADB: 

:  CK* :  ODN. 

whence  CF" 

:CK* 

::DNP:ODN. 

Cor.   1.  If  DM,  DN  be  two  tangent s,  and  CF,   40. 
CK  be  drawn  parallel  thereto  from  the  center  C  ;  then 
DM  :  DN  : :  CF  :  CK. 

For  drawing  DCB ;  DM1  :  ADB  :  :  CF2  :  CB% 
and  ADB  :  DN2  :  :  CB2  :  CK2 ;  whence  DM2 : 
DN2  :  :  CF2  :  CK2,  and  DM  :  DN  :  :  CF  :  CK. 

Cor.  2.  If  two  parallel  tangent ^DM,  TG,  meet  a  41. 
third  tangent  DNT  ;  then  DM  :  DN  :  :  TG  :  TN. 

For  if  CK  be  drawn  parallel  to  DT,  and  CF  to 
DM  and  TG;  it  will  be  DM :  DN  :  :  FC  :  CK, 
and  TG  :  TN  :  :  CF  :  CK  -,  therefore  DM :  DN  :  : 
TG  :  TN. 

Cor.  3.  If  FQjbe  parallel  to  the  tangent  DT,  and  42. 
RS  to  the  two  tangents   DM,  TG  -,    then  POO  : 
ROS  :  :  DN2  :  DM2  :  :  TN2 :  TG2. 

For  drawing  CK,  CF  parallel  to  PQ,  RS,  by 
Prop.  XLIII.  CK2 :  CF*  :  :  POQj  ROS  (and  Cor. 
1.)  :  :  DN1  :  DM2  (Cor.  2.)  :  :  TN7*  :  TG2. 

Cor.  4.  If  M,  N,  G,  be  the  points  of  contact  of  43. 
three  tangents,  MD,  DT,  TG  ;  and  MD,  TG,  OE 

be  parallel  to  the  femidiameter  CF  -,  and  DT,  HR 
G  parallel 
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Fio\  parallel  to  the  femidiameter  CK  ;  then  CF2  :  CKZ  :  : 
4?  IOE  :  NO1  :  :  GT2  :  NT1  :  :  GR2 :  LRP  :  :  MH2 : 
PHL. 

All  this  appears  from  what  was  before  demon- 
strated. 

PROP.      XLV. 

44.  If  DM,  DN,  touch  the  ellip/is  in  M  and  N,  a»i 
MN  fo  drawn,  and  any  line  RL  parallel  to  DN, 
rataarg-  DM,  MN,  in  G  ^H;  /&»  GR,  GH, 

"  GL  are  continually  proportional. 

For  (Prop.  XLIV.  Cor.  4.)  RGL  :  GM1  :  : 
DN2 :  DM2 : :  (fimilar  triangles)  GH2 :  GM2;  there* 
fore  RGL  =  GH2,  and  RG  :  GH  :  :  GH  :  GL. 

Cor.  If  FP  be  parallel  to  DN,  and  touches  the 
e!l:pfis  in  P,  and  cuts  DM  in  O,  then  OP  zz  OF. 

For  then  GL  will  fall  on  FP,  R  and  L  upon  P, 
G  upon  O,  and  H  upon  F  •,  whence  FO  zz  GH, 
GR  and  GL  zz  OP  5  whence  OP2  zz  FO2,  and 
OP  zz  FO. 

PROP.      XLVI. 

45.  If  MT,  a  tangent  in  M,  cut  the  diameter  BA  in 
T,  and  the  ordinate  MP  be  drawn  \  then  CP,  CA, 
CT,  are  continually  proportional. 

For  draw  AK,  BH  tangents  at  A  and  B,  to  cut 
MT  in  K  and  H.  Then  fince  AK,  PM,  BH 
are  parallel,  BP  :  AP  :  :  HM  :  MK  :  :  (Prop.  XLIV. 
Cor.  2.)  HB  :  AK  (fimilar  triangles) :  :  TB  :  TA. 
By  divifion  BP— AP  :  BP  :  :  TB— TA  :  TB  ;  that 
is,  2 PC  :  BP  :  :  BA  :  TB  >  and  taking  half  of  the 
antecedents  PC  :  PB  :  :  BC  :  BT.  And  by  divifion, 
PC  :  PB— PC  :  :  BC  :  BT— BC-,  that  is,  PC  :  BC  :  1 
BC  :  CT. 

Cor. 
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Cor.  I.  If  MT  be  a  tangent  at  M,  MP  an  or-  Fig. 
dinate;  BP  :  PA  :  :  TB  :  TA ;  and  therefore  BT  is  45. 
harmonically  divided  in  A  and  P. 

This  appears  from  the  demonftration. 

Cor.  2.  If  MT  £<?  a  tangent  at  M,  MP  an  ordi- 
nates  thenFC:  PA  :  :  PB  :  PT. 

For  by  the  demonftration,  PC  : PB : : BC : BT ; 
and  by  divifion  PC  :  PB  : :  BC— PC  :  BT— PB  :  : 
AP  :  PT. 

Cor.  3.  If  MT  be  a  tangent  at  M,  and  MP  an 
ordinate  ;  then  TA  :  TP  :  :  TC  :  TB. 

For  fince  CT  :  C A :  :  C  A :  CP,  CT— C A  :  CT  :  : 
C A— CP  :  CA  ;  that  is,  AT  :  CT  :  :  AP  :  AC  ;  and 
(Propor.  XIII.)  AT  :  CT  :  :  AT+AP  :  CT+AC, 
or  AT  :  CT  : :  TP  :  BT. 

Cor.  4.  "Two  tangents  drawn  from  equal  ordinates 
on  each  fide  the  curve,  meet  in  the  diameter. 


% 


PROP.      XL  VII. 

If  AB  be  a  diameter,  and  AK,  BH  two  parallel  46. 
tangents,  at  A  and  B,  and  HT  a  tangent  at  M,  cut- 
ting the  others  in  K  and  H ;  MP  an  ordinate,  CD  a 
femidiameter  parallel  thereto  -,  then  AK,  CD,  BH  are 

in  continual  proportion. 

■  Continue  CD  to  G.  And  by  fimilar  triangles 
AK  :  PM  :  :  TA  :  TP  :  :  (Prop.  XLVL  Cor.  3.) 
TC  :  TB  :  :  (fimilar  triangles)  CG  :  BH.  Alfo  fince 
the  tangent  MG  cuts  CD  in  G  •,  therefore  (Prop. 
XLVL)  PM  :  CD  :  :  CD  :  CG.  Therefore  (Propor. 
XVII.)  AK  :  CD  :  :  CD  :  BH. 

Cor.  1 .  If  AB  be  any  diameter,  CD  its  femiconju- 
gate,  PM  an  ordinate  \  AK,  BH,  HM,  tangents  at 
A,  B,M;  then  AKxBH  ~  PMxCG  =  CD1  = 
ABx4-  the  latus  retlum. 

G  2  For 
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Fig.       For  fince  AK  :  PM  :  :  CG  :  BH  ;  therefore  AKx 
46.  BH  =  PMxCG  z:  CD1   zz  (Schol.  Prop.  IT.) 
-^ABx  latus  rectum. 

47.  Cor.  2.  If  the  two  parallel  tangents  AK,  BH,  be 
cut  by  the  two  tangents  KH,  GR  -,  then  AKxBH  zz 
BGxAR. 

For  they  are  both  equal  to  CD\ 

Cor.  3.  AK  :  BG  :  :  KO  :  OH. 
For  AK  :BG  :  :  AR:BH  : :  AR— AK :  BH— 
BG  :  :  KR  :  GH  (fimilar  triangles) :  :  KO  :  OH. 

Cor.  4.  A  line  drawn  thro''  RH  wou'd  interfetl  the 
line  drawn  thro?  KG,  in  the  diameter  AB  produced. 

Cor.  5.  If  the  tangent  GR  was  to  touch  the  oppojite 
fide  BD  A,  as  gr ;  it  will  fill  be  AKxBH  zz  B^xAr. 

PROP.      XLVIII. 

48.  If  two  tangents  HK,  HE,  touching  the  ellipfis  in 
D  and  R  •,  cut  any  diameter  AB  produced^  in  K  and 
E,  fo  that  AE  zz  BK  •,  and  if  FG  be  a  third  tan- 
gent;  then  the  rectangle  EFxGK  zz  KHxRE,  a 

given  quantity, 

Compleat  the  parallelogram  KHEL,  by  draw- 
ing the  lines  EL,  KL  parallel  to  KH,  HE,  which 
will  touch  the  ellipfis  in  O,  P.  Draw  the  diame- 
ter RP;  then  the  figure  R AC  is  fimilar  and  equal 
to  PBC,  and  REC  to  PKC,  whence  RE  zz  PK. 
Then  in  refpect  of  the  diameter  RP  it  will  be  (bv 
Prop.  XLV1I.  Cor.  3.)  PK  or  RE  :  FR  :  :  KG 
GH;  and  by  compounding,  RE  :  FE  :  :  KG  :  KH  ; 
whence  KGxEF  zz  RExKH,  a  given  quantity. 

Cor.  1 .  VE  X  KZ  zz  KH X  RE  a  given  quantity, 
For  by  fimilar  triangles  VE  :  EF  :  :  GK :  KZ. 
whence  VExKZ  =*EF.xGK  zz  KHxRE* 

Con 
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Cor.  2.  And  if  the  third  tangent  (FG)  touch  the  Fig. 
curve  on  the  other  fide  (OP),  and  interfecl  the  tangents    48. 
HK,  HE  produced-,  the  reclangle  EFxGK  will  fill 
be  the  fame. 

For  the  figure  on  the  other  fide  of  KE,  will  be 
the  fame  as  VEKZ,  and  therefore  that  rectangle 
is  the  fame  as  EVxKZ  =  KHxRE. 

PROP.      XLIX. 

If  two  lines  TF,  TG,  touch  the  ellipfts  in  H  and    49. 
K,  and  if  HK  be  drawn,  and  biff e tied  in  O  ;  then  if 
the  line  TO  is  drawn  thro'  O,  it  will  bijfeft  all  the 
lines  IN  within  the  ellipfts,  which  are  parallel  to  HK. 
That  is,  if  HO  =  OK,  then  IP  zz  PN. 

Thro'  the  center  C,  draw  FG  paiallel  to  HK; 
then  fince  HO  zz  OK,  FC  zz  CG.  And  fince  DE 
paffes  thro'  C,  it  will  be  a  diameter,  and  HO,  OK 
ordinates  parallel  thereto ;  and  IP,  PN,  being  pa- 
rallel thereto,  will  alfo  be  ordinates  -,  therefore  (Prop. 
XL.  Cor.  3.)  IP  =  PN. 

Cor.  1 .  If  LM  be  drawn  parallel  to  HK ;  the 
parts  intercepted  between  the  curve  and  tangent,  on 
each  fide,  are  equal  -,  LI  zz  MN. 

For  fince  HO  zz  OK;  therefore  LP  =  PM, and 
IP  being  zz  PN,  the  remainder  IL  zz  NM.  Like-    , 
wife  fince  CD  zz  CE,  therefore  DF  zz  EG,  &c. 

Cor.  2.  The  tangent  at  A  is  biffefted  in  that  point. 

Cor.  3.  HO,  OK,  as  alfo  IP,  PN  are  ordinates 
to  the  diameter  paffing  thro'  T,  the  interferon  of  the 
tangents. 


G  2  PROP, 
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PROP.      L. 


50.  If  two  lines  TL,  TM,  touch  the  ellipfis  in  H  and 
K,  and  HK  ^  drawn  thro*  the  points  of  contacl ; 
and  from  T,  any  line  TI  be  drawn,  cutting  HK  in  D, 
and  the  curve  in  F  and  I  -,  then  TF  :  TI : :  DF  :  DI. 

Thro'  F,  I,  draw  AC,  LM  parallel  to  HK,  then 
(Prop.  XLIX.  Cor.  1.)  LI  zz  NM,  and  AF  5= 
BC,  whence  MI  zz  LN,  and  CF  zz  AB. 

By  fimilar  triangles  AF  :  LI  :  :  TF  :  TI. 
and  CF  :  MI  2  :  TF  :  TI. 
and  multiplying,  AFxCF  :  LIxMI  :  :  TFa  :  TP. 
that  is,  AFX  AB  :  LIxLN  : :  TF1  :  TP. 

But  (Prop.  XLIV.  Cor.  3,)  AFX  AB  :LIxLN :  : 
HA2 :  HLZ : :  (fimilar  triangles)  DFa :  DP  •,  therefore 
TF4  :  TP  :  :  DF* :  DP,  and  TF :  TI : :  DF  :  DI. 


Cor.  If  it  be  TF  :  TI  :  :  DF  :  DI ;  the  line  join- 
big  the  points  of  contacl,  (of  the  tangents  TH,  TK,, 
will  pafs  thro'  the  point  D. 


J 
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51.  If  MT,  AH  be  two  tangents  at  M  and  A  ;  and 

52.  if  the  femidiameters  CM,  CA  be  drawn,  and  pro- 
duced  to  interfetl  the  tangents  in  H  and  T  •,  then  the 
triangle  MNH  zz  triangle  ANT. 

Draw  PM  parallel  to  AH  •,  then  by  fimilar  tri- 
angles CM  :  CH  :  :  CP  :  CA  : :  (Prop.  XLVI.)  CA: 
CT  \  and  alternately  CM  :  CA:  :  CH  :  CT-,  whence 
(Geom.  II.  j  7.  Cor.  1.)  the  triangle  CAH  zz  tri- 
angle CMT.  Then  fubtracting  (or  adding)  the 
quadrilateral  figure  CANM,  the  triangle  MNH  zz 
ANT. 

Cor.  The  triangle  CAM  zz  triangle  CMT. 
From  the  demonftration. 

SCHO- 


TlY.jpa. 
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Fig. 
Scholium.  r2t 

What  has  been  demonftrated  in  Prop.  XXXVIII, 
and  Cor.  i .  in  regard  to  the  tranfverfe  axis ;  is 
here  proved  universally  for  any  diameter  whatever. 

PROP.      LII. 

If  ML,  RV  be  two  conjugate  diameters ,  and  MP,   53. 
V Coordinates  to  any  other  diameter  AB,    DE  the 
conjugate  of  AB  •,  then  CQ^  zz  APxPB. 

This  Prop,  is  demonftrated  from  Prop.  XLVI, 
and  Prop.  XL.  Cor.  2.  in  the  fame  manner  as 
Prop.  XXXIII.  is  from  Prop.  XIII.  and  Prop.  VI. 
Cor.  3.  And  the  fame  corollaries  will  follow,  viz. 

Cor.  1.  AQxQBzzCP\ 

Cor.  2.  CP*+CQ^  zz  APB  +  AQB  5=  CA2. 

Cor.  3.  PM'+QV*  =  CD\ 

Cor.  4.  CA  :  CD  : :  CP  :  QV  :  :  CQj  PM. 

Cor.  5.  Hence  alfo  the  triangle  CPM  zc  CQV. 

For  imagine  PT  z=  PC,  then  triangle- PTM  zz 
PCM,  and"(Cor.  4.)  CP  or  PT  :  QV :  :  CQj  PM; 
therefore  (Geom.  XVII.  Cor.  1.)  CQV  zz  TPM 
zz  CPM. 

PROP.     LIII. 

If  ZH  be  a  tangent  at  any  point  A ;  ML,  VR   54. 
two  conjugate  diameters  cutting  the  tangent  in  Z  and 
H ;  DE  the   conjugate  to  AB  -,  then  the  reel  angle 
ZAH  zz  CD\ 

Draw  the  ordinates  MP,  VQ,  to  the  diameter 
AB  •,  then  by  fimilar  triangles  CP  :  PM  :  :  C A  :  AZ, 
whence  CPx  AZ  zz  PMxCA  (Cor.  4.  Prop.  LII.) 
=  CQ2<CD  5  therefore  CP  ;  CQj.  :  CD  :  AZ. 

G  4  Again, 
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Fig.     Again,  CQj  QV  : :  C  A  :  AH,  and  CO  x  AH— 
54.  QVxCA  =  (ib.)  CPxCD  ;  therefore CP  : :  CQj: 
AH  :  CD  : :  CD  :  AZ  ;  whence  AZx  AH  =  CD2. 

Cor.  If  SN  be  drawn  parallel  to  CD  ;  then  SFx 
FG+FN2  -  CD\ 

For  CA  :  AZ  :  :  CF  :  FG  (by  fimilar  triangles). 

and  CA  :  AH  :  :  CF  :  FS, 
whence  CA1  :  AZxAH  or  CD1 :  :  CF2 :  FSxFG. 
and  dividing,  CA1  :  CD*  :  :  CA2— CF2  or  AFB  : 
CD2— SFG  :  :  (Prop.  XL.)  AFB  :  FN1.  Therefore 
CD1— SFG  5=  FN2,  and  FN2+SFG  zz  CD2. 

PROP.      LIV. 

If  TP,  TQ^  two  tangents  at  P,  Q  •  and  PQ^ 

'  be  drawn,  and  any  line  LD,  cut  PQa?id  the  curve  in 
S,  A,  B  •,  then  SL2  :  SD2  :  :  retlangle  ALB  :  rec- 
tangle BDA. 

From  the  center  C,  draw  CG,  CM,  CF  parallel 
to  TP,  TQ,  LD  ;  and  draw  LI  parallel  to  QT. 
Then  the  triangles  S,LI,  SQD  are  fimilar,  as  alfo 
PIL,,  PQT ;  whence  SD  :  SL  :  :  DQj  LI.  But 
the  ratio  of  DQ  to  LI  is  compounded  of  the  ratio 
of  DQ^  to  PL,  and  (PL  to  LI  or)  PT  to  TQ  ; 
therefore  DQj  LI :  :  DQxPT  :  PLxTQ  •,  there- 
fore SD  :  SL  :  :  DQxPT  :  PLxTQ.  Take  the 
line  E  a  mean  proportional  between  AL  and  LB  ; 
and  H  a  mean  proportional  between  BD  and  DA  ; 
then  ALB  =  E\  and  ADB  =  H2. 

Then  (Prop.  XLIV.)  GC2 :  FC2 :  :  LP2 :  ALB  or 
K\  And  FC*  :  MC2  :  :  BDA  orH2 :  DQ^.  There- 
fore extracting  the  roots,  GC  :  FC  :  :  LP  :  E,  and 
FC  :  MC  : :  H  :  DQj  therefore  GC  :  MC : :  PLxH  : 
DQxE-,  but  (Prop.  XLIV.  Cor.  1.)  PT  :  QT  :  : 
GC  :  MC  :  :  PLXH  :  DQxE,  and  multiplying 
means  and  extremes  PTxDQxE  —  QTxPLxH. 

whence 
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whence  H  :  E :  :  DQxPT  :  PLxTQj  :  SD  :  SL ;  Fig. 
and  H2  or  ADB  :  E2  or  ALB  :  :  SD2  :  SL\  55. 

Cor.  Hence  in  any  circumfcribed  trapezium  LNDO, 
the  diagonals  LD,  NO,  inter fe£l  in  the  fame  point  S, 
where  the  lines  PQ,  KR,  interfecl,  that  join  the  op- 
pofite  points  of  contact. 

For  if  LD  cuts  the  tangents  PL,  QD  •,  we  have, 
SL2  :  SD2  :  :  ALB  or  EE  :  ADB  or  HH ;  and 
SL  :  SD  :  :  E  :  H,  and  SL+SD  or  DL  :  SL  :  : 
E+H  :  E. 

Again,  for  the  tangents  KL  and  RD,  it  will  be 
SL*  :  SD2  :  :  ALB  :  ADB ;  whence  as  before  it 
will  be,  LD  :  SL :  :  E+H  :  E.  Therefore  PQ 
interfecls  LD  in  the  fame  point  S  where  KR  inter- 
fecls  it  •,  or  the  diagonal  LD  paffes  through  the 
common  interferon  S,  of  the  lines  PQ,  KR.  And 
by  the  fame  reafoning  the  diagonal  NO  paffes  thro* 
the  fame  interferon  S. 

PROP.      LV. 

If  GM  be  any  diameter,  GT,  MD,  two  tangents,  tf. 
at  G  and  M,  DT  a  tangent  at  N;  then  if  NC  be 
drawn,  and  its  femi  conjugate  CK-,  the  r  eel  angle  T>NT 
zzQKk 

For  draw  the  femiconjugate  CF  parallel  to  MD ; 
then 
(Prop.  XLIV.  Cor.  1 . )  CF  :  CK  :  :  DM :  DN 

and  CF  :  CK  :  :  TG  :  TN;  then 

multiplying,  CF2 :  CK2 :  :  DMxTG  :  DNxTN. 

But  (XLVII.)  CF2  =  DMxTG,  therefore  CK1 
=  DNxNT. 


PROP. 
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Fig. 

PROP.      LVI. 

cy.  If  AF,  AG  be  two  tangents,  and  FG  drawn  thro* 
the  points  of  contact.  And  thro"  A,  the  interfeclion 
of  the  tangents,  AV  be  drawn  parallel  to  GF.  'Then 
-  if  from  any  point  in  it  as  V,  there  be  drawn  VL  thro* 
O,  the  middle  of  FG,  to  cut  the  ellipfis  in  P  and  L, 
<Then  will  VP  :  VL  :  ;  OP  :  OL. 

From  L  draw  AQRL,  and  from  the  interfe&ion 
Qj  draw  QSP  parallel  to  FG.  Then  (Prop.  L.) 
AQj  AL  :  :  RQj  RL,  and  ALxRQ  =  RLxAQ. 

The  ratio  of  PQ  to  SQJs  compounded  of  the  ra- 
tio of  PQjo  OR  and  OR  to  SQ.  But  by  fimilar  trw 
angles,  PQ :  OR  :  :  LQj  LR ;  alfo  OR :  SQj :  AR  i 
AQ;  therefore  PQ:  SQj  :  LQxAR  :LRxAQ;  and 
by  diyifion,  PS  :  SQ  :  :  LQxAR— LRxAQjLRx 

AQ.  But  LQxAR— LRxAQ  =  LR+QRxAR 
— LRXAQ  =  QRxAR+LRxQR  =  ALxQR 
zz  LRxAQ,  by  what  went  before ;  therefore  PS 
zz  SQj  and  confequently,  as  QS  is  an  ordinate 
(def.  9.),  P  is  in  the  curve.  Laftly,  by  reafon  of 
the  parallels  FG,  PQ,  V A ;  VP  :  VL  :  :  AQj  AL :  : 
(Prop.  L.)  RQj  RL  :  :  OP  :  OL. 

PROP.      LVII. 

rg#  If  FA,  GA  be  two  tangents  at  F  and  G  ;  and  if 
GF  be  drawn,  and  AV  parallel  to  it.  And  from  any 
point  V  in  the  line  AV  ;  let  the  tangents  VH,  VI,  be 
drawn  \  then  the  line  drawn  thro*  the  points  of  con- 
tacl,  HI,  will  pafs  thro'  the  point  O,  the  middle  of  FG. 

Thro'  O  draw  VL  cutting  the  ellipfis  in  P  and 
L  •,  then  in  refpedt  of  the  ordinate  FG,  it  is  (Prop. 
LVI.)  VP  :  VL  :  :  OP  :  OL.     And  in  refpeft  of 

the 
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the  line  HI,  it  is  (Prop.  L.)  VP  :  VL  : :  OP  :  OL ;  Fig- 
therefore  O  is  common  to  both  lines  GF  and  HIj  58. 
therefore  HI  paries  thro'  O. 

Cor.  1.  If  FA,  GA  beany  two  tangents,  and FG 

he  drawn  thro9  the  points  of  contact ;  andlikewifeHV9 
IV,  two  other  tangents,  and  HI  be  drawn  thro9  their 
points  of  contact ;  draw  AV  thro9  the  concourfe  of 
the  tangents,  A,  V.  Then  O,  the  interferon  of  FG> 
HI,  will  be  the  point  thro9  which  all  lines  pafs,  which 
join  the  points  of  contacl  of  any  two  tangents,  drawn 
from  any  point  in  the  line  AV. 

Cor.  2.  If  GO  be  an  ordinate  to  any  diameter BE, 
GA  a  tangent  at  G,  meeting  the  diameter  BE  at  A ; 
and  if  AV  be  drawn  parallel  to  GO  ;  alfo  through 
O,  draw  any  line  HI ;  then  two  tangents  drawn  from 
H  and  I  will  meet  fomewhere  in  the  line  AV,  as  at  V. 

Otherwife  it  could  not  be  VP  :  VL  : :  OP  :  OL, 
as  by  Prop.  LVI. 

Cor.  3.  If  IH  be  continued  to  D,  and  the  tangents 
DP,  DL  drawn;  then  LP  paffing  thro9  the  points  of 
contacl,  will  pafs  thro9  O. 

PROP.      LVIIL 

If  VH,  VI  be  two  tangents  at  H,  I ;  and  1HD  5s- 
be  drawn  thro9  the  points  of  contacl;  and  any  lineVFOL, 
be  drawn  thro9  V  -,  and  the  tangents  PD,  LD  be 
drawn ;  they  will  meet  in  the  line  ID. 

For  thro'  O  (the  interferon  of  VL  and  IH)  draw 
FG,  fo  that  GO  =  OF  •,  and  draw  VAD  parallel 
to  FG.  Then  (Prop.  LVII.  Cor.  2.)  PD,  LD,  (tan- 
gents at  P,  L)  will  meet  fomewhere  in  the  line  VA* 
as  at  D.  Then  if  DO,  does  not  pafs  thro'  the 
points  of  contacl:  H,  I ;  let  a  line  drawn  from  D  to 
N  pafs  thro5  the  points  of  contacl.  Then  (Prop.  L.) 
we  (hall  have  VP  :  VL  : :  NP  :  NL.  But  by  reafon 

of 
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Pig.  of  the  tangents  HV,  IV,  we  have  VP  :  VL  :  :  OP : 

5$.  OLj  therefore  the  former  proportion  cannot   be 

true,    except  N  and  O  coincide.     Therefore  DO 

paries  thro'  the  points  of  contact,  H,  I ;  that  is, 

the  tangents  PD,  LD,  meet  in  the  line  IH. 

eg.  Cor.  If  FA,  GA  be  two  tangents,  and  GFB  be 
drawn  thro*  the  joints  of  contacl ;  and  from  any  point 
B,  the  tangents  BH,  BI  are  drawn.  Then  IH  drawft 
thro9  the  points  of  contacl :,  will  pafs  thro9  A. 

For  a  line  drawn  thro'  A  will  pafs  thro'  the  points 
of  contact  H,  I,  and  therefore  no  other  can. 

PROP.     L1X. 

60.  If  any  tine  MN,  be  drawn  thro9  the  focus  F,  anj 
the  tangents  MR,  NR,  drawn  from  M  and  N  ;  then 
the  line  RF,  drawn  from  the  interfetlion  of  the  tan>- 
gents  to  the  focus,  will  be  perpendicular  to  the  line  MN. 

Make  CF,  CA,  CT  continual  proportionals ;  at 
T  erect  TL  perp.  to  the  tranfverfe  axis  BAT.  Then 
(by  Prop.  XVI.)  a  tangent  drawn  from  the  end  of 
the  ordinate  erected  at  F,  will  cut  the  axis  at  T. 
And  (by  Prop.  LVI1.  Cor.  2.),  two  tangents  drawn 
from  M  and  N  will  meet  fomewhere  in  the  line  TL 
as  at  R.  Produce  SM  to  G,  fo  that  SG  may  be 
equal  to  BA  ;  draw  GF  which  will  be  perp.  to  MR 
at  D,  by  Prop.  XIII.  Draw  ML  parallel  to  BA. 

The  triangles  SFG,  MOG  are  fimilar,  whence 
SG  or  BA  :  SF  :  :  MG  :  MO  ;  that  is,  CA  :  CF  :  : 
MF :  MO.  But  (Prop.  XXIX.)  C  A  :  CF  :  :  ML  : 
MF  i  therefore  ML  :  MF  :  :  MF :  MO,  and  MLx 
MO  =  MF\  But  the  triangles  MDO  and  MLR 
are  Jimilar,  being  right  angled  at  D  and  L  •,  whence 
MD  :  MO  :  :  ML  :  MR,  therefore  MDxMR  zz 
MLx  MO  =  MF2  •,  and  MD  :  MF  :  :  MF  :  MR  ; 
therefore  the  triangles  MDF,  MFR  are  fimilar, 
whence  the  angle  MFR  ~  <Z  MDF  =  a  right 
angle. 

Cor. 
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Cor.  If  a  circle  be  defcribed  about  the  diameter  MR,  Fig. 
it  willpafs  thro''  the  focus  F,  and  thro''  the  points  L,  G.  60. 

For  MFR  and  MLR  are  right  angles,  and  the 
triangle  MGD  being  equal  and  fimilar  to  MFD,  is 
contained  in  the  oppofite  femicircle.  v 

LEMMA. 

If  EM,  EN  be  two  lines  meeting  in  E,  and  if  it  61* 
be  CA  :  CM  :  :  DB  :  DN,  a  given  ratio,  and  AB,  62. 
CD,  MN  be  drawn.     And  if  it  be  made  CA  :  DB  : : 
AE  :  BG  :  :  EP  :  GE.     Then  if  OHK  be  drawn 
thro*  the  middle  of  PE,  EG  5  it  will  biffett  all  the 
lines  AB,  CD,  MN,  fcSV. 

For  take  any  of  the  lines,  as  MN ;  and  make 
NF  zz  GE,  and  draw  MF.  Make  ES  =  EG,  and 
draw  PS,  and  OR,  EI,  HQjmrallel  thereto  •,  alfo 
draw  VEL  parallel  to  OH,  then  GN  =  EF,  RE  22 
EH,  EI  ==  HV  ;  but  by  the  fimilar  triangles  OEI, 
OQH  ;  it  is  OE  :  OQ^ :  :  EI  or  HV  :  HQ/,  but 
fince  RE  =z  EH,  OE  is  =  EQ,  or  OE  =1  ^OQ, 
therefore  HV  zz  ^HQ,  and  HQ  is  biffe&ed  in 
V.  But  fince  EM  is  to  GN  or  EF,  and  alfo  EO  to 
ER,  or  EQ  to  EH,  as  AC  is  to  BD ;  therefore 
the  triangles  EHQ,  EFM  are  fimilar,  whence  MF 
is  parallel  to  HQ.  Therefore  fince  HQjs  biffected 
by  EL,  MF  will  be  biffefted  in  L  ;  therefore  draw- 
ing LK  parallel  to  EN  ;  it  will  bilTedt  MN  at  K ; 
and  meet  OHK  at  K,  becaufe  LK  z:  EH  z:  i-EG 
z=  i-FN.  And  thus  any  other  line  as  CD  is  proved 
to  be  biflefted  by  HK. 

Cor.  1 .  Hence  if  a  line  biffetls  two  of  the  lines  AB, . 
CD,  MN,  GV.  it  biffetls  all  the  reft. 

Cor  2.  The  line  VEL  is  the  locus  of  all  the  middle 
points  of  the  lines  MF.  And  HOK  is  the  locus  of 
the  middle  points  of  all  the  lines  AB,  CD,  MN,.  &c. 


c  h  o- 
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5Ip  Scholium. 

62.  Any  line  MN  might  be  divided  in  a  given  ratio, 
by  the  right  line  OHK  •,  if  inftead  of  making  EH 
z=  HG,  and  EO  z=  OP,  we  make  EH  to  HG,  and 
EO  to  OP  in  the  ratio  of  MK  to  KN  as  defigned. 

PROP.      LX. 

63.  If  a  trapezium  be  circumfcribed  about  an  ellipfis,  as 
ABFE  ;  and  if  the  diagonals  AF,  BE,  be  bifjecled ; 
the  line  drawn  thro'  the  points  of  bijfeclion^  will  pafs 
thro'*  the  center  C. 

Thro'  the  points  of  contact  of  any  two  oppofitc 
fides,  AE,  BF,  draw  the  line  HI,  and  the  diame- 
ter GD  parallel  to  it.  Then  (by  Prop.  XLVIII. 
and  Cor.  2.)  GAxDB  =  GExDF,  whence  GA  : 
DF  :  :  GE :  DB.  Therefore  if  AF,  GD,  EB  be 
drawn;  then  (by  the  Lemma  Cor.  1.)  the  line  that 
paries  thro'  the  middle  of  AF,  EB,  paries  thro* 
the  middle  of  GD.  But  as  GD  is  parallel  to  HI, 
the  middle  of  GD  is  the  center  C. 

£■  Cor.  And  if  any  four  lines  touch  the  ellipfis^  as  AE, 
EF,  FB  and  BA  -,  and  the  diagonals  EB,  AF  be 
drawn  to  the  oppofite  interferons.  The  line  drawn 
thro'  the  middle  points  of  thefe  diagonals  will  pafs  thro' 
the  center. 

For  draw  HI  thro'  the  points  of  contact  of  two 
oppofite  fides  EG,  FB ;  and  GD  parallel  to  it 
thro'  the  center.  Then  (Prop.  XLVIII.)  GExDF 
s-  GAxDB  •,  and  GE  :  DB  :  :  GA  :  DF  by  divi- 
fion  :  :  EA  :  BF ;  therefore  if  GD,  EB,  AF  be 
drawn,  then  (Cor.  1.  Lem.)  the  line  pafling  thro' 
the  middle  of  AF,  EB,  paries  thro'  C  the  center. 

PROP. 
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Fig. 
PROP.      LXI. 

If  a  circle  be  defcribed  about  the  conjugate  axis  DE,  65. 
and  MG  be  any  right  line  -,  and  if  MN,  GQ^  be 
drawn  parallel  to  the  tranfverfe  axis  AB,  and  QP pa- 
rallel to  GM;  and  if  it  be  made,  as  AC  :  Cb:  : 
MN  :  ON  :  :  PN  :  IN  :  :  GL  :  QL.  Then  I  fay 
GM  will  be  to  LO  in  a  given  ratio,  wherever  MG 
be  placed,  in  a  parallel  fituation. 

Produce  MG,  NQ  to  F ;  then  finceNM  :  NO :  : 
QG  :  QL,  OL  produced  will  fall  in  F.  And  be- 
caufe  PQ  is  parallel  to  MG,  it  will  be  NF  :  NQ  : : 
NM  :  NP  :  :  (by  conftruftion)  NO  :  NI,  or  NF: 
NO  :  :  NQ:  NI -,  therefore  (Geom.  II.  12.  Cor.  1.) 
FO  (or  LO)  and  QI  are  parallel,  and  OLQI  is  a 
parallelogram  5  therefore  QI  =:  LO  ;  whence  MG 
will  be  to  OL,  as  QP  to  QI. 

Cor.  If  M  (the  end  of  MG,)  be  in  the  curve  of 
the  ellipfis  -,  then  O  (the  end  of  OL  J  will  be  in  the 
periphery  of  the  circle. 

This  appears  from  Prop.  XIX,  Cor, 

PROP.      LXII. 

If  AB  be  any  diameter,  and  if  thro*  any  point  of  66* 
the  curve  as  P,  two  lines  APH,  BPN,  be  drawn, 
and  alfo  the  ordinate  DF,  interfering  the  lines  in  E 
and  G.     Then  DE,  DF,  DG  will  always  be  in  con- 
tinual proportion. 

Draw  the  conjugate  IL,  and  PO  parallel  to  it, 
and  the  tangents  AN,  BH.  Then  by  fimilar  tri- 
angles, 

AB  :  BH  :  :  AO  :  OP 

and  BA  :  AN  :  :  BO  :  OP 

then 
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Fio-  then  by  multiplying,  AB2 :  ANxBH  :  :  AOxOB  : 
66  OP*  :  :  (Prop.  XL)  AB2  :  IL2  •,  therefore  ANxBH 

z:IL2. 

Again  (Prop.  XL.),  AB1  :  ADB  : :  ILX;J>F*. 
and  by  fimilar  triangles  AB  :  AD  :  :  BH  :  DE 
and  AB  :  BD  :  :  AN  :  DG. 
and  multiplying,  AB* :  ADB : :  ANxBH  :  DGxDE. 
therefore  IL2 :  DF>: :  ANxBH  :  DGxDE. 
But  IL*  =  ANxBH,  therefore  DF2  =  DGxDE, 
whence  DE  :  DF  : :  DF  :  DG. 

Cor.  If  from  the  ends  of  any  diameter  AB,  two 
lines  AH,  BN  be  drawn,  thro'  any  point  P,  of  the 
curve,  to  interfetf  the  tangents  AN,  BH  in  N  and 
H.  The  reft  angle  of  the  tangents  is  equal  to  the 
fquare  of  the  conjugate  :  ANxBH  zz  IL\ 

From  the  demonft ration. 

PROP.      LXIIL 

r         IfCbe  the  center,  F  the  focus,  and  if  CF  :  CA  : : 

7'  CA  :  CT,  and  the  directrix  TO  be  drawn  perp.  to 

CA.     And  if  any  line  MNO  be  drawn  •,  and  from 

the  focus  F,  MFH,  FN  and  FO  be  drawn.     Then 

FO  biffed s  the  angle  NFH. 

Draw  MP,  NQ  perp.  to  TO,  and  ND  parallel 
to  MF.     Then  by  fimilar  triangles,  MP  :  NQj 
MO  :  NO  :  :  MF  :  ND  j  and  alternately  MP  :  MF: 
NQj  ND.    But  (Prop.  XXIX.)  CA  :  CF  :  :  MP 
MF  :  :  NQj  NF  5  therefore  ND  ~  NF  •,  therefore 
<Z  NFD  =  NDF  =z  DFH,  by  reafon  of  the  pa- 
rallels ND,  FR 
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PROP.     LXIV.  lg' 

If  AB,  ED  be  the  tranfverfe  and  conjugate  axes,   68. 
and  if  the  diameters  GCK,  and  HCL  be  drawn  pa- 
rallel to  AD,  AE  ♦,  thefe  diameters  will  be  equal,  and 
conjugate  to  one  another. 

For  fince  EA  =  AD  =  DB  =  BE,  ADBE  is 
a  parallelogram,  and  BE  parallel  to  DA  which  is 
parallel  to  KG  ;  therefore  the  angle  EBA  zz  GCA. 
And  fince  BC  =  C A,  therefore  EF  =  FA ;  and 
confequently  GK  is  the  diameter  of  EF,  FA,  and 
HL  (parallel  to  EA)  its  conjugate.  Likewife  the 
<  GCA  rz  EBA  =  DBA  =  LCA,  confequent- 
ly CG  =  CL,  or  GK  zz  HL. 

Cor.  i .  There  are  no  other  conjugate  diameters  e- 
qual  to  one  another  but  GK,  HL. 

For  GK  grows  greater  in  approaching  to  A,  and 
its  conjugate  LH  grows  lefs  towards  E  •,  or  GK 
grows  lefs  towards  E,  and  its  conjugate  LH  grows 
greater  towards  A,  and  G  and  L  cannot  both  ap- 
proach to  A. 

Cor.  2.  The  equal  diameters  GK,  LH  comprehend 
the  leaft  angle  of  any  two  conjugates. 

For  whilft  CL  approaches  to  A,  CG  approaches 
to  E,  and  the  angle  GCL  continually  increafes,  till 
L  come  to  A,  and  G  to  E,  where  it  becomes  a 
right  angle  ECA. 

PROP.      LXV. 

If  AB  be  any  diameter,  BG  a  tangent  at  B,  and  69, 
equal  to  the  latus  retlum  \  and  if  AG  be  drawn  cut- 
ting the  ordinate  PM  (produced)  in  D.  Then  PMA  zz 
BPxPD. 

By  Cor.  1.  Prop.  XL.  AB  :  BG  :  :  APB  :  PM\ 

But  from  the  fimilar  triangles  APD,  ABG  -,  AB  : 
H  BG  : : 


52  THE      ELLIPSIS. 

Fig.  BG  :  :  AP :  PD  :  :  APxPB  :  PDxPB  •,  therefore 
69.  APB  :  PM1  :  :  APB  :  PDxPB-,  whence  PM*  = 
PDxPB. 

Cor.  The  fquare  of  the  ordinate,  PMZ  is  lefs 
than  the  reel  angle  BPxBG  (the  retlangle  under  the 
parameter  and  abfciffa),  by  the  reft  angle  PBxFG, 
which  is  fimilar  to  the  rectangle  ABxBG.  And  by 
reafon  of  that  de feci  ythe  curve  is  called  an  ELLIPSIS. 

For  if  DF  be  parallel  to  AB,  the  rectangle  DFG 
is  fimilar  to  ABG;  becaufe  from  the  fimilar  tri- 
angles ABG,  DFG,  it  is  AB  :  BG  :  :  DF  :  FG. 

Scholium. 
The  reclangle  under  AB  the  diameter,  and  BG 
its  parameter,  is  called  the  Figure  of  that  diameter. 

PROP.      LXVI. 

70.  If  OT  be  a  tangent  at  M ;  and  a  line  MF  be 
drawn  from  the  point  of  contacl  to  the  focus  \  and  CO 
be  drawn  from  the  center  parallel  to  MF,  to  inter- 
feci  the  tangent  in  O.  Then  CO  zz  CB  half  the 
tranfjcrfe  axis. 

Draw  the  ordinate  MP  perp.  to  the  axis  BA. 
Then  (Prop.  VIII.  Cor.  2.)  CFxCP  zz  CA*— CA 
XFM,  andCAxFM  zz  CA*~CFxCP.  But  (Prop. 
XVI.)  CA2  zz  CPxCT;  therefore  CAxFM  zz 
CPxCT— CPxCF  zz  TFxCP.  But  by  fimilar 
triangles,  TC  :  CO  :  :  TF  :  FM  :  :  TFxCP  or 
CAxFM  :  FMxCP;  whence  COxCAxFM  zz 
TCxCPxFM,  and  COxCA  zz  CTxCP  zz  CA% 
and  CO  zz  CA. 

Cor.  If  MT  be  a  tangent,  F  the  focus,  MP  an 
ordinate  *  then  CAxFM  zz  TFxCP. 
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Fig. 

PROP.      LXVII. 

If  F  be  the  focus,  C  the  center,  QZ  any  diameter,   7 r  • 
MN  parallel  to  it  drawn  thro''  the  focus.     Then  AB, 
QZ,  MN,  are  in  continual  proportion. 

Draw  the  diameter  CLD,  thro'  the  middle  of 
MN  -,  and  MP  parallel  to  it,  an  ordinate  to  QZ  ; 
draw  MO  the  tangent  at  M  to  cut  CQJn  O.  Then 
(Prop.  LXVI.)  CO  -  CA.  And  (Prop.  XVI.) 
CP,  CQ,  CO  are  in  continual  proportion  ;  that  is, 
LM,  CQ,  CA,  are  in  continual  proportion.  And 
doubling  the  terms,  MN,  QZ,  AB,  are  propor- 
tionals. 

Cor.  CQ*  =  LMxCA. 

PROP.      LXVIII. 

If  any  line  GP  be  drawn  thro'  the  focus  F;  the  72. 
reft  angle  GFP  z=  i-GPxi-  latus  retlum.  73. 

Draw  HK  parallel  to  GP  thro'  the  center  C, 
and  CD  birTefting  GP  in  L.  Then-(XLII.)  CH2 : 
GFP  : :  CB2 :  AFB : :  (IV.  Cor.  3.)  CB2 :  CBxi  latus 
reftum  :  :  CB  :  ^L  :  :  CBxGL  :  4-LxGL.  But 
(LXVII.  Cor.)  CH2  =  GLxCB;  therefore  GFP 
=  GLxiL  =  4-GPX4-  latus  reftum. 

PROP.      LXIX. 

If  QT,  PT  be  two  tangents ;  and  if  QF,  PF,  74. 
be  drawn  from  the  points  of  ccntacl  to  the  focus.  Then  75. 
the  line  TF  will  bijfecl  the  angle  QFP. 

Make  CF  :  CA  :  :  CA  :  CG,  and  draw  the  di- 
rectrix MGR  perp.  to  BG.  Produce  TF  to  K, 
and  draw  LR,  KR  tangents  at  L,  K  (Prop.  LVJII. 

H  2  and 
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Fi°\  and  Cor.).  Let  QD,  PE,  be  perp.  to  MR.   Then 
7  J.  (Prop   XXIX.  Cor.)  QF  :  PF  :  :  QD  :  PE  :  :  (fi- 

milar  triangles)  QR  :  PR  :  :  (Prop.  L.)  QN  :  PN. 

Therefore  (Geom.  II.  25.  Cor.  1.)  FN  biffecls  the 

angle  PFQ. 

PROP.      LXX. 

76.  If  a  trapezium  ABDC  be  infer ibed  in  an  ellipfis; 
and  -any  point  E  be  taken  in  the  curve,  from  which 
two  lines  EN,  EH,  are  drawn  parallel  to  any  two 
of  the  adjoining  fides,  as  AB,  AC;  to  inter  feci  the 
cppofite  fides  in  N,  Q^  and  H,  R.  'Then  taking  the 
reel  angles  on  the  oppqfite  fides ;  ERxEH  will  always 
be  to  ENxkQ,  in  a  given  ratio. 

Draw  DFG,  BPL  parallel  to  AC  •,  thro'  L  and 
C,  draw  OCLS.  Thro'  the  middle  of  AC,  BL, 
draw  the  diameter  MK,  which  will  bifTecl:  the  pa- 
rallels DF,  TE  •,  and  alfo  SG,  OR  terminated  at 
AB,  CL.  Then  will  SD  =.  FG,  OT  =  ER„ 
which  would  alfo  be  fo  if  SG,  RH  were  tangents. 

By  fimilar  triangles,  and  the  parallel  lines;  HO  : 
SD  :  :  OC  :  SC  : :  AR  :  AG ;  and  alternately  HO  : 
AR  or  EQj  :  SD  or  FG  :  AG. 

Again,  BP  or  ER  :  PN  :  :  DG  :  GB  5  and  by 
multiplying,  HOxER:  EQxPN  :  :  FGxDG  :  AG 
XGB  :  :  (Prop.  XLIII.  Cor.  2.)  ERxRT  or  ERx 
EO  :  RAxRB  or  EQxEP.  And  by  compound- 
ing, FGxDG  :  AGxGB  :  :  HOxER +  EOXER  : 
EQxPN  +  EQxEP  :  :  EHxER  :  EQxEN.  But 
it  is  plain,  as  long  as  the  points  A,  B,  D,  C,  are  fix- 
ed ;  that  FGD  to  AGB  is  a  given  ratio ;  and  there- 
fore that  of  REH  to  QEN. 

Cor.  1.  The  fame  things  fuppo fed  >  it  will  be,  EH: 
EN  ::  EO  :  EP  ::  HO  :  PN. 

For  EHxER  :  EQxEN  :  :  FGxGD  :  AGxGB  : 
HOxER :  EQxPN  i  therefore  EHxER :  HOxER : 

EQxEN 
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EQxEN  :  EQxPN ;  and  by  equal  divifion  EH  :  Fig. 
HO  :  :  EN  :  PN  ;  and  by  divifion  EH  :  EO  :  :  76. 
EN  :  EP. 

Cor.  2.  If  the  points  A,  B,  C,  E,  be  fixed,  andD 
any  how  changed;  it  will  ft  ill  be  EH  :  EN  ♦,  and  HO: 
PN,  in  the  given  ratio  of  EO  to  EP  or  RT  to  RB. 

Cor.  3.  If  the  points  A,  B,  coincide  \  AG  becomes 
a  tangent  \  and  if  C  and  D  alfo  coincide -,  DH  be- 
comes a  tangent \  and  then  Q,  N  coincide. 

Cor.  4.  If  BC  be  drawn  to  cut  EH  in  I.     And  77* 
if  it  be  EH  :  EI  :  :  EN  EV  ±  then  if  BV  be  drawn, 
it  will  touch  the  curve  in  B. 

For  (by  Cor.  2.)  If  D  be  moveable,  it  will  be 
EH  :  EN  :  :  EO  :  EP,  wherever  D  is  Therefore 
fuppofe  D  to  move  round,  till  it  coincide  with  B, 
then  BND  will  become  a  tangent  at  B,  and  N  will 
fall  upon  V  •,  that  is,  BV  will  be  a  tangent. 

Cor.  5.  If  you  make  EH  :  EN  :  :  EO  :  EP  ;  and  78.. 
draw  OC,  BP,  they  will  meet  at  V  in  the  curve. 

For  fuppofing  V  a  point  in  the  curve,  it  will  be 
(Cor.  2.)  EH  :  EN  :  :  EO  :  EP.  Therefore  V  can- 
not be  out  of  the  curve. 

Cor.  6.  If  there  be  five  points  B,  D,  V,  C,  E, 
in  the  curve.  Thro'  any  point  E,  draw  EPN,  EOH, 
cutting  BD,  BV,  DC,  VC,  in  N,  P,  H,  and  O  ; 
fo  that  EH  :  EN  :  :  EO  :  EP.  Then  if  CA,  BA 
be  drawn  parallel  to  EH,  EN,  they  will  meet  at  A 
in  the  curve. 

This  is  the  reverfe  of  the  laft  Cpr.  according  to 
which,  if  A  were  out  of  the  curve,  V  would  not 
be  in  it. 

Cor.  7.  If  A,  B,  coincide,  then  AB  becomes  a  tan- 
gent.    And  fo  of  any  other  two  points. 

H  3  PROP. 
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Fig. 

PROP.      LXXI. 

79.  If  a  trapezium  ABDC  be  infer ibed  in  an  ellip- 
fis\  and  from  any  point  E  of  the  curve,  four  lines 
EL,  EK,  EO,  EM ;  be  drawn  to  the  four  fides 
of  the  trapezium,  in  any  angles  whatever,  equal  or 
unequal  -,  cutting  them  in  L,  K,  O,  M.  And 
likewife  from  any  other  point  e,  four  more  lines  ol, 
ek,  eo,  em,  be  drawn  to  the  fides  of  the  trapezium, 
refpeclively  parallel  to  the  former,  cutting  them  in 
I,  k,  0,  m.  Then  taking  the  reel  angles  of  the  op- 
pofite  fides,  the  retlangle  ELxEM  :  elyjem  :  :  EKx 
EO  :  ekxto. 

Thro'  E,  e,  draw  EQN,  eqn,  parallel  to  AB ; 
andERH,  erh,  parallel  to  AC.  Then  by  fimilar 
triangles. 

ER  :  er  :  :  EL  :  el,  and  EH  :  eh  :  :  EM  :  em, 
and  multiplying,  ERxEH  :  erxeh  :  :  ELxEM  : 
elxem.     Again 

EQ  :  eq  :  :  EK  :  ek,  and  EN  :  en  :  :  EO  :  eo ; 
and  multiplying,  EQxEN  :  eqxen  :  :  EKxEO  : 
ekxeo.  But  (Prop.  LXX.)  ERxEH  :  erxeh  :  :  EQ 
xEN  :  eqxen.  Therefore  EKxEO  :  ekxeo  :  :  ERx 
EH  :  erxeh  :  :  ELxEM  :  elxem. 

go.  Cor.  1.  If  ABCD  be  an  infer  ibed  trapezium,  and 
two  oppofite  fides  ABV  CD  be  produced  to  into  feci  in 
X,  and  the  diagonals  AC,  BD  be  drawn  to  interfetl 
Jn  Y  ;  and  X<?YE  be  drawn.  Then  EX  :  eX  :  :  EY : 
eY. 

For  (in  fig.  79.)  fuppofe  EL,  EK,  EO,  EM, 
and  el,  ek,  eo,  em,  all  to  lie  in  one  line  Ee  ;  and 
that  AB,  CD  interfed  in  X,  and  AC,  BD,  in  Y  ;  and 
that  E^pafTes  thro'  X,  Y,  (fig.  80.)  which  is  a  par- 
ticular cafe  of  this  Prop,  then  L,  /,  M,  m,  coin- 
cide in  Xj  and  K,  k,  O,  0,  meet  in  Y.     Then 

the 
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the  proportion  ELxEM  :  elxem  :  :  EKxEO  :  ek%eo,  Fig. 
becomes  EX*  :  eXz  :  :  EY2  :  eY\  whence  EX  :  80. 
eX  :  :  EY  :  eY. 

Cor.  2.  And  if  two  tangents  be  drawn  from  X,    Si. 
nnd  the  line  joining  the  points  of  contact  pajfes  thro* 
Y.     //  will  be  EX  :  eX  :  :  EY  :  eY. 

For  let  C  approach  to  D,  and  A  to  B,  till  they 
coincide ;  then  the  lines  AC,  BD  coincide  in  one, 
joining  the  points  of  contact,  pairing  through  Y ; 
therefore  it  will  ftill  be  EX  :  eX  :  :  EY  :  eY. 

PROP.     LXXIL 

If  BA  be  the  tranfverfe  axis  •>  CD  the  femicon-   g2# 
jugate ;   S,  F,  the  foci,  PM  an   ordinate.      Draw 
DF,  and  make  DO  z  CP,  and  draw  OI  parallel  to 
DC  ;  then  SM  zz  BI. 

;  For  (Cor.  1.  Prop.  V.)  CA  :  CF  : :  CP  :  SM— 
C  A  j  therefore  multiplying  means  and  extremes, 
CFxCP  zz  CAxSM— CA2 ;  andCAxSM  zz  CA2 
4-CFxCP.  But  by  reafon  of  the  parallels,  DF  : 
CF  :  :  DO  :  CI ;  that  is,  C  A  :  CF  :  :  CP  :  CT ; 
whence  multiplying,  CFxCP  zz  CAxCI ;  there- 
fore CAxSM  zz  CAz  +  CAxCI ;  and  by  equal  di- 
vifion,  SM  zz  CA+CI  zz  BC+CI  zz  BI. 

Cor.  1 .  The  fame  conftnitlion  remaining^  FM  zz  AI. 

Cor.  2.  If  the  circle  CR  be  defcribed  with  the  ra- 
dius SC,  to  cut  SM  in  N,  and  NL  be  drawn  perp. 
to  BA.  Then  BC — SL,  CD,  and  SM  are  continu- 
ally proportional.  But  if  PM  falls  between  B  and  S, 
itisBC+SL. 

For  by  fimilar  triangles  SM  :  SP  ::  SN  or  SC  : 
SL-,  whence  SLxSM  zz  SCxSP  zz  CFXSP  zz  CFx 

SC+CP  zz  CP  +  CFxCP  .  but  we  had  before  CF 
XCP   =  CAxSM— C A2;    therefore  SLxSM  zz 

H  4  CF*+ 
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Fig.  CP+CAxSM— CA%  and  CAXSM— SLXSM  =r 
82.  CA1— CF1  =s  CD* ;  whence  CA— SL  :  CD  :  :  CD  ; 
SM. 

Cor.  3.  Put  z  for  the  cofine  of  the  angle  ASM, 

CD4 

then  SM  =   ^A     — P^r.  And  when  ASM  is  great- 
er than  a  right  angle,  then  it  is  -f-^xCS. 

For  it  is  (by  trigonometry)  Rad.  (1)  :  SN  or 
SC  :  :  s.SNL  (z)  :  SL  =  zxSC. 

PROP.      LXXIII. 

8%.  As  the  tranfverfe  axis,  is  to  the  conjugate  :  :  fo  the 
area  of  a  circle  whofe  diameter  is  the  tranfverfe,  to 
the  area  of  the  ellipfis. 

Draw  NMP  parallel  to  the  conjugate  CD  ;  then 
(by  Prop.  XIX.)  the  ordinate  of  the  circle  and 
ellipfis  NP,  MP  •,  are  every  where  to  one  another 
as  CE  or  CA  to  CD.  Therefore  if  AB  be  divid- 
ed into  an  infinite  number  of  equal  parts,  and  or- 
dinates  erected,  according  to  the  method  of  indi- 
vifibles.  Then  it  will  be  as  CE  :  CD  : :  fo  any  or- 
dinate PN  :  to  the  correfpondent  ordinate  PM  :  : 
(Prop.  X.)  fum  of  all  the  ordinates  PN  :  to  the 
jfum  of  all  the  ordinates  PM  :  :  that  is,  as  the  area 
of  the  circle,  to  the  area  of  the  ellipfis. 

Cor.  1 .  'The  area  of  a  circle  defcribed  on  the  con- 
jugate :  is  to  the  ellipfis  :  :  as  the  conjugate,  to  the 
tranfverfe. 

For  the  fame  reafon  as  before.  For  all  the  cor- 
refpondine;  ordinates  are  in  that  proportion,  by  Cor. 
Prop.  XIX. 

Cor.  2.  The  correfpondent  fcgments  of  the  circle 
and  ellipfis,  are  in  the  fame  proportion  as  the  wholes. 

Cor. 
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Cor.  3.  The  ellipfis  is  a  mean   proportional^   be-  Fig. 
tween  two  circles  dejcribed  on  the  tranfuerfe  and  con-   83. 
jugate  diameters. 

For  (Cor.  1.)  the  circle  on  the  conjugate  :  el- 
lipfis :  :  CD  :  CB :  :  (this  Prop.)  ellipfis  :  circle  on 
the  tranfverfe. 

Cor.  4.  The  ellipfis  is  equal  to  a  circle  whofe  dia- 
meter is  a  mean  between  the  two  axes. 

For  circles  being  as  the  fquares  of  the  diame- 
ters ♦,  ABxDH  will  be  the  fquare  of  the  diame- 
ter of  the  mean  circle,  which  is  equal  to  the  el- 
lipfis.    And  hence, 

Cor.  5.  An  ellipfis  :  is  to  the  reel  angle  of  the  two 
axes  :  :  as  any  circle  :  to  the  fquare  of  its  diameter. 

Cor.  6.  The  areas  of  ellipfes  are  to  one  another  as 
the  reclangles  of  their  tranfverfe  and  conjugate  axes. 

PROP.      LXXIV. 

The  folidity  of  a  fpheroid,  generated  by  an  ellipfis   84. 
revolving  about  either  axis^  is  -J-   the  circumfcribing 
cylinder. 

Let  C  be  the  center ;  CA  =  /,  the  axi$  of  re- 
volution ;  CDzf;  AP  =^,  PM  =  y9  p  ==. 
3. 1 41 6.  Suppofe  AC  divided  into  an  infinite  num- 
ber of  equal  parts,  and  planes  be  fuppofed  to  pafs 
thro'  them,  then  according  to  the  method  of  Indi- 
vifibles,  all  thefe  circular  planes  make  up  the  fo- 
lid.  Now  (by  Prop.  VI.  and  VII.),  tt :  cc  :  :  2tx — xx  : 


cc      pec 


yy  zz-~x  %tx — xx  zz  PM%  and  —  X  2tx — xx  zz 

Li  It 

/>xPM%  which  is  one  of  the  circles  conftituting 

pec 
the  folid.     Now  the  fum  of  all  the  —  x  2tx  (Ar. 

Inf. 
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Fio-,  pec      itxz 

g£  Inf.   Prop.  II.)  isr—X  — .     And  the  fum  of  all 

the  —  xx  (Inf.  Prop.  III.)  is  ^j.xK  Therefore  the  fell- 

pec  j_ 

dity  of  the  fegment  AMF  is  zz  —xyjtx —  3xx  zz 


I  ccxx 

px  x~j  yy +~Z77t     And  when  AP   becomes  AC, 

PXCD*        2  2 

the  folidity  zz  r  QK%    X  yAO  zz  j^xCD2xCA. 

But  the  folidity  of  the  cylinder,  whofe  bafe  is  DE 
and  height  CA,  is  zz  ^XCD*XCA,  whence  the  fphe- 
roid  is  ~  the  cylinder. 

Cor.  i.  The  folidity  of  the  fegment  AMF  zz  a 
cylinder  whofe  height  is  AP  or  x,  and  baje  4-  circle 

MF  +  Ztt x  circle  Ap* 

Cor.  2.  7>fo  folidity  of  the  fpheroid  DAE,  is  to 
the  fp here  whofe  radius  is  AC  ;  as  DC2  to  AC*  •,  and 

their  correfpondent  parts  are  in  the  fame  ratio. 

For  the  hemifphere  is  4/xAO  (Arith.  Infin.  Ex. 
6.) ;    and  the    fegment,    of   the    height   AP,    is 

ptx — ^pxx  x  x>  which  is  to  the  fpheroidal  fegment, 
as  //  to  cc. 

Cor.  3.  The  folidity  of  the  middle  zone  MDEF 
is  zz  to  a  cylinder  whofe  bafe  is  ~  circle  DE  4-f  circle 
MF,  and  height  CP. 

Put  v  zz  CP  zz  / — x,  then  x  zz  / — v,  put  this 

r  1        r  i   •     1  pCCXX  I 

for  x  in  the  fegment,  and  it  becomes  ~rr~X^ —  3    x 


pec      2         l  ipect  peev* 

--^jXl-VX^  t+-Jv  =  —-peev  +  — , 

fubtraft 
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fubtract  this  from  the  whole  DAE  zz  ~  pert,  and  Fig. 

there  remains,  peev—  —rr  for  the  zone  DMFE.        ^* 

pccv*  2,1  I 

But  peev  —  ~77~  =  T  Pccv  +  T  Pccv 

pccv*       2  i  cevv        2 

"77"  =  y/>^  +-j  pvxec  —  —  zz  j  the  bafe 

DE  X  v  +  j-  the  bafe  MF  X  v. 

Cor.  4.  Afpheroid  whofe  axis  is  the  tranfverfe  :  is 
to  a  fpheroid  whofe  axis  is  the  conjugate  :  :  as  the  con- 
jugate :  to  the  tranfverfe. 

For  they  are  to  one  another  as  cct  to  ttc. 

PROP.      LXXV.       Prob. 
To  defcribe  an  ellipfis  by  motion. 

1  Way. 

Let  CP,  PD  be  two  equal  rulers  moveable  about   85. 
P,  E  a  fixed  point  in  PD.     Then  if  CP  be  moved 
about  the  fixed  point  C,  whilft  the  end  D  moves 
along  the  right  line  AB.     Then  the  point  E  will 
defcribe  an  ellipfis  AGEB. 

It  is  plain  by  the  conftrudlion,  that  CG  zz  CP 
— PE,  and  CB  zz  CP+PE,  make  CO  zz  CB,  and 
draw  EK  parallel  to  AB.  Then  fince  CP  zz  PD, 
therefore  PK  zz  PE  zz  PO.  And  fince  the  line  PL 
biflecling  the  angle  KPE  is  perp.  to  KE  and  bit 
feels  it  •,  therefore  OE  which  is  parallel  to  it,  will 
be  perp.  to  KE  or  to  AB.  Therefore  (Prop.  XXXL) 
the  point  E  is  in  the  ellipfis. 

Cor.  The  difference  between  the  femitranfverfe  and 
femiconjugate,  or  CB-— CG  is  zz  2PE. 

2  Way. 
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Fig. 

2  Way. 

23.  Take  the  ruler  MG,  equal  in  length,  to  the 
femitranfverfe  CA  -,  and  make  MI  z=  femiconju- 
gate  CD  •,  then  if  the  ruler  be  fo  moved  that  the 
end  G  may  Hide  along  CE,  whilft  the  point  I 
Aides  along  CA.  The  point  M  by  its  motion  will 
defcribe  the  ellipfis  AMD. 

This  conftruclion  is  plain  from  Prop.  XXX. 

3  Way. 

gg.  Take  two  rulers  FE,  SD,  each  equal  to  the 
tranfverfe  AB,  and  a  third  ruler  DE  equal  to  FS 
the  diftance  of  the  foci.  And  let  DE  be  movea- 
ble about  the  points  D,  E.  Then  caufe  the  rulers 
EF,  DS,  to  move  round,  about  the  fixed  points 
F,  S.  Then  the  interfeclionP  will  defcribe  an  ellipfis 
APB. 

Draw  the  tangent  GPH,  this  (Prop.  XIII.  and 
Cor.  1.)  bifiecls  the  angle  at  P,  and  alfo  DF,  ES. 
Therefore  the  triangle  FPG  is  fimilar  and  equal  to 
the  triangle  DPG  ;  and  SPH  to  EPH  •,  therefore 
PE  -  PS,  and  FP  +  PS  be  FP  +  PE  =  FE  zz 
AB  by  conftrudtion.  Therefore  P  is  in  the  curve 
of  an  ellipfis  by  Prop.  I. 

Cor.  If  two  lines  FE,  SD,  equal  to  the  tranfverfe 
AB,  be  drawn  thro*  any  point  P  in  the  ellipfis,  and 
the  ends  D,  E,  joined  -,  then  DE  s=  FS  the  diftance 
of  the  foci. 

For  the  fide  DP  =  PF,  and  PE  =  PS,  and 
<:  P  vertical  -,  therefore  DE  r:  FS. 

Scholium. 
The  ellipfis    may  alfo  be    defcribed   by  defini- 
tion 1. 

PROP. 


Fig:  8^/     j> 


PlX/^.fe. 
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Fig. 
PROP.     LXXVI.      Prob. 

¥0  defcribe  an  ellipfis  ^  by  finding  feveral  points  in 
the  curve. 

1  Way. 

Let  AB  be  the  tranfverfe  axis;  F,  S,  the  foci.  87. 
Make  PX  zz  AB,  and  divide  PX  into  as  many- 
equal  parts  as  you  pleafe,  as  PQ,  QR,  RT,  TV, 
&c.  Then  take  any  diftance  from  P  (greater  than 
AFJ,  as  PV ;  and  fetting  one  foot  in  F,  defcribe 
the  arch  D.  Then  take  the  remainder  XV,  and 
fet  one  foot  in  S,  and  crofs  the  former  arch  at  D ; 
then  D  is  one  point  in  the  curve.  Do  fo  for  all 
the  other  points  R,  T,  &c.  finding  as  many  points 
D.  Then  a  curve  drawn  thro'  all  the  points  D, 
making  no  angles,  as  ADB,  will  be  the  ellipfis  re- 
quired. 

This  conftruclion  is  plain  from  Prop.  I. 

2  Way. 

Let  AB  be  the  tranfverfe  or  conjugate  axis  ;  di-  88. 
vide  AB  into  an  infinite  number  of  equal  parts  CL, 
LL,  LL,  &c.  On  the  diameter  AB,  defcribe 
the  circle  AEFB.  On  C  the  middle  of  AB,  make 
CE  perp.  to  AB.  And  thro'  all  the  points  L,  draw 
the  lines  FL,  FL,  FL,  &c.  parallel  to  CE.  Then 
in  all  the  lines  FL,  make  as  the  femitranfverfe 
CB,  to  the  femiconjugate  CD  \  fo  LF  to  LN  -,  and 
produce  NL  to  #,  fo  that  hn  zz  LN.  Then  a  re- 
gular curve  drawn  thro'  all  the  points  N,  #,  as 
ADNBtzJA  will  be  the  ellipfis  required. 

This  conftrudion  is  evident  by  Prop.  XIX.  and 
Cor. 

3  Way. 

About  the  axis  AB,  defcribe  the  circle  AEB,    88. 
divide  CB  into  any  number  of  equal  parts  CL, 
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Fig.  LL,  LL,  &c.  and  draw  LF,  LF,  LF,  &c.  paral- 
88.  lei  to  CE.  Draw  DB,  and  Lo,  Lo,  Lo,  &c.  paral- 
lel thereto.  Or  rather  from  L  neareft  to  C,  draw 
Lo  parallel  to  DB,  and  divide  CD  into  parts,  e-. 
qual  to  Co,  draw  or,  or,  or,  &c.  parallel  to  AB, 
and  each  equal  to  its  correfpondent  LF  -,  then  r,  r, 
r,  &c.  are  in  the  curve  of  the  ellipfis. 

For  by  the  property  of  the  circle  ALB  zz  LF* 
zz  (by  conftru&ion)  or1 •,  therefore  (Prop.  XIV.) r 
is  in  the  curve  of  the  ellipfis. 

PROP.     LXXVII.      Prob. 

Given  two  conjugate  diameters  \  to  defcribe  the  el- 
lipjis  by  points* 

.  i  Method. 

8j#  Let  AB,  DE  be  the  diameters  ;  thro'  A  draw 
FF  parallel  to  DE.  And  AO  perpendicular  to  it, 
and  equal  to  CD  ;  and  draw  OC.  About  the  cen- 
ter O  with  radius  AO  defcribe  the  circle  NAN, 
From  C  draw  any  number  of  right  lines  CF,  CF, 
&c.  to  interfect  FF  ;  then  from  O  to  thefe  inter- 
ferons, draw  OF,  OF,  &c.  cutting  the  circle  in 
N,  N,  &c.  From  N,  N,  &c.  draw  lines  parallel 
to  OC,  to  cut  CM,  CM,  &c.  in  M,  M,  &c. 
Then  M,  M,  M,  &c.  will  be  in  the  curve  of  the 
ellipfis. 

^  And  if  MC,  MC,  &c.  be  produced  till  Cm  z= 
CM-,  then  the  points  m>  m,  &c.  will  be  in  the  el- 
lipfis. 

For  draw  MP,  NQ  parallel  to  FF,  and  join 
PQ  •,  then  by  fimilar  triangles,  CA  :  CP  :  :  CF  : 
CM  :  :  OF  :  ON  :  :  OA  :  OQ  ;  therefore  PQ  is 
parallel  to  OC,  and  to  MN  •  therefore  NQ^zz  MP. 

Then  fince  CA  :  CP : :  OA  or  CD  :  OQ;  there- 
fore CA2  :  CP1  :  :  CD7  or  ON1  :  OQ^  •,  and  by 
divifion  CA*  :  CA1— CP1  :  .  ON*  :  ON1— OQ:  or 

nq:; 
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NQ2.  ■>  that  is,  C  A2  :  APB  :  :  CD4  :  PM\  There-  Fig- 
fore  (Prop.  XL.)  the  point  M  is  in  the   ellipfis.   89. 
And  fince  Cm  =  CM;  therefore  (Prop.  XXXII.) 
m  is  alfo  in  the  curve. 

2  Method. 

Let  AB,  DE,  be  the  two  diameters.  With  radius  90. 
CB  and  center  C,  defcribe  the  circle  BGO  ;  let  CO 
be  perp.  to  CB  ;  divide  CB  into  any  number  of 
equal  parts,  at  F,  F,  F,  &c.  and  divide  CD  into 
the  fame  number  of  equal  parts  at  P,  P,  P,  &c.  at 
F,  F,  &c.  draw  FG,  FG,  &c.  perpend,  to  BC. 
Thro'  P,  P,  &c.  draw  PM,  PM,  &c.  parallel  to 
AB,  each  equal  to  the  correfponding  line  FG.  Then 
the  points  M  will  be  in  the  ellipfis. 

And  if  MP  be  produced  beyond  DC,  fo  as  to 
be  equal  to  PM,  thefe  points  will  all  be  in  the 
ellipfis  BD. 

For  fuppofe  BD  drawn,  and  FP  parallel  to  it. 
Then  fmce  CF  is  the  fame  part  of  CB,  as  CP  is 
of  CD,  then  CF  :  CP  :  :  CB  :  CD  ;  whence  CB* : 
CD2 :  :  CF2  :  CP\  And  by  divifion  CB1  :  CD2 : : 
CB2— CF2 :  CP7— CP2  5  but  BC2— CF2  =  BFA 
=  (nat.  circle)  FGa  =  (conftru&ion)  PM2  ;  there- 
fore CB2  :  CD*  : :  PM2  :  CD2— CP2  or  DPE  or 
CD2  :  CB2  :  :  DPE  :  PM2.  Whence  (Prop.  XL.) 
M  is  in  the  curve  of  the  ellipfis. 

3  Method, 
Let  AB,  DEbe  the  two  diameters.  Draw  the  91. 
tangent  AL,  find  a  third  proportional  to  AB,  DE, 
which  fet  from  A  to  G,  this  is  the  latus  re&um  of 
the  diameter  AB  ;  draw  GF  parallel  to  AB.  Thro* 
A,  draw  any  number  of  right  lines  AF,  AF,  &c. 
Make  AL,  AL,  &c.  equal  to  the  correfponding 
GF,  GF  ;  and  from  B,  draw  BL,  BL,  &c.  to  in- 
terfeftAF,  AF,  &c.     Then  the  interferons  M, 

M, 
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Fig.  M,  &c.  of  the  correfpondent  lines  AF,  BL,  will 

91.  be  in  the  ellipfis. 

And  a  like  conftruction  may  be  made  by  means 
of  the  tangent  Bg,  at  the  end  B.  The  reafon  be- 
ing the  fame  for  both. 

For  draw  the  ordinate  PM.  Then  by  fimilar 
triangles,  GF  :  GA  :  :  AP  :  PM.  And  BA  :  AL 
or  GF  :  :  BP  :  PM;  and  by  multiplying,  BA : GA : : 
APB  :  PM1.  Therefore  (Prop.  XL.  Cor.  1.)  the 
point  M  is  in  the  ellipfis. 

PROP.     LXXVIII.      Prob. 

92.  A  right  line  DE  being  given  in  an  ellipfis  \  to  find 
its  diameter,  and  the  center. 

Draw  HI  parallel  to  DE  5  biffed  DE  in  O,  and 
HI  in  G.  Thro'  O,  G,  draw  AOGB,  which  is 
the  diameter.  Bifledt  AB  in  C,  and  C  is  the  center. 

For  the  diameter  biffects  all  the  whole  ordinates 
fProp.  XL.  Cor.  3.) ;  and  the  diameter  is  biffecl:- 
ed  in  the  center  (Prop.  XXXII.) 

PROP.     LXXIX.     Prob. 

93.  Any  diameter  AB  being  given,  in  an  ellipfis  -,    to 
find  its  conjugate. 

Draw  HI  parallel  to  AB.  Biffed  AB,  HI,  in 
C  and  G.     Thro'  C  and  G  draw  the  conjugate  DE. 

PROP.      LXXX.      Prob. 

93.       Any  diameter  AB  being  given  ;  to  draw  an  ordinate 
to  it  from  a  given  point  in  the  curve  as  H. 

Thro'  the  center  C,  draw  HK  ;  and  KL  parallel 
to  AB  ;  then  draw  LH  which  will  be  the  double 
ordinate  required. 

for 
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For  fince  HC  =z  CK,  and   AC,    LK  parallel  -,  Fig. 
therefore  HO  zz  OL.  9$. 

Or  thus,    1 

Draw  HI  parallel  to  AB.  Draw  DE  through 
the  middle  of  AB,  HI  •,  and  draw  HL  parallel  to 
it  -,  then  HO  is  the  ordinate  fought. 

For  DE  is  the  conjugate,  by  the  laft  Prop,  and 
HO  is  parallel  to  it. 

PROP,     LXXXI.     Prob. 

An  Ellipfis  being  given  to  find  the  two  axes.         94. 

Draw  two  parallel  lines  thro*  the  ellipfis  as  FK, 
ML  •,  biffecl:  them,  and  thro'  the  middle  points 
-draw  IN,  bifledt  IN  in  C,  for  the  center.  On  the 
center  C  defcribe  an  arch  of  a  circle,  to  cut  the 
ellipfis  in  two  points  G,  and  H.  Draw  GH  and 
biffed:  it  •,  then  thro'  C  and  the  middle  point  of  GH, 
draw  BA  for  the  tranfverfe  axis ;  alfo  through  C 
draw  DE  parallel  to  GH,  for  the  conjugate. 

For  AB  paffing  thro'  C  muft  be  a  diameter ;  and 
fince  CG  is  —  CH,  CB  paffing  thro'  the  middle  of 
GH,  will  be  perp.  to  it,  and  alfo  perp.  to  the  dia- 
meter DE  (which  is  parallel  to  FG)  5  therefore  AB? 
DE  are  the  axes, 

PROP.      LXXXII.      Prob. 

An  ellipfis  being  given  \    to  find  two  diameters,  q^ 
making  a  given  angle  with  one  another,  if  poffible. 

Draw  any  diameter  FG,  upon  FG  defcribe  the 
egment  of  a  circle  FNG,  to  contain  the  angle 
2;iven  (or  its  fupplement,  for  it  will  be  all  one), 
o  cut  the  ellipfis  in  N  •,  draw  NG,  NF  and  biffect 
;hem,  and  thro'  the  points  of  biffe&ion  draw  the 

I  diarne- 
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Fig,  diameters  AB,  DE;  thefe  will  be  the  diameter 
9$.  required.     If  the  circle  does  not  cut  the  ellipfis 
the  problem  is  impoflible. 

For  fince  GN,  FN  are  biffected,  they  will  b 
ordinates  to  CD,  CB.  And  fince  FG  is  alfo  bif 
fecled  in  C,  therefore  CD  is  parallel  to  FN,  an< 
CB  to  GN  ;  whence  <Z  BCD  zz  FNG  zz  the  givei 
angle. 

PROP.      LXXXIII.     Prob. 

From  any  given  point  M  in  an  ettififts>  to  draik 
a  tangent. 

i  Way. 

96*  From  the  given  point  M  to  the  center  drav 
MC,  and  find  its  conjugate  CB  (by  Prop.  LXXIX.) 
then  from  M  draw  MG  parallel  to  CB,  for  th< 

tangent. 

2  Way. 

Draw  the  ordinate  MP  to  the  diameter  CF  ;  ther 
take  CP  :  CF  :  CG  continual  proportionals;  anc 
draw  MG  for  the  tangent,  by  Prop.  XLVI. 

3  Way. 

97'  Draw  two  lines  MF,  MS,  from  the  given  point 
to  the  foci  ;  make  MD~  ME  of  any  length,  anc 
draw  DE,  then  from  the  point  M  draw  MT  pa- 
rallel to  ED,  for  the  tangent  at  M. 

For  fince  EM  =  MD,  the  <  D  zz  <  E.  And 
fince  MT  is  parallel  to  ED,  the  <1TMD  zz  MDE 
—  MED  =  EMR ;  therefore  (Prop.  X.)  MT  is  a 
tangent  at  M. 

4  Way. 

96.  If  KF  be  one  of  the  axes,  defcribe  a  circle  about 
KF  as  a  diameter,  and  where  it  cuts  the  ordinate 
PM  (produced),  as  at  w,  draw  the  tangent  mG  to 
the  circle-,  then  draw  MG  which  will  touch  the 
ellipiis  at  M,  by  Prop.  XVIII. 

5  Way 
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Fig. 
5  Way. 

Let  F,  S,  be  the  foci,  produce  FM  to  G,  fo   gj. 
that  MG  =  MS,  draw  GS  and  biffeft  it  in  O.  Then 
MO  drawn,  will  touch  it  in  M,  by  Prop.  XIIL 

PROP.      LXXXIV.      Prob. 

From  a  point  given  without  the  ellipfisy  to  draw  a 
tangent  to  it. 

i  Way. 

Let  G  be  the  point  given,  thro*  G  and  C  draw  9°: 
the  diameter  FK.     Make  CG,  CF,  CP  continual     - 
proportionals,  and  at  P  draw  the  ordinate  PM  to 
the  diameter  FK  ;  then  GM  will  be  a  tangent.  By- 
Prop.  XLVI. 

2  Way. 

If  KF  be  the  axis,  draw  CG,  on  which  defcribe 
the  femicircle  CwG,  and  on  the  diameter  KF  de- 
fcribe an  arch  Fm  to  cut  the  former  in  m.  Draw 
m?  perp.  to  CG,  to  cut  the  ellipfis  in  M.  Then 
draw  GM  for  the  tangent.     By  Prop.  XVIII. 

3  Way. 

Let  T  be  the  point  given;  thro'  T  draw  the  98. 
iiameter  AB,  and  (Prop.  LXXIX.)  find  its  con- 
ugate  CD.  Draw  any  line  TS  rr  TB,  and  make 
rR  =  TC.  Draw  RA,  and  SP  parallel  to  it, 
rutting  the  diameter  AB  in  P.  Draw  the  ordi- 
late  PM  parallel  to  CD  5  then  TM  is  the  tangent 
equired. 

For  by  fimilar  triangles,  TS  :  TR  :  :  TP  :  TA ;  3 
hat  is  by  conftruftion,  TB  :  TC  :  :  TP  :  TA  ;  and 
>y  divifion,  BC  :  TC  :  :  AP  :  AT  5  and  by  divi- 
ion  again  BC  :  TC  :  :  BC— AP  or  CP  :  TC— AT 
>r  CA ;  that  is,  CP  :  CA  :  :  CA  :  CT ;  therefore 
Prop.  XLVI.)  TM  is  a  tangent. 

I  2  PROP. 
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Fig. 

PROP.     LXXXV.      Prob. 

go.       There  is  given  the  focus  F  •,  andalfo  three  points  oj 
the  ellipfis  ^  M,  N,  P  ;  to  defer ibe  the  ellipfis. 

Draw  NMK  thro'  two  of  the  points,  and  NPi 
<alfo  thro'  two;  and  draw  MF,  NF,  PF,  to  the 
focus.  Then  make  FN  :  FM  :  :  NK  :  MK.  Alf< 
FN  :  FP  :  :  NI  :  PL  Then  draw  KI,  and  MF 
perp.  to  it.  And  FT  perp.  to  it  from  the  focus 
and  make  FA  :  AT  : :  FM  :  MH.  Then  produo 
TF  to  B,  fo  that  BF  may  be  to  BT  in  the  fam< 
ratio.  And  AB  will  be  the  axis,  and  the  middh 
point  C,  the  center.  And  make  CS  zz  CF,  an< 
S  will  be  the  other  focus.  Whence  the  ellipfi 
may  be  defcribed  bv  the  foregoing  propositions. 

Draw  NG,  PL, 'perp.  to  KT.  Then  by  cOn 
ftruftion  FN  :  FM  :  :  NK  :  MK  :  :  (fimilar  tri 
Angles)  NG  :  MH.  And  FN  :  FP  :  :  NI  :  PI 
NG  :  PL.  Alfo  FA  :  AT  :  :  FM  :  MH.  ThereJ 
fore  FN  :  NG  :  :  FP  :  PL  :  :  FM  :  MH  :  :  FA 
AT  :  :  FB  :  BT.  Which  (Prop.  XXIX.  and  Schol 
Is  the  property  of  the  ellipfis,  where  KT  is  the 
reclrix ;  and  therefore  the  points  M,  N,  P,  ai 
in  the  ellipfis.  Alfo  fince  BT  :  BF  : :  AT  :  AI 
Therefore  AT  :  AF  :  :  BT— AT  :  BF— AF 
BA  :  SF  :  :  CA  :  CF  *  which  is  the  property 
the  directrix. 

PROP.      LXXXVI.      Prob. 

too.      Given  two  conjugate  diameters  of  an  ellipfis  \ 
find  the  axes. 

Let  the  given  diameters  be  HI,  LM ;  produc 
£H,  and  make  CH,  CM,  HN  continual  propo 
tionals  >  let  GK  be  a  tangent  at  H ;  biffed  CN 


Fig  92 
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R,  and  draw  RO  pcrp.  to  it  interfering  GK  in  O.  Fig- 
About  the  center  O,  with  radius  OC  defcribe  the  100* 
circle  CGNK,  cutting  GK  in  G,  and  K.     Thro' 
K,  C,  and  G,  C,  draw  AB,  ED,  for  the  two  axes. 

For  by  conftruftion  CL2  =  CHN  =  (Geom.  IV. 
20.  Cor.  2.)  GHK^  therefore  (Prop.  LIII.)  AC, 
EC  are  conjugates.  And  fince  GOK  is  the  dia- 
meter of  the  circle ;  GCK  is  a  right  angle,  and 
therefore  AC,  EC  are  the  femiaxes. 

Cor.  If  HP,  HQJe  drawn  parallel  to  EC,  AC. 
And  there  be  taken  CA  a  mean  between  CP  and  CK  ; 
and  CE  a  mean  between  CQ jind  CG,  you9 11  have  the 
length  of  the  axes. 

By  Prop.  XVI,  XVII.  Becaufe  GHK  is  a  tan-v 
gent  at  H. 

PROP.      LXXXVII.      Prob. 

"To  defcribe  an  ellipfis  about  a  given  parallelogram  1  o  1 . . 
EGHF,  to  pafs  thro9  a  given  point  P. 

BhTect  the  oppofite  fides  of  the  parallelogram 
EF,  GH  •,  and  EG,  FH-,  by  the  conjugate  dia- 
meters AB,  ID.     Draw  PQ  parallel  to  ID ;  and 

CL2xPQ>- CQ2xEL2       _ 

take  AC2  =z „q& ^r  z ,  and  CD'  zr 

CL2xPQ'— CQ^xEL2 

Cj^a ^q, .  And  AC,  CD  being  had, 

AL,  and  its  equal  KB  will  be  had,  fr6m  whence 
:he  ellipfis  is  eafily  defcribed. 

For  (Prop.  XL.)  AC2  :  CD2  :  :  ALB  :  EL2  :  : 
\QB :  PQ2.  Thatis,  AC2 :  CD2 : :  AC2— CL2 :  EL2 : : 

U?—CQ^  :  PQ2.      Hence  ACa— CL4  x  PQ1  = 

AC2— CQ2  x  EL2 ;  therefore  AC2  xW^—EQ  =s 
:L2XPQ?— CQ^xEL2.  Whence  AC  is  deter- 
nined. 

I  3  Again, 
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Fig.      Again,  fince  AC1  :  CD1  :  :  AC4— CL2  :  EL2  ; 

101.  by  divifion,  AC2  :  CD2  :  :  CL2  :  CD*— EL*.  And 
fince  AC2— CL2  :  EL*  :  :  AC2— CQ1  :  PQ* ;  by 
divifion,  AC1— CL2  :  EL2  :  :  CQ2— CL2 :  EL2— 
PQ2.  Therefore  CL2 :  CD2— EL2 : :  CQ2— CL2 : 
EL2— PQ1-  And  by  addition,  CL2  :  CD2— EL2:: 

CQ2  :  CD2— PQ2 ;  therefore  CL2  X  CD2— PQ2^  = 

CQ^x  CD2— EL2 ;  whence  CD2  x  CL2— CQ^  = 
CLzxPQl— CQlxEL2.  And  therefore  CD  is  de- 
termined. 

Cor.  Hence  AC2 :  CD2  : :  CL2— CQ2 :  PQ2— EL' 
For  AC2  x  PQ1— EL2  =  CL2  x  PQl—  CQ2^  x 
EL2  =  CD2  x  CL2— CQ\ 

PROP.     LXXXVIII. 

102.  If  a  cylinder  be  cut  obliquely  by  a  plane ;  thefeflio) 

K    will  be  an  ellipfis. 


Let  AGH,  RIS,  be  the  bafes  of  the  cylinder, 
AMB  the  feftion  \  AB  its  diameter  interfering  the 
axis  of  the  cylinder  KO  in  C ;  then  fince  AO 
OH,  therefore  AC  =z  CB.  Take  any  point  P,  anc 
iuppofe  two  planes  parallel  to  the  bale  AGH,  t( 
pafs  thro'  C  and  P,  cutting  the  fection  in  the  line 
CD,  PM.     Thro5  CD,  PM,  draw  the  planes  KG 
NE.  If  the  plane  RH  be  fuppofed  perp.  to  AGJr 
and  AMB,  then  (Geom.  V.   15.)  CD,  PM  will  b 
perp.  to  AB,  and  GO,  EF,  to  AH.     And  KI  z 
CD  =  OG,  and  NL  =  PM  =  FE.     By  the  na 
ture  of  the  circle,  the  rectangle  AFH  —  FE2  | 
PM2.     Then  by  fimilar  triangles,  AC  :  AO  :  :  AP 
AF,  and  AC  :  AO  :  :  PB  :  FH  ;  then  multiply inj 
AC2  :  AO2  or  CD2 : :  APB  :  AFH  or  PM2.  Then 
fore  (Prop.  VI.  Cor.  1)  the  curve  AMB  is  an  e 
lipfis. 

C01 
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Cor.  If  the  plane  be  parallel  to  the  bafe  of  the  cy-  Fig. 
Under,  the  feclion  will  be  a  circle.  102. 

PROP.      LXXXIX. 

If  an  oblique  cone  ABD  be  cut  by  a  plane  EF,  in  103. 
fub-contrary  pofition,  the  feclion  ELF  will  be  a  circle. 

Let  the  plane  ABD  be  drawn  thro'  the  axis  of 
the  cone  AC,  perp.  to  the  plane  of  the  bafe  BGD. 
And  let  another  plane  ELF  alfo  perp.  to  ABD,  cut 
the  cone,  fo  that  the  angle  AFE  may  be  equal  to 
ABD.  Then  the  cone  is  faid  to  be  cut  in  fub-con- 
trary pofition. 

Thro'  any  point  R  in  the  diameter  EF,  draw  the 
plane  HLK,  parallel  to  the  bafe  BGD,  cutting  the 
plane  ELF,  in  the  line  LR.  Alfo  let  another  plane 
ACG,  cut  the  plane  HCK,  in  the  line  OM.  Then 
(Geom.  V.  11.)  OM  andCG  are  parallel;  whence 
by  fimilar  triangles,  CD  :  OK  :  :  AC  :  AO  :  :  CG 
or  CD  :  OM  -,  whence  OK  =r  OM  ;  therefore  EMK 
is  a  circle. 

Again  (Geom.  V.  15  and  Cor.)  LR  is  perp.  to 
the  plane  ABD,  and  alfo  to  EF  and  HK  5  and  fince 
the  angle  KFR  =  EBD  or  EHR ;  therefore  the 
triangles  ERH,  KRF  are  fimilar,  and  ER  :  HR  : : 
KR  :  FR.  And  ERF  =  HRK  =  (Geom.  IV.  17.) 
RL2  -,  therefore  ELF  is  alfo  a  circle. 

Cor.  If  a  cone  be  cut  by  a  plane  parallel  to  the 
bafe,  the  feclion  (HLK)  will  be  a  circle. 
This  appears  from  the  demonftration. 


PROP.     XC. 

If  a  cone  ABC,  be  cut  by  a  plane  paffing  thro*  both  \ 
its  fides  \  the  feclion  BNDK  will  be  an  ellipjis. 


Draw  the  plane  ABC  thro'  the  axis  of  the  cone, 

and  let  the  plane  DNB  pafs  thro'  the  tangent  at  B, 

1  4  and 
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Fig.  and  let  BH  z:  HD,  and  thro'  H  and  any  point  I, 

104.  of  the  diarneter  BD,  draw  two  planes,  parallel  to 
the  bafe  of  the  cone  BC  j  cutting  the  plane  BNDK 
in  the  lines  KN,  LQ,  which  will  be  parallel  to 
one  another  (by  Geom.  V.  11.);  and  the  fections 
FNGK,  and  OQPL  will  be  two  circles  (by  Cor.  to 
the  lait  Prop.). 

Then  by  the  nature  of  the  circle,  OIxIP  = 
IQ*  or  1L%  and  FHxHGz  KH*  or  HN2.  By 
the  fimilar  triangles  DIP,  DHG,  and  BIO,  BHF; 
DI  :  IP  :  :  DH  :  HG,  and  BI  :  IO  :  :  BH  :  HF. 
And  by  multiplying,  DIxIB  :  OIxIP  or  IQ^  :  : 
BHxHD  :  FHxHG  or  HN\  Therefore  (Prop. 
XL.)  the  curve  BNDK  is  an  ellipfis. 

Cor.  1 .  The  fquare  of  the  conjugate  is  equal  ta 
the  reclangle  of  the  diameters  of  the  fruftum  :  KN* 
b  EDxBC. 

For  draw  DE  parallel  to  BC  -,  then  by  fimilar 
triangles,  fince  DB  is  biflecled  in  H,  therefore  FH 
as  'i  ED,  and  GH  =  i  BC  ;  and  the  reclangle  FHG 
=:  KHX  =  ^BCxEDi  and  KN*=  BCxED. 

EDxBC 

Cor. 2.  The  latusreclum  of  thefeclionis  zz  — s-fj — . 

For  (Prop.  IV.  Schol.)  the  latus  rectum  is  equal 

KN1 

t0  W 

105.  Cor.  3.  If  it  he  a  right  cone^  the  fquare   of  the 

tranfuerfe  is  equal  to  the  fquare  of  the  fide  of  the 

fruftum^    and  the  reclangle  of  the  diameters  of  the 

bafes.  BD1  =  DCZ  + EDxBC. 

BC— ED 
Let  DW  be  perp.  to  BC  ;  then  WC  = i 

And  (Geom.  II.  23O  BDZ  =  BC-fCD1—  2BCW 

BC— ED 

=  BC-fCD'— 2BCX — - —  ~  CD2+BCxED. 

Cor. 
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Cor.  4.  In  a  right  cone,  the  diftance  of  the  focus  S,  Fig. 
from  the  center,  is  equal  to  half  the  fide  of  the  fruf-  105. 
turn  :  HS  =  FB. 

For  (Cor.  3.)  BD2—  CD"  =  BCxED  =  (Cor. 
1.)  KN2.  And  dividing  by  4,  BH2—  BF2  zz 
HN\  and  BF2  zz  BH2  —  HN2  zz  (Prop.  II.) 
HS2,  andBF  zz  HS. 

Cor.  5.  If  AI  be  perp.  to  the  bafe  of  the  cone,  and  106. 
AB  perp.  to  MH  the  diameter  of  the  ellipjis.     And 
if  AN  zz  AB,  and  FND  be  drawn  parallel  to  the 
bafe  CM.     'Then  FD  is  zz  the  latus  reclum  ;  and  DS 
(parallel  /<?  MHJ  ij  r  HZ  the  diameter  at  top. 

Draw  AL,  AG  parallel  to  MC,  MH,  and  letR 
zz  latus  rectum  •,  then  the  triangles  ABL,  ANG 
are  fimilar  and  equal,  and  AG  zz  AL.  The  tri- 
angles MCH,  DFS,  GFA,  are  fimilar-,  whence 
MC  :  MH  :  :  DF  :  DS  :  :  GF  :  GA  or  AL  :  : 
(fimilar  triangles  GFA,  LAH)  AF  :  AH  :  :  (fimi- 
lar triangles  AFD,  AHZ)  FD  :  HZ  -,  therefore 
DS  =t  HZ,  and  MHxFD  =  MCxHZ  zz  (Cor. 
1.)  fquare  of  the  conjugate  zz  (IV.  Schol.)  MHX 
R,  therefore  FD  zz  R. 

Cor.  6.  In  a  right  cone,  if  F  be  the  focus,  C  the  1 07. 
center  of  the  ellipjis  ;  AG  z  AF.     The  circle  GOI 
parallel  to  bafe  of  the  cone,  will  cut  the  plane  of  the 
ellipjis  CAH  in  the  line  ED,  the  diretlrix  of  the  el- 
lipjis. 

For  (Prop.  XXVIII.  Cor.  2.  and  XXIX.  Schol.) 
if  DH  be  the  focal  tangent,  DE  will  be  the  direc- 
trix-, where  CH  zz  CA,  and  AF,  are  fet  perp.  to 
AM.  But  if  they  be  not  perp.  but  in  any  other 
fituation  parallel  to  each  other,  as  CB  and  AG ; 
then  BG  will  cut  AM  in  the  fame  point  D, 
and  ftill  DE  is  the  directrix.  And  DB  will  be 
parallel  to  MN  -,  for  (Cor.  4.)  CF  zz  AP  or  i-AN* 
and  PC  (drawn  thro'  the  middle  of  AN,  AM) 
will  be  parallel  MN.  And  (XVI.)  CA  :  CD  :  :  CF: 

CA : : 
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Fig.  C A  : :  (by  divifion)  AF  :  AD ;  that  is,  PA  :  CA :  i 

107.  AG :  AD  y  therefore  DG  is  parallel  to  PC  or  MN. 

108.  Cor.  7.  In  a  right  cone,  if  AG  zr.  AF,  and  the  cir- 
cle GNI  be  drawn  parallel  to  the  bafe.  Then  the  dis- 
tance of  any  point  P  from  the  focus,  FP ;  will  be  e- 
qual  to  PN  the  diftance  of  P  from  the  periphery  of 
the  circle  GNI. 

For  DE  is  the  direftrix ;  draw  DR  the  focal  tan- 
gent; then  (Prop.  XXVIII.)  if  the  ordinate  PQ^ 
be  produced  to  the  tangent  at  R,  then  QR  n  FP  •, 
but  QL  parallel  to  AG,  being  made  equal  to  QR 
(as  in  the  laft  Cor.),  then  DL  will  be  parallel  to 
the  bafe  HM.  Whence  FP  =  QL  =  PB  (becaufe 
the  plane  SPQR  is  parallel  to  the  plane  DBL)  s 
SG  =  PN. 

Cor.  8.  Andfince  there  are  two  foci ;  another  fucb 
tircle  drawn  the  fame  way  below  the  bafe  HM,  will 
have  the  fame  property.  And  their  diftance  along  the 
Jide  of  the  cone  will  be  equal  to  the  tranfverfe  axis. 

Scholium. 

Hence  appears  the  reafon  why  the  Ellipfis  is 
called  one  of  the  Conic  Seclions.  For  a  cone  cut 
by  any  plane  which  pafTes  thro'  both  its  fides,  will 
always  make  the  figure  of  an  ellipfis,  whofe  proper- 
ties have  been  demonftrated  in  this  book ;  except 
it  happen  in  fome  particular  cafes,  that  the  two 
axes  of  the  ellipfis  be  equal  •,  and  then  the  foci  co- 
incide in  the  center  ;  and  the  ellipfis  becomes  a  cir- 
cle -,  which  therefore  may  be  reckoned  one  fort  of 
an  ellipfis. 


CONIC 
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BOOK     II. 

Of  the  Hyperbola. 

DEFINITIONS. 

DEFIN,      I. 

IF  the  ends  of  two  threads  SPQ,  FPQ,  be  Fig, 
fattened  at  the  points  S,  F.  And  be  made  to  i. 
pafs  thro'  a  fmall  bead,  or  pin  P,  and  knotted  to- 
gether at  Q.  Then  taking  hold  of  Q,  and  draw- 
ing the  threads  tight ;  if  the  bead  be  moved  along 
the  threads  -,  the  point  P  will  defcribe  the  curve 
tnpAFM,  called  an  Hyperbola. 

DEF,      II. 

And  if  the  end  of  the  long  thread  be  fixed  at  F> 
and  that  of  the  fhort  one  at  S  -,  and  the  curve  NBR 
be  defcribed  after  the  fame  manner  ;  that  curve  is 
called  the  oppofite  Hyperbola;  and  both  curves  to- 
gether, M  Am,  NBR  are  called  oppofite  Seflions,  or 
oppofite  Hyperbolas. 

DEF.      III. 

The  two  fixed  points  F,  S,  are  called  the  Foci. 

DEF.      IV. 

The  line  AB  (palling  thro'  the  foci,  when  con- 
tinued), contained  between  the  two  parts  of  the 
curve,  is  called  the  tranfverfe  Axis. 

DEF. 
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D  E  F.     V. 

The  middle  point  of  AB,  that  is  C,  is  called 
the  Center  of  the  hyperbola,  or  of  the  oppofite  fee- 
tions. 

D  E  F.     VI. 

If  VY  be  drawn  thro'  the  center  C  perp.  to  AB  ; 
and  with  radius  CF,  and  center  A,  an  arch  be 
defcribed,  cutting  VY  in  V  and  Y ;  then  VY  is 

called  the  conjugate  Axis, 

D  E  F.     VII. 

2t  Any  line  TO  drawn  thro'  the  center  C,  and 
terminated  at  the  oppofite  fections,  is  called  a  Di- 
ameter ;  and  the  extremity  T  (or  O)  its  Vertex. 
And  the  line  drawn  thro*  the  center,  parallel  to  the 
tangent  at  the  vertex,  is  called  its  conjugate  Dia- 
meter. 

DEF.      VIII. 
If  any  diameter   OT  is    continued  within  the 
curve,  the  part  within,  TP,  is  called  the  Abfcijfa. 

D  E  F.      IX. 

Any  line  PM,  drawn  parallel  to  the  tangent  at 
the  vertex  T,  and  terminated  at  the  abfeiffa  and 
curve ;  is  called  an  Ordinate  to  that  diameter  TO. 
And  if  it  go  quite  thro'  the  curve,  it  is  called  a 
double  Ordinate; 

DEF.     X. 

The  line  LI,  drawn  thro'  the  focus  F,  perp.  to 
the  tranfverfe  axis  AB,  and  terminating  at  the 
curve,  is  called  the  Parameter  or  Latus  Rettum. 

D  E  F.      XL 

If  the  ends  of  the  two  axes  be  joined  by  the 
Jines  BY,  BV  j  and  thro*  the  center  C,  two  lines, 

CM. 
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CH,  CG,  be  drawn  parallel  to  BY,  BV  •,  or  (which  Fig, 
is  the  fame)  if  VY  be  placed  at  A  perp.  to  BA ;    i. 
and  the  lines  CH,  CG,  be  drawn  from  the  center 

C,  thro'  the  ends  E,  D  ;  thefe  lines  CH,  CG,  are 
called  the  Affymptotes,  of  the  hyperbola,  or  of  the 
oppofite  hyperbolas, 

D  E  F.      XII. 

When  the  tranfverfe  and  conjugate  axes  are  equal, 
AC  zz  CV  or  AD,  the  curve  is  called  an  equilateral 
Hyperbola^  or  right  angled  Hyperbola. 

DEF,      XIII. 

A  right  line  which  meets  the  hyperbola  in  one    2. 
point  T,  but  does  not  cut  it,  as  TH,  is  called  a 
Tangent  to  it,  in  that  point  T. 

DEF.      XIV. 

If  two  oppofite  hyperbola's  KO,  TW,  be  in 
like  manner  defcribed  to  the  tranfverfe  VY  ( zz  DE), 
and  conjugate  AB ;  thefe  are  called  conjugate  Hy- 
perbolas, with  regard  to  the  former. 

PROP.      I. 

The  difference  of  the  lines  SP,  FP,  drawn  from    lm 
the  foci,  to  any  point  P  of  the  curve,  is  equal  to  the 
tranfverfe  axis  AB. 

For  by  conftrudion  PS—  PF  =  AS  —  AF  zz 
AB-hBS  — AF  zz  (becaufe  BS  zz  AF)  AB. 

Cor.  Hence  CF  zz  CS,  or  the  foci  are  equally  dif- 
tant  frvm  the  center. 


P  R  O  P. 
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Fig. 

PROP.      II 

i.  The  fquare  of  the  diftance  of  the  focus  from  the 
center,  is  equal  to  the  fum  of  the  fquares  of  the  femi- 
tranfverfe  and  femiconjugate.  CFZ  ==  CAa+CY\ 

For  make  AE  equal  and  parallel  to  CY,  then 
the  radius  CE  zz  CF ;  and  in  the  right  angled  tri- 
angle CAE,  CE2  zz  CA2+AEZ  -,  that  is,  CFZ  = 
CAa+AEz  =  CA2+CY\ 

Cor.  CF4  — AE1  =  CA4*  and  CF4  — CAZ  = 
AE*  =  CY\ 

PROP.      III. 


i. 


The  re  Wangle  of  the  focal  dijlances  from  either  ver- 
tex, is  equal  to  the  fquare  of  the  femiconjugate ',  FA  X 
SA  =  CY\ 

For  making  AE  zz  CY ;  by  the  property  of  the 
circle,  FAx  AS  =  AE*  =  CY*. 

Cor.  The  reftangle  of  the  diftance  of  either  focus 
from  the  two  vertices,  is  equal  to  the  fquare  of  the 
femiconjugate,  FAxFB  =  AE2  =  CY*. 

For  SB  zz  FA,  and  SA  =  FB  ;  whence  FA  x 
FB  =  FAxSA  =  AE\ 

PROP.      IV, 

As  the  tranfverfe  axis,  is  to  the  conjugate  \  fo  the 
conjugate,  to  the  latus  reftum  of  the  tranfverfe  \  AB : 
V Y  :  :  VY  :  LI. 

For  (Prop.  I.)  SL  —  LF  =  BA  ==  2CA  ;  and 
SL  =  2CA+LF;  and  SL*  =  4CA*+4CA  X 
LF+LF1  :  and  in  the  right  angled  triangle  SLF, 

SL* 
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SL*   ==  SFa+LF%    and   fubtrafting   LF2  from  Fig, 
thefe  two   values  of  SL*  ;   then  4CAa+4.CAx  3- 
LF  zz  SF*  zz  4CF* ;  and  CF*  zz  CA*+CA  X 
LF.  But  (Prop.  II.)  CF*  zz  CA*+CY*  =  CA* 
-f-CA  XLF;    therefore  CY*   zz  CAxLF;  and 
multiplying  by  4,  VY*  zz  BAxLI. 

Cor.  1 .  As  the  femitranfverfe,  to  the  femiconju- 
gate,  fo  the  femiconjugate  to  half  the  latus  reftum, 
CA  :  CY  :  LF. 

Cor.  2.  As  the  femitranfuerfe,  to  the  difiance  of 
the  focus  from  the  center  \  fo  is  the  fame  difiance,  to 
the  fum  of  the  femitranfverfe  and  half  the  latus  rec- 
tum, CA  :  CF  :  :  CF  :  CA  +  LF. 

For  (Prop.  II.)  CF*  zz  CA*+CY*  zz  CA*  + 

CAX  LF  zz  CA X  CAxFlT 

Cor.  3.  The  re 51  angle  BFA  zz  £  tranfverfe  x  i 
latus  re  Rum  zz  C  A  x  FL. 
By  Cor.  1.  and  Prop.  III. 

Scholium. 

Since  the  tranfverfe  axis  is  to  the  conjugate,  as. 
the  conjugate  to  the  latus  rectum  of  the  tranfverfe- 
axis.  Therefore  in  any  other  diameters,  the  third 
proportional  to  any  diameter  and  its  conjugate,  is 
called  the  Latus  Retlum  of  that  Diameter.  There- 
,_  fore  in  a  right  angled  hyperbola,  every  diameter  is 
equal  to  its  latus  rectum. 


PROP. 
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Fig. 

PROP.      V. 

a         From  any  point   M  in  the  curve,  draw  the  lines, 

MF,  MS,  to  the  foci -,  and  the  ordinate  MP  perp. 

to  the  tranfverfe  axis  AB.     Then, 

As  the  femitranfuerfe,  CA  : 

to  the  diftance  of  the  focus  from  the  center,  CF  :  : 

So  the  diftance  of  the  ordinate  from  the  center,  CP  : 

MS-j-MF 
to  half  the  fum  of  the  lines  MS,  MF,  or . 

Make  SD  =  CA ;  then  SM  =  CA  +  DM, 
and  FM  =  SM  —  2CA  zz  DM  — CA.  In  the 
right  angled  triangle  SMP,  SMa  =~  CA*-[-2CAx 

DM+DM1  zz  SP*  +  PM*  zz  CF+CP2  +  PMZ 
zz  CFa  +  2CFxCP+CP*+PM\ 

And  in  the  right  angled  triangle  FMP,  FM*  zz 
DM1  —  2DM  X  CA  +  CA*  zz  FP*  +  PM1  zz 

CP— CF"  +PM2  zz  CP*  —  2CF  X  CP  +  CF*  + 

PM1. 

And  fubtracting  the  latter  equation  from  the 
former,  SM1  —  FM1  zz  4CAxDM  ZZ4CFXCP. 
AndCFxCP  zz  CAxDM. 

But  fince  SM  zz  DM+CA,  and  FM  zz  DM- 
CA ;    therefore  SM+FM  zz  2DM,  and  DM  zz 

SM+FM                                                SM+FM 
-,  whence  CFxCP  zz  CAx . 

Cor.  1.  If  F,  S,  be  the  foci,  MP  an  ordinate-, 
then  it  is  CA  :  CF  :  :  CP  :  SM— CA  or  FM+CA. 

For  CFxCP  zz  CAxDM,  and  DM  zz  SM — 
CA  zz  FM+CA. 

Cor.  2.  If  F,  S,  be  the  foci,  MP  an  ordinate, 
then  the  difference  of  the  fquares  of  the  lines  SM, 
FMi  that  is,  SM*  —  FM*  zz  4CFxCP. 

Cor. 
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Cor.  3.  If  F,  S,  be  the  foci,  MP  an  ordinate ;  Fig. 
then  C A  X  SM+FM  ~  2CF  X  CP.  4- 

For  SMl  —  FM*  zz  SM+MF  x  SM— MF  zz 
2CA  X  SM+MF  =:  4CF  x  CP.  And  CA  X 
SM+FM  zz  2CFXCP.       '. 

Scholium. 

When  P  falls  between  A  and  F,  then  FP  zz  CF 
—  CP,  and  its  fquare  the  fame  as  before,  and  the 
reft  of  the  demonftration  the  fame. 

PROP.      VI, 

If  MP  be  an  ordinate  on  the  tranfverfe  axis,  it   4. 
will  be, 

As  the  fquare  of  the  tranfverfe,  BA2  : 
to  fquare  of  the  conjugate,  NE*  :  : 
So  rectangle  of  the  fegments  of  the  tranfverfe,  BP A  : 
to  fquare  of  the  ordinate,  PM\ 

SM+FM 
Make  SD  zz  CA,  then  DM  zz  — .  And 

(Prop.  V.)  CA  :  CF  :  :  CP  :  DM.  And  by  com- 
pofition,  CA  :  CA+CF  or  BF  :  :  CP  :  CP+DM ; 
and  alternately,  CA  :  CP  :  :  BF  :  CP+DM.  And 
again  by  compofition,  CA  :  CA+CP  or  BP  ; :  BF  : 
BF  +  CP+DM. 

But  BF  =  BC+CF  =  SD+CF.  And  BF+ 
CP+DM  zz  SD+CF+CP+DM  -  SM+SP. 
Therefore  CA  :  BP  :  :  BF  :  SM  +  SP. 

Again,  fince  CA  :  CF  :  :  CP  :  DM •,  by  di vi- 
vifion  CA  :  CF— CA  or  AF  :  :  CP  :  DM  — CP  y 
and  alternately,  CA  :  CP  :  :  AF :  DM  —  CP  >>  and 
by  divifion,  CA  :  CP  — CA  or  AP  :  :  AF  :  DM 
—  CP  —  AF. 

K  But 
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Fio-.     But  AF  =  CF  —  CA  =  SC  —  SD  ;  therefore 
4°  DM— CP  — AFzuDM  — CP+SD— SC-SM 

—  SPj  therefore, 

CA  :  AP  :  :  AF  :  SM— SP 
and  before  C  A  :  BP  :  :  BF  :  SM  +  SP, 
and  multiplying,  CA2 :  AP  X  BP  : :  AFxBF  :  SM* 

—  SP1. 

Make  CN  or  CE  perp.  to  AB,  and  equal  to  half 
the  conjugate;    then  (Prop.   III.)    AF  X  BF  = 
CN2.     And  SM2  —  SP1  -=  PM\     Whence 
C  A2  :  AP  X  PB  :  :  CN1  :  PM2  or  BA2  :  NE2  :  : 
BPA  :  PM2. 

Cor.  i.  As  fquare  of  the  femiconjugate  :  to  the 
fquare  of  the  femitranfverfe  :  :  reftangle  of  the  dif- 
tances  of  the  ordinate  from  the  vert  exes  :  to  fquare  of 
the  ordinate.    CA2 :  CN2 :  :  BPA  :  PM2. 

Cor.  2.,  As  the  tranfverfe  axis,  to  the  latus  rec- 
tum :  :  fo  the  reft  angle  of  the  ordinates  difiances  from 
the  vertexesy  to  the  fquare  of  the  ordinate.  B  A  :  lap* 
reft.  :  :  BPA  :  PM2. 

For  BA  :  lat.  reft.  :  :  BA2  :  BA  X  lat.  reft.  :  : 
(Prop.  IV.)  B A2  :  NE2  : :  (this  Prop.)  BPA  :  PM2. 

Cor.  3.  The  reftangles  of  the  (abfcijfa's  or)  dif- 
iances of  the  ordinates  from  the  vertices  of  the  figure y 
are  as  the  fquare s  of  thefe  ordinates. 

For  each  rectangle  is  to  the  fquare  of  its  ordi- 
nate, in  a  given  ratio. 

Cor.  4.  As  the  fquare  of  the  femitranfverfe  :  t& 
the  reft  angle  of  the  focal  diftances  from  the  vertex  :  : 
fo  reftangle  of  the  ordinate's  diftances  from  the  ver- 
texes  :  to  the  fquare  of  the  ordinate. 

Cor.  5.  The  whole  ordinates  to  the  tranfuerfe,  art 
biffefted  by  the  axis.  And  equal  ordinates  are  equally 
aft  ant  from  the  center, 

Fof 
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For  the  rectangle  of  the  abfciflas  on  the  tranf-  Fig* 
verfe  axis  being  in  a  given  ratio  to  the  fquare  of  4* 
the  ordinate,  and  that  rectangle  being  the  fame  for 
the  ordinates  on  both  fides  -,  thefe  ordinates  will 
therefore  be  equal.  Again,  that  rectangle  remains 
the  fame,  at  equal  diftaiices  on  each  lide  the  center ; 
and  confequently  the  ordinates  are  equal  at  equal 
diftances* 

PROP,     VIL 

If  MP  be  an  ordinate  to  the  tranfverfe  axis ;  C    4* 
the  center^  F,  S  the  foci  -,  and  making  CA  :  CF  :  : 
CP  :  CI  s  then  the  rettangle  SM  X  MF  tz  CP  — 
CA2. 

Make  DS  b  CA  \  then  (Prop.  V,)  CF  X  CP  - 
MS+MF      _     ^  ■; 
CA  X  — ~ =  C A  X  CI,  by  conftru&ion.  But 

SM  =z  DM+CA,  and  FM  =  (SM  —  2CA)  DM 

MS+MF 
—  CA ;  therefore  — 25  DM,    and  CA  X 

DM  = _CAX CI ;  whence  CI  =  DM.     But  SM X 

FM  zzDM+CAxDM— "CA"^DMZ  — CA2  ~ 
CP  —  CA\ 

Cor.  1.  if  CA  :  CF  :  :  CP  :  CI  h  then  SM  =  BI, 
and  FM  zz  AL 

For  DM  z-  CI,  and  SM  zz  CA+CI  =:  BI,  and 
FMzz  CI— CA  z=AL 

Cor.  2.  The  rettangle  SM  X  FM  22  BI  X  AI. 
From  Cor.  1. 

Cor.  3.  CA  :  CF  r  :  CP  \  CA  +  FM  :  :  C?  : 
SM  —  CA, 


K  2  PROP. 
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Fig-      ' 
4T  PROP.      VIII. 

If  F,  S  be  the  foci  -,  C  the  center ;  MP  an  ordi- 
nate to  the  tranfverfe  axis  \  CE  or  CN  the  femicon- 
jugate.     Then  CM*  zz  CA2  —  CEZ+SMF. 

For  in  the  triangle  SMF  (Geom.  II.  28.)  SM2+ 

MF2  =  2CF2  +  sCM\     But  SM— MF*  zz  SMl 

—2SMxMF+MF2,andSMz4-MF2zzSM— MF* 
+  2SMF  zz  (Prop.  I.)  BA2  +  2SMF  zz  4CA2 
+  2SMF.  Therefore  4CA2  +  2SMF  zz  2CF2  + 
2CM2.  Whence  CM2  zz  2CA*  —  CFZ+SMF  zz 
(Prop.  II.)  2CA2  —  CA2  —  CE2  +SMF  zz  CA2 

—  CE2  +  SMF. 

Cor.  If  CA  :  6$  :, :  CP  :  CI  5  then  reft  angle 
BPA  zz  rett angle  SIF  —  MP\ 

For  BPA  zz  CP4  —  CA2  zz  CM2  —  MP2  — 
CA2  zzSMF—  CEa—  MP*  zz  (Prop.  VII.)  CI2 

—  CA2— CE2— MP2  zz  (Prop.  II.)  CI2  — 
CFl  —MP2  zz  SIF  — MP2. 

PROP.      IX. 

5.  If  two  lines  SM,  FM,  be  drawn  from  the  foci,  to 
any  point  M  in  the  curve  •,  they  will  make  equal  angles 
with  the  curve  in  that  point. 

Take  the  point  m  infinitely  near  M  in  the  curve, 
and  draw  Sm9  Fm.  And  from  S  and  F  as  centers, 
defcribe  the  fmall  arches  mr,  mt,  thro'  m  \  cutting 
-SM,  FM  in  r  and  /.  Then  finceSM  — FM  zz 
Sm  —  Fm  ;  therefore  SM~f  Fm  zz  Stfz+FM  ;  that 
\s,Sr+rM+Fm  zz  Ft  +  tM  +  Sm-,  therefore  take- 
ing  away  the  equal  quantities  Sr,  Sm,  as  alfo  Fmy 
Ft  •,  there  remains  rM  zz  tM.  Therefore  in  the 
rery  fmall  triangles  Mmr,  Mw/,  right  angled  at  r 

and 
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and  t,  we  have  Mr  =z  M>,  and  the  hypothenufe  Fig, 
Mm  common.;  therefore  the  fides  wr,  mty  are  e-    5. 
qual,  and  alfo  the  oppofite  angles,  wMr,  and  wM/, 
or  wMS  and  wMF  are  equal. 

Cor.  1.  If  KMO  be  drawn  perp.  to  the  tangent 
at  M  \  then  the  angle  KMS  =  FMO. 

For  they  are  the  complements  of  the  equal  an- 
gles wMS,  and  wMF. 

Gor.  2.  If  MO  be  drawn  perp.  to  the  tangent  at 
M,  and  SMD,  FM,  drawn  from  the  foci  -,  the  angle 
FMO  =  DMO. 

For  DMO  =;  KMS  -  FMO. 

PROP.      X. 

If  MP  be  an  ordinate  to  the  tranfuerfe  axis,  and    6. 
MO  perpendicular  to  the  tangent  at  M>  S,  F  the 
foci.     Then  CA1  :  CFZ  :  :  CP  :  CO? 

Make  MG  equal  to  MF,  draw  FG,  which  bif- 
fecl:  in  D  -,  and  draw  MD,  which  will  be  perp.  to 
FG,  and  biffed  the  angle  GMF,  and  touch  the 
curve  at  M,  by  Prop.  IX.  and  fince  MO  is  alfo 
perp.  to  MD  -,  therefore  GF,  MO  are  parallel ; 
whence  SM  :  GM  or  FM  :  :  SO  :  FO.  And  com- 
pounding and  dividing,  SM-f-MF  :  SM  —  MF  :  : 
30-l-OF:SO  —  OF-,  that  is,  SM+MF:2CA:: 

SM-f-MF 
2CO  :  2CF.     And  — :  CA :  :CO  :  CF.  And 

SM+FM^  CA;  CA, ; ,  CQ  ;  CR    But  (Prop.  V.) 

SF+FM x  C A  =  CF  X  CP  ;  therefore  CF  X  CP  : 

2 
C Az : :  CO  :  CF  :  :  CF  X  CO  :  CF1 5  and  alternate- 
ly,  CA1 :  CF'* : :  CF  X  CP  :  CF  X  CO  :  :  CP  :  CO. 
K  3  Cor. 
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Fig.      Cor.  i.  IfCEbe  the-  femi  conjugate,  CAZ  :  CE4 :  * 
6.   CP  :  PO. 

For  CA2  :  CF2  :  :  CP  :  CO ;  and  by  divifion, 
CA2  :  CF2  —  CA2  :  :  CP  :  PO.  But  (Cor.  Prop, 
II.)  CF*  —  CA2  ==  CEai  whence  CA2  :  CE2  ;  : 
CP  :  PO. 

Cor.  2.  BA  :  latus  rettum  :  :  CP  :  PO. 
For  CA :  4-  lat.  re&um  :  :  C  A2 :  CA  X  i  lat.  rec- 
tum or  CE2 : :  CP  :  PO. 

Cor.  3.  CF2  :  CE2 :  :  CO  :  PO. 

For  (this  Prop.)  CP  :  CA2  :  :  CO  :  CP.  And 
(Cor.  i.)  CA2  :  CE2  :  :  CP  :  PO  -9  therefore  CF2  : 
CE2  :  :  CO  :  PO. 

Cor.  4.  CA  :  CF  :  :  MF  :  OF  :  :  MS  :  OS. 

For  we  had  before  SM  +  MF  :  2CA  :  :  CO  :  CF  - 
and  by  divifion,  SM+MF  —  2CA  or  SM+MF  — 
SM+MF  :  2CA  :  :  CO  —  CF  or  OF  :  CF  ;  that 
is,  2MF  :  2CA  :  :  or  MF  :  CA :  :  OF  :  CF.  And 
from  the  firft  proportion  by  addition  we  have  SM  + 
MF  — 2CA  ;  SM  +  MF  +  2CA:  :  CO  —  CF  :  CO 
+CF*  thatis,2MF:2MS  ;  :  OF  :  OS, 

PROP,      XL 

£ .       Let  S,  F  be  the  foci,  MO  perp.  to  the  tangent  in 
Mi  then  MO*  -SOxOF-SMxMF. 

Draw  the  tangent  MQ,  and  make  MG  =:  MF, 
and  draw  FG,  which  is  perp.  to  MQ,  becaufe  the 
<  GMD  =:  FMD.  Therefore  the  triangles  SGF, 
SMO  are  funilar,  and  SO  :  FO  :  :  SM  :  GM  or 
FM  :  :  (Geom.  IL   25.)  SQ  :  QF.     Whence  SO  X 

QF  =  SQ  xFOz  SQ  x  SOt-SF,  and SQ* SF 
=  SOxSQ— QF.  ButSQ  —  QF-  SQ^_ 
SQ  —  QF  -  2SQ  —  SF  =  2SQ^— SO+FO  -, 

there- 
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therefore  SO xSQ  —  QF  zzSOXiSQ  —  SO-fFO  Fig. 

s=  SQx'SF  zz  SQX  SC[+QF,  and  2QSO  —  SO1 
+SOF  =  SQ^+SQF.     AndSQM-SO2  — 2QSO 

+SQF  zz  SOF,  or  SO—  SQ*  +  SQF  zz  SOF; 
that  is,  QO'  +  SQF  =  SOF.  But  (Geom.  II.  26. ) 
QM2  zz  SMF  —  SQF.  And  in  the  right  angled 
triangle  QMO,  MO*  =  QO2  — QM2  zz:  QO2  — 
SMF  +  SQF  zz  SOF—  SMF. 

Cor.  1.  If  MQJijfcQ  the  angle  SMF,  and  MO 
le  perpendicular  to  MQ  5  then  SQj  QF  : :  SO  :  OF. 
From  the  demonflration. 

Cor.  2.  CA2 :  CE2  :  :  re  Bangle  SMF  :  MO2. 
For  we  had  SM  :  MF  :  :  SO  :  OF  •,  and  by  dU 
vifion,    SM  —  MF  or  2CA :  MF  :  :  SO  —  OF* 
or  2CF  :  OF;  and  alternately, 

CA  :  CF  :  :  MF  :  OF,  and 
likewife  C A  :  CF  :  :  MS  :  SO ;  and  multiplying, 

CA2  :  CF2 :  :  SMF  :  SOF, 
and  CA2  :  CF2  —  CA2  or  CE2  : :  SMF  :  SOF  — 
SMF,  or  MO2. 

Cor.  3.  Reclangle  SMF  zz  BO  X  OA  —  CE2  — 
MO2. 

For  SMF  —  SOF  —  MO\     But  SOF  zz  CO2 


—  CF2  zz  CO2  —  CA2  —  CE2  zz  CO-fCA  x 

CO  — CA—  CE2  zz  BO  X AO  —  CE2.  Whence 
SMF  zz  BO  X  0 A  —  CE1  —  MO1. 
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Fig. 


PROP.     XII. 

7.  If  SM,  FM  be  drawn  from  the  foci  to  any  point 
M  in  the  curve,  and  SG  be  made  equal  to  BA,  and 
FG  drawn  %  and  if  MD  be  drawn  to  the  middle  of 
FG.     Then  MD  will  touch  the  curve  in  M. 

For  take  any  point  m  in  the  line  MD,  and  draw 
Sm,  Fm,  Gm  -,  then  in  the  ifoceles  triangles  GwF* 
GMF,  Gm  —  m¥,  and  GM  —  MF-  Now  in  the 
triangle  SGm  (Geom.  II.  5.)  ^G-fG^  is  greater 
than  Sm  *,  that  is,  SG-f-F#2  is  greater  than  Sm,  and 
¥m  greater  than  Sm  —  SG  -,  therefore  the  point  m 
is  without  the  curve.  For  if  m  was  in  the  curve, 
and  Sm,  SG  of  given  lengths,  then  FwzSw  —  SG, 
which  now  is  bigger. 

Cor.  1 .  The  tangent  at  M  biffecls  the  angle  SMF, 
made  by  two  lines  drawn  from  M  to  the  focus. 

Cor,  2.  The  tangents  at  the  ends  of  the  tranfverfi 
axis,  A  and  B,  are  perp.  to  that  axis. 

PROP.      XIII. 

8.  If  PM  be  an  ordinate,  DCE  the  conjugate  axis\ 
then  if  AD  be  drawn  to  the  ends  of  the  tranfverfe  and 
conjugate  axes,  and  PQjtarallel  to  it  ;  then  PM1  15 
CQ£—  LDl  -reft.  DQE. 

For  by  fimilar  triangles  AC  :  CD  :  :  PC  :  CQ, 
and  AO  :  CD1 :  :  PC1 :  CQ;  -,  and  by  divifion,  AC2 : 
CDZ  :  :  PC-  —  AC*  :  CQZ  —  CD1.  But  (Prop.  VI.) 
AC-  :  CD'  :  :  BPA  or  CP*  —  CA*  :  PM*  j  there^ 
tore  PM*  zz  CQl  ~  CD*  =  DQE. 


PROP. 
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Fig. 
PROP.      XIV. 

If  MP  be  an  ordinate  to  the  tranfverfe  axis,  F  9« 
the  focus,  and  HMO  be  drawn  perp.  to  the  curve  at 
M,  cutting  the  conjugate  CD  in  H,  and  the  tranfverfe 
in  O.     Then  will  OP  :  OC  :  :  CD2 :  CF2. 

For  (Prop.  X.)  CA2 :  CF2 : :  CP  :  CO  ;  and  by 
divifion,  CF2  —  CA2 :  CF2  :  :  CO  —  CP  :  CO,  or 
CD1 :  CF2  :  :  PO  :  CO. 

Cor.  1.  CD2  :  CF2 : :  MO  :  OH  1  :  MP :  CH  : : 
PO  :  CO. 

For  the  triangles  MOP,  HOC,  are  fimilaf. 

Cor.  2.  If  L  be  the  latus  refiurn  of  AB ;  then 
As  L :  L+AB  :  :  MO  :  OH  :  :  OP  :  OC  :  :  MP  : 
CH. 

For  (Cor.  1.)  CD2 :  CF2 : :  MO  :  OH  ;  but  (Prop. 
IV.  Cor.  1.)  CD2  =  CA  X  4-  L,  and  (Prop.  II.) 
CF2  =  CA2+CD2  =  CA2-}-CA  x  ±  L.  There- 
fore MO  :  OH:  :  CAx^L:  :  CA2+CAx^L:: 
^L:  CA+iL::  L:  BA+L. 

Cor.  3.  CA2  :  CD2  :  :  CH  —  PM  :  PM  : :  CP  : 
PO  :  :  HM  :  MO. 

For  (Cor.  1.)  CF2 :  CD2 : :  CH  :  MP,  &c.  And 
by  divifion,  CF2  — CD'  or  CA2  :  CD2 :  :  CH — 
MP  :  MP  :  :  CP  :  PO,  &c. 

PROP.      XV. 

If  PM  be  an  ordinate  to  the  tranfverfe,  MQ^#   6. 
tangent  at  M,  C  the  center;  then  CQj  CA  :  CP, 
are  continually  proportional. 

For  fince  MQ^  biflfe&s  the  angle  SMF  (Prop. 
XII.  Cor.  -i.)5    therefore  (Geora.  II.   25.)  SM  : 

MF:: 


52  the  hyperbola; 

Fig.  MF : :  SQ  :  QF.  And  compounding  and  dividing, 

6.    SM+MF  :SM  —  MF  :  :  SQ+QF  :  SQ^—  QF ; 

that  is,  SM+MF  :  2 AC  :  :  2CF  :  2CQ  ;  and  al- 

1      ao    ^^     SM+MF    „     SM+MF 
ternately,  AC  :  QC  : : 2 :  CF  : : 

X  AC  :  AC  X  CF.     But  (Prop.  V.)  SM+MF  % 

AC  =  CFXCP.    Whence  CA  :  CQ  : :  CF  X  CP: 
CA  x  CF  :  :  CP  :  C A,  or  CP  :  CA  : :  CA  :  CQ. 

Cor.  1.  If  NlQJ?e  a  tangent  at  M ;  C  the  center  ± 
MP  an  ordinate ;  then  BQj  AQj  :  BP  :  AP. 

For  CP  :  CA  :  :  CA  :  CQj  and  mixtly,  CP+ 
CA  :  CP  —  CA : :  CA+CQ  :  CA— CQ  >  that  is, 
BP  :  AP  :  :  BQ  :  AQ. 

Cor.  2.  If  MQ^<?  a  tangent  at  M,  CE  the  femi- 
conjugatey  MP  an  ordinate  -,  and  MO  perp.  to  MQ^ 
Then  CQj  CE  :  PO,  are  in  geometrical  progreff  on. 

For  CQj  CA  :  :  CA  :  CP,  and  CQ^  :  CA2 : : 
CA1  :  CP1.  And  (Prop.  X.  Cor.  1.)  CA2 :  CE2 : : 
CP  :  PO-,  and  multiplying,  CQ^  :  CE2  :  :  CA2  X 
CP :  CP2  x  PO  : :  CA2 :  CP  X  PO:  :  CA2  XPO  :  CP 
X  PO2.  But  (fame  Cor.)  CA2  x  PO  =  CE2  X  CP. 
Whence  CQ2 :  CE2 :  :  CEa  X  CP  :  PO2  X  CP  :  CE2  : 
PO*.     And  CQj  CE  :  :  CE  :  PO. 

Cor.  3.  All  hyperbolas  defer ibed  on  the  fametranf 
verfe  axis  AB,  will  have  their  tangents  to  interfeel  at 
the  fame  point  of  the  axis  Q,  when  the  abfeiffa  AP  is 
the  fame. 

For  if  CP,  CA  remain  the  fame  •,  CQ  is  deter- 
mined thereby,  and  muft  remain  the  fame. 

Cor.  4.  All  tangmts  to  the  curve  AM,  interfeel 
the  axis  C A>  between  the  center  C,  and  vertex  A. 
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PROP.     XVI.  1& 

'All  hyperbola's  defcribed  on  the  fame  tranfuerfe  ax-  4« 
is,  will  have  their  ordinates,  ftanding  en  the  fame 
abfeiffa,  in  a  given  ratio  to  one  another  j  that  is9  as 
the  refpeclive  conjugates. 

For  (Prop.  VI.)  we  have  BA4  :  NE2  :  :  BPA  : 
PIVP;  and  alternately,  BA*  :  BPA:  :  NE1  :  PM*. 
Now  if  BAZ  and  BPA  remains  the  fame,  NE"  and 
PMa  will  be  in  a  given  ratio,  and  PM  to  NE  in  a 
given  ratio. 

PROP.      XVII, 

If  MT  be  a  tangent  at  M,  and  the  line  FD  be  ro. 
drawn  perpendicular  upon  ii  from  either  focus.     The 
interfeclion  D  will  be  in  the  circumference  of  a  cir- 
cle ADB,  defcribed  on  the  tranfuerfe  axis  BA,  as 
a  diameter. 

Draw  SM  from  the  other  focus,    and  produce 

FD  till  it  interfeft  it  in  G.     Draw  FM  and  CD. 

Then  in  the  right  angled  triangles  FMD,  GMD  ; 

the  angle  FMD  =  (Cor.  i.  Prop.  XII.)  GMD,  and 

the  fide  MD  being  common  -,  therefore  FD  zz  DG, 

and  FM  zz  MG.     And  FC  zz  CS,  therefore  CD  ii    * 

parallel  to  SG.     Whence  the  triangles  FCD  and 

FSG  are  fimilar.     Therefore  fince  FD    zz  i-  FG, 

.„_          ^       SM  — MG       SM  — MF 
will  CD  zz:  4-  SG  zz zz: zz 

2  2 

i  BA  zz  CA  ;  therefore  fince  CD  zz  CA,  the  cir- 
cle DAB  whofe  radius  is  CA,  will  pafs  thro'  D. 

And  by  a  like  reafoning,  if  S  be  the  other  focus, 
and  SH  be  perp.  to  MH,  the  point  H  will  be  in 
the  circumference  of  the  fame  circle  DAB. 

Cor.  i.  If  a  circle  be  defcribed  on  the  tranfverfe 
mis  AB    and  a  tangent  at  M  cuts  it  in  the  points  D, 
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Fig.  H.     And  FD,  SH  be  drawn  from  the  foci  to  D  and 
10.    H.     Then  FD,  SH  areperp.  to  the  tangent  HMD. 

Cor.  2.  If  F,  S  be  the  foci-,  C  /£*  aMfer-j  MD 

#  tangent  at  M  •,  W  (/"CD  be  drawn  parallel  to  SM, 
/<?  «tf  the  tangent  in  D.     27^«  CD  zz  CA  i^  //fo 

tranfuerfe. 

Cor.  3.  If  a  tangent  MH  interfecls  the  circle 
DAHB  defcribed  on  the  tranfuerfe,  in  D  and  H  ; 
the  perpendiculars  D¥ ,  HS,  being  drawn  to  it >  will 
pafs  thro*  the  foci,  F,  S. 

All  thefe  follow  from  the  demonftration  of  this 
Prop. 

Cor.  4.  If  CI  be  drawn  parallel  to  the  tangent 
at  M,  to  interfecl  SM,  then  will  IM  r=  femitranf 
verfe  CA. 

For  then  IM  =  CD  =  CA, 

PROP.      XVIII. 

11.  If  F,  S  be  the  foci,  C  the  center,  MH  a  tangent 
at  M.  If  SH,  FD,  fo  drawn  perp.  to  the  tangent 
MH.  Then  SH  x  FD  zz  BS  X  SA  zz  the  fquare  of 
the  femiconjugate  axis. 

About  the  tranfverfe  defcribe  the  circle  DAHB, 
to  interfecl:  SH  at  R,  and  draw  CR  and  CD.  Then 
fince  the  <C  DHR  is  right,  then  RHD  (Georru 
IV.  14.)  is  a  femidrcle  zz  BHA,  therefore  RB  zz 
DA,  and  <C  RCB  =  DC  A.  Therefore  in  the  tri- 
angles SCR,  FCD  •,  the  fides  SC,  CR  are  equal  to 
FC,  CD  refpeclively ;  and  the  included  angles  at 
C  are  equal  -, '  therefore  SR  zz  DF.  But  (Geom. 
IV.  21.)  HS  X  SR  zz  AS  x  SB ;  that  is,  HS  x  DF 
zz  AS  X  SB  zz  AF  x  FB  zz  (Prop.  III.)  fquare  of 
the  femiconjugate. 

PROP. 
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Fig. 
PROP.      XIX.  B 

If  MH  be  a  tangent  at  M,  interfering  the  axis  n. 
in  F  •,  FD,  SH,  perpendiculars  on  it  from  the  foci. 
Then  HM  :  MD  :  :  HT  :  TD. 

Defcribe  the  circle  BHAD  about  the  tranfverfe 
AB,  and  draw  SM,  FM  ;  then  the  triangles  SMH, 
FMD  are  fimilar  •,  for  the  angles  at  H  and  D  are 
right.  And  (Prop.  IX.)  SMH  =  FMD;  therefore 
HM  :  MD  :  :  HS  :  DF.  And  by  the  fimilar  tri- 
angles TSH,  TFD,  TH  2  TD  :  :  HS  :  DF  :  : 
(before)  HM  :  MD. 

Cor.  HM :  MD  : :  CF+CT :  CF  —  CT  : :  TS  : 
TF. 

For  HM  :  MD  :  :  TH  :  TD  :  :  (fimilar  trian- 
gles) TS :  TF. 

PROP.      XX. 

If  MH  be  a  tangent  at  M,  SH,  FD perpendiculars  12. 
en  it  from  the  foci ;  CE  the  femi conjugate  axis  ;  then 
the  refiangle  HMD  z:  reel-angle  SMF  —  CE1. 

About  the  diameter  BA  defcribe  the  circle 
DAHB,  which  will  pafs  through  D  and  H  (Prop. 
XVII.).  Thro'  the  center  C  draw  MO  cutting  the 
circle  in  I  and  O.  Then  (Geom.  IV.  21.)  HMD 
=  OMI  zz  CM*  —  CP  =  CM2  —  CA\  But  (Prop. 
VIII.)  CM1  —  CA2  =  SMF  —  CE25  whence 
HMD  =  SMF— CE\ 

PROP.      XXL 

If  MH  be  a  tangent  at  M  •,  SH,  FD  perpendi-   12.' 
culars  on  it  from  the  foci  •,  CE  the  femi  conjugate.  It 
will  be  SM  :  MF  :  :  SH2  :  CE2  :  :  CE2  :  FD2. 

For  (Prop.  IX.)  the  angle  SMH  =  FMD  ;  there- 
fore by  fimilar  triangles,  SM  :  MF  :  :  SH  :  FD  :  : 

SHxFD: 
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Fig.  SH  X  FD  :  FD'  (Prop.  XVIU.) : :  CE' :  FD1;  and 

12.  FM  :  MS  :  :  FD  :  SH : :  FD  X  SH  or  CE1 :  SH% 

PROP.      XXII. 

*3-  If  MP  he  an  ordinate  to  the  tranfverfe  axis,  MH 
a  tangent  at  M,  C  the  renter,  AK,  CG,  BN  perp. 
to  AB.     Then  AK  :  PM  :  :  CG  :  BN. 

For  (Prop.  XV.)  TC  :  CA  :  :  CA  :  CP  •,  and 
compounding,  TC  :  TC+CA  or  TB  : :  CA  :  CA 
+CP  or  BP  ;  and  fubtrafting,  TC  :  TB  :  :  CA  — 
TC  :  BP  —  TB  :  :  TA  :  TP.  Bur  all  the  trian- 
gles TAK,  TPM,  TCG,  TBN,  are  fimilar ;  whence 
TA  :  TP  :  :  AK  :  PM,  andTC  :  TB  :  :  CG  :  BN. 
Therefore  AK  :  PM  :  :  CG  :  BN. 

Cor.  Hence  TA  :  TP  :  :  TC  :  TB. 

PROP.      XXIII. 

13.  If  PM  be  an  ordinate  to  the  tranfverfe  axis,  MH 
a  tangent  at  M,  C  the  center,  CE  the  femiconjugate ; 
AK,  CG,  BN  perpendiculars  to  BA.  Then  AK  x 
BN  =  PM X  CG  =  CE2  ss  BSA  =  i  BAxlatus 
reSium. 

For  (Prop.  XXII.)  AKxBN  =  PMxCG.  Let 
fall  SH,  FD  from  the  foci,  perp.  to  MH.  Then 
the  triangles  TBN,  TSH,  and  alfo  TAK,  TDF 
are  fimilar ;  whence 

TH :  HS  :  :  TB  :  BN 
and  TD  :  DF  :  :  TA  :  AK 
multiplying  TD  X  TH  :  DF  x  HS  : :  TA  X  TB  : 
AK  X  BN. 

But  (Prop.  XVII.)  the  points  D,  H,  are  in  the 
circumference  of  a  circle  defcribed  on  the  diameter 
AB.     Therefore  (Geom.  IV.  20.)  TD  X  TH  = 

TA 
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TA  X  TB.     Whence  DFxHSzAKxBNz  Fig. 
(Prop.  XVIII.)  CE\  But  (Prop.  III.)  CE*  =  RSA,  13. 
and  alfo  (Prop.  IV.  Cor.  1.)  CE*  =  ^BAx  ±  lat. 
re&um. 

Cor.  1.  FDxSH  =  AKxBN  =  CE\  fifo 

Cor.  2.  The  lines  NS,  KS,  drawn  to  the  focus, 
make  a  right  angle  NSK. 

for  NB  :  BS  :  :  SA  :  AK  ;  therefore  (Geom.  II. 
16.)  the  triangles  NBS,  SAK  are  firnilar,  and  < 
BNS  =  ASK.  But  <  NSK  zz  NSA+ASK  = 
NSA+BNS  zz  NBA  zz  a  right  angle. 

Cor.  3.  Hence  a  circle  defcribed  on  the  diameter 
NK,  willpafs  thro'  the  foci,  S,  F. 

PROP.      XXIV. 

If  S,  F  be  the  foci,  MH  a  tangent  at  M,  MO  14; 
perp.  to  it,  and  OG-perp.  to  SMj  then  MG  is  half 
the  latus  reftum. 

Draw  SH,  FD  perp.  to  MH ;  then  (Prop. 
XVIII.)  SHXFD  zzCE*  the  fquare  of  half  the 
conjugate.  And  fince  OG  is  perp.  to  MS,  andOM 
perp.  to  MH  -,  therefore  <  GOM  zz  HMS  5  there- 
fore the  triangles  SMH,  FMD5  and  MOG  are  fi- 
milarj  whence 

MS  :  SH  :  :  MO  :  MG 

MF :  FD  :  :  MO  :  MG. 
multiplying,  MF  X  MS  :  SH  X  FD :  :  MO* :  MG*. 
But  (Prop.  XVIII.)  SH  X  FD  zz  CE*  the  fquare 
of  the  femiconjugate;  therefore  MF  X  MS  :  CE2 


CE*  :  MG*. 
MF  X  MS  : 
MG*;    and 


MO1  :  MG1.-,  and  MFxMS  :  MO1 

But  (Prop.  XI.  Cor.  2.)  CA*  :  CE1  : 

MO* ;    therefore  CA*  :  CE2  :  :  CE? 

CA  :  CE  :  :  CE  :  MG.   Therefore  (Prop.  IV.  Cor 

I.)  MG  is  half  the  latus  reclum. 

Cor 
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Fig.      Cor.  i .  If  MO  be  perp.  to  the  tangent  at  M,  L 
14..  zz  latus  reclum.  'Then  AB-fL  :  L  : :  reel  angle  SOF  : 
MO1. 

For  we  had  SMF  :  MO2  : :  CAZ  :  CE*  or  CAx 
i  L  :  :  CA  :  i  L ;  and  compounding,  SMF+ 
MOz  :  MO1  :  :  CA  +  4.  L  :  4.  L  :  :  AB  +  L  :  L. 
But  (Prop.  XL)  SMF  +  MOz  zz  SOF^  therefore, 
&c. 

9.  Cor.  2.  If  MO  be  perp.  to  the  curve  at  M,  cutting 
the  two  axes  in  O  and  H  ;  and  S,  F,  /£<?  /<?a.  37>ra 
reZtangle  SOF  =  MOH. 

For  SOF  :  MO1  :  :  AB+L  :  L  :  :  (Prop.  XIV. 
Cor.  2. )  HO  :  MO :  :  HO  x  MO  :  MO* ;  therefore 
SOF  =  MOH. 

Cor.  3.  Therefore  a  circle  may  be  defcribed  from 
fome  point  of  the  conjugate  CD,  which  will  pafs  thro* 
all  four  points  F,  S,  H,  M. 

PROP.      XXV. 

15.  If  FH  be  an  ordinate  at  the  focus ',  TH  a  tangent 
at  H,  PM  any  other  ordinate^  continued  to  the  tan- 
gent at  G.     Then  FM  =  PG. 

1.  FH  is  zz  £  latus  rectum,  and  (Prop.  XXIII.) 
FH  x  CN  zz  CA  X  i  latus  rectum,  therefore  CN 
zzCA. 

2.  Again,  draw  AL,  BZ  perp.  to  AB,  and  CD 
=  i  the  conjugate ;  then  (Prop.  XV.)  CA  :  CF  : 
CT  :  CA  ;  and  dividing,  CF  —  C A  or  AF  :  CF  : 
C A  —  CT  or  TA  :  C A  •,  and  dividing  again  AF 
(CF— AFor)  AC::TA:  (CA  — TAor)CT  : 
(fimilar  triangles)  AL  :  CN  or  CA.  Therefore  AF 
zz  AL. 

3.  Likewife  (Prop.  XV.  Cor.  1.)  AF  :  FB  :  : 
TA  :  TB  :  :  (fimilar  triangles)  LA  or  AF  :  BZ. 
Therefore  BZ  =  BF. 

4.  Alfo 
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4.  Alfo  (Prop.  XVI.)  CA*  =  CF  x  CT  =  CF  Fig. 

X  CT^~TF  =  C¥l  —  CFT,  and  CF1  —  CA*  or   *$* 
CD1  =CFX  FT. 

5.  TF  :  FH  :  :  (fim.  triangles)  TC  :  CN  or 
CA  :  :  TC  X  CF  or  CA* :  CA  X  CF  :  .  CA  :  CF; 
that  is,  TF:  FH  :  :  CA  :  CF. 

6.  By  the  laft  art.  CA :  CF  : :  TF  :  FH  :  :  (fimi- 
lar  triangles)  TP   :    PG.     And  (Prop.  XV.  and 

ViI.Cor.3.)CA:CF::{g;^  +  FM|:: 

(dividing)  CP— CT  or  TP  :  FM.  Therefore  TP: 
PG  :  :  TP  :  FM -,  whence  PG  =  FM. 

From  this  procefs  are  drawn  the  following  co- 
rollaries. 

Cor.  1.  If  HZ  be  the  focal  tangent,  AT,  CN, 
CD,  BZ,  PG,  perpendiculars  on  AB  ;  then  CN  zz 
CA. 

Cor.  2.  AL  =  AF,  and  BZ  32  BF. 

Cor.  3.  CFxFT  zCD1. 

Cor.  4.  TF:  FH  : :  CA  :  CF. 

Cor.  5    TA  :  AF  :  :  TP  :  FM. 
For  TA  :  AL  ( AF)  :  :  TP  :  PG  (FM),  by  fi- 
milar  triangles. 

Cor.  6.  CA  :  CF  :  :  TP  :  FM. 

For  CA  :  CF  :  :  TF  :  FH  :  :  TP  :  PG  or  FM. 
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Fig. 

PROP.      XXVI. 

16".  If  AB  be  the  tranfverfe  axis,  C  the  center,  P 
the  focus ;  and  if  CF,  CA,  CT  be  in  geometrical 
progreffion  (or  which  is  the  fame,  if  TH  be  the  fo- 
cal tangent),  and  TE  be  perp.  to  TB.  Then  if  MF 
be  drawn  to  the  focus,  and  ME  parallel  to  TB  -,  it 
'will  always  be  CF  :  CA  :  :  FM  :  ME. 

Draw  the  ordinate  FH  at  the  focus,  and  the  tan- 
gent TH;  then  (Prop.  XV.)  CF  :  CA  :  :  CA  : 
CT;  and  therefore  (Prop.  XXV.  Cor.  6.)  CF: 
CA  :  :  FM  :  TP,  or  CF  :  CA  :  :  FM  :  EM. 

Cor.  MF  is  to  ME  always  in  the  fame  given  ra< 
tio,  wherever  the  point  M  is  taken. 

Scholium. 
The  writers  on  Conic  Sections,  call'the  line  TE$ 
the  Direclrix. 

PROP.      XXVII. 

.J  *        Any  diameter  MN  is  biffefted  in  the  center  C. 

For  take  CP  r  CQ>  and  ere£t  the  ordinates 
PM,  QN;  and  draw  NM;  then  (Cor.  5.  Prop.  VI.) 
QN  ~MP,  therefore  the  triangles  CPM,  CQN 
are  equal  and  fimilar  ;  therefore  CN  n  CM. 


PROP.      XXVIII. 

•  is  C,  and  j 
to 


18.  If  DF  be  an  hyperbola,  whofe  center  is  C,  and  fe^ 
mitranfverfe  CD,  femiconjugate  CA,  QV  parallel  to 
CD.     Then  CA^  :  CD1  :  :  CA7  +  CQ^  :  QV*. 

Draw  the  ordinate  BV  •,  then  (Prop.  VI.)  CA*  : 
CD1  *  :  BV1  :  CB1  — .  CD*  •,  and  by  addition,  CAr 

CD1: 
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CD2  :  :  CA2  +  BV2  :  CB2  s  that  is,  CA2  :  CD4  :  :  Fig. 
CA2  +  CQ2  :  QV2.  18, 

Cor.  1.  If  AM  be  its  conjugate  hyperbola^  PM  an 
ordinate  ^  then  CP'  —  CA2  :  PM2  :  :  CA2  +  CQ^ : 

qv\ 

For  CP2  —  CA2  :  PM'  :  ;  CA1  :  CD1  :  :  (this 
Propv)  CA2  +  CQ2  :  QV2. 

Cor.  2.  CA2  +  CQ2 :  QV2 : :  CA2  +  Cf  :  qvK 

PROP.      XXIX. 

If  MC,  VC  be  two  conjugate  Jemi  diameter s\  and    ifj*. 
if  from  the  ends  M,  V,  the  perpendiculars  MP,  VQ^ 
be  let  fall  on   the  tranfverfe  AB.     Then  CQ2  zs 
AP  X  PB  zz  CP2  —  CA2. 

For  draw  the  tangent  MT,  and  (Prop.  XV.) 
CP  :  CA  :  :  C  A  :  CT  •,  and  dividing,  CP  :  AP  :  : 
CA  :  AT  :  :  (by  adding)  BP  :  PT.  Whence  CP  X 
PT  zz  AP  X  PB  zz  CP2  —  CA%  and  CA2  z= 
CP1  —  CPT. 

The  tangent  MT  (def.  7.)  is  parallel  to  CV; 
whence  the  triangles  TPM  and  CQV  are  fimilar. 
AC2  +  CQ2  zz  CP2  —  CPT  +  CQ2.  And  (Cor.  1. 
Prop.  XXVJII.)  APB  :  CA2  +  CQ2  :  :  PM2  : 
QV2  :  :  (fim.  triangles)  TP2  :  CQ2.  That  is,  CP 
X  PT  :  CP2  +  CQ^  —  CPT  :  :  TP2  :  CQ2;  and 
alternately,  CPT  :  TP2  :  :  CP2  +  CQ^  —  CPT  : 
CQ2 ;  and  fubtrafting,  CPT  —  TP2  :  TP2  :  :  CP* 

—  CPT  :  CQ2  5  that  is,  CP  — TP  X  PT  :  TP2 : 

CP  — TP  X  CP  :  CQ2,  or  PT  :  PC  :  :  TP2  : 
CQ2.  Whence  PT  X  CO*  zz  PC  X  TP2,  and 
CQ2  zz  TP  X  PC  zz  AP  X  PB. 

Cor.  1.  CP1  zz  CA2  +  CQ2  zz  CA2  +  APB. 

Cor.  2.  CP2  —  CQ2  zz  CA2  zz  CP2  —  APB. 

L  2  Cor. 
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Fig.      Cor.  3.  QV2  -  PM2  =  CD2. 
19.       For  (laft  Prop.)  CA2  :  CD2   :  :  CA2  +  CQ2  - 
QV2  :  :  (Cor.  1.  Prop.  XXVIII.)  CP1  —  CA2  01 
CQ2 :  PM2  :  :  (fubtrafting  the  antecedents)  CA2  : 
QV2  —  PM2 ;  therefore  CD2  zz  QV 2  —  PM1 

Cor.  4.  CA  :  CD  :  :  CP  :  QV  :  :  CQ  :  PM. 

For  (Prop.  XXVIII.  and  Cor.)  CA2  :  CD2 
(CA2  +  CQ2  or)  CP*  :  QV*  :  :  (CP2  —  CA2  or] 
CQV:PM\ 

PROP.      XXX. 

19.  The  difference  of  the  fquares  of  two  conjugate  dia 
meters  is  equal  to  the  difference  of  the  fquares  of  th 
two  axes,  CM2  —  CV2  zz  CA1  —  CD2. 

For  in  the  right  <L  triangles  CPM,  CQV,  CM 
zz  CP2  +  PM2,  and  CV2  -  CQ2  +  QV2 ;  there 
fore  CM2  —  CV2  zz  CP2  —  CQ;  +  PM2  —  QV 
=  (XXIX.  Cor.  2.)  CA2+  PM2  —  QV*  z 
(Cor.  3.)CA2—  CD2. 

Cor.  In  an  equilateral  hyperbola,  every  diameter  \ 
equal  to  its  conjugate. 

PROP.      XXXI. 

19.       Let  MC,  CV  be  two  conjugate  femi 'diameter s  ;  th 
the  reel  angle  of  the  dijtances  of  the  foci  from  the  v 
tex  M  of  the  diameter  MC,  is  equal  to  the  fqiiare 
the  femiconjugate  CV,  FMxSM  zz  CV2. 


Let  CA,  CD  be  the  femiaxes   Then  (Prop.  VII 
CMZ   zz  CA2   —  CD2    +  SMF,  and  SMF 
CM2  —  CA2  +  CD2  zz  (Prop.  XXX.)  CM2 
CV2  — CM2  zz  CV2.     . 

Cor.  1.  //F,  S,  be  the  foci  -?  then  FM  X  SM 
MC  X  i  lat.  reclum  of  MC. 

r 
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For  CV2  -MCxj  lat.  reclum  of  MC.  Fig. 

Cor.  2 .  If  MO  is  perp.  to  the  tangent  at  M  ;  then 
:A  :  CD  :  :  CV  :  MO. 

For  (Prop.  XI.  Cor.  2.)  CA2  :  CD1  :  :  SMF  or 
:VZ  :  MO2 ;  and  CA  :  CD  :  :  CV  :  MO. 

PROP.      XXXII. 

If  F,  S,  be  the  foci i  CM,  CK  femidiameters  con-  20. 
lugate  to  one  another,  TM  a  tangent  at  any  point  M  •, 
FT,  CI,  SH  perpendiculars  on  the  tangentTM ;  CD  - 
'he  femiconjugate  axis.     Then  FM  :  FT  :  :  SM  : 
SH  :  :  CK  :  CD. 

For  fince  CF  =r  CS>  FT  —  SH  =  2CI.  The 
rriangles  FMT,  SMH,  are  fimilar  ;  whence  MF  : 
FT  :  :  MS  :  SH  :  :  (MF  —  MS)  2  AC  :  (FT  — 
SH)2CI  ::  AC  :  CI  •,  that  is, 

AC  :  CI  :  :  MF  :  FT,  and 

fimilar  triangles  AC  :  CI  :  :  MS  :  SH ; 

therefore  AC2  :  CP  :  :  MS  X  MF  :  SH  X  FT. 

But  (XXXI.)  MS  X  MF  zz  CK\  and  (XVIII.) 
SH  X  FT  1=  CD2  •,  therefore, 

AC1  :  CP  :  :  CK2  :  CD2  : :  MF1  :  FT\ 
|andAC:CI   :  :  CK    :  CD  :  :  MF  :  FT  :  :  MS  : 

H. 


Cor.    MF  :  FT  :  :  AC  :  CI  :  :  CK  :  CD, 

From  the  demonftration. 

PROP.      XXXIIL 

All  infcribed  parallelograms,  who fe  fides  are  par al-    21 
el  to  two  conjugate  diameters,  are  equal  to  the  rettan- 
ie  of  the  two  axes. 

Let  CI  be  perp.  to  the  fide  GH,  that  touches 
he  curve  in  Mj  then  (Cor.  Prop.  XXXII.)  AC  : 
L  3  CI  ;  ; 
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Fig.  CI  : :  CK  :  CD  ;  therefore  CK  X  CI  zz  AC  X  CD  ; 

21.  but  CK  X  CI  zz  KCMG  E  AC  X  CD.  But  KCMG 

is  a  quarter  of  the  infcribed  parallelogram ;  and  AC 
X  CD  is  a  quarter  of  the  rectangle  of  the  axes  5 
therefore  the  wholes  are  equal. 

PROP.      XXXIV. 

£2t  Let  CA  be  the  femitranfverfe  axis-,  CM  any  fe- 
midiameter ;  AE,  MT,  two  tangents  at  A  and  M, 
Then  the  triangle  CAE  zz  CTM. 

Draw  the  ordinates  MP,  AD,  to  the  axis  CA. 
and  diameter  CM.  Then  the  triangles  CPM,  CAE! 
and  alfo  CAD,  CTM,  are  fimilar.  Whence  CD 
CM  :  :  CA :  CT  :  :  (XV.)  CP  :  CA  :  :  CM  :  CE 
Therefore  (Geom.  II.  12.  Cor.  1.)  the  lines  DP 
MA,  ET,  are  all  parallel  to  one  another.  Whena 
(Geom.  II.  10.)  triangle  AME  zz  triangle  AMT 
which  taken  from  the  triangle  CAM,  leaves  tri 
angle  CAE  zz  triangle  CMT. 

Cor.  1.  the  lines  DP,  MA,  ET,  are  parallel  t 
me  another. 

This  is  plain  from  the  demonftration. 

Cor.  2.  The  triangle  AIT  zz  triangle  MIE. 
This  appears  by  taking  CTIE  from   the  equ; 
triangles  CAE,  CTM. 

Cor.  3.  The  triangle  MPT  zz  triangle  ADE 
trapezoid  MPAE  zz  trapezoid  MDAT. 

For  AME  zz  AMT,    add  the  triangle  AMI 
then  PMT  zz  MPAE-,  or  add  AMD  (zz  AMP| 
then  ADE  zz  (MPT  zz)  ADMT. 

Cor.  4.  Triangle  CDA  zz  CPM. 
For  CD  :  CM  : :  CP  :  CA.  Therefore  (Geom.  I 
17.  Cor.  i.)  CDA  zz  CPM. 

PRO! 
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Fig* 
PROP.      XXXV.  & 

Let  BA  be  the  tranfuerje^  MV  a  diameter ',  MPr   23, 
QL  ordinates  to  them\  AE,  MT,  tangents  \  QFI 
perp.  to  AB.     jTiw*  /^  triangle  QIR  zz  trapezoid 
IAEF. 

Let  CK  be  the  fejniconjugate  to  CM.  Produce 
QL  to  R.  By  fimilar  triangles,  C A  :  AE  :  :  CP  : 
PM  :  :  CI  :  IF.  And  by  adding  the  antecedents, 
and  the  confequents,  C  A  :  AE  :  :  CA  +  CP  :  AE 
+  PM  :  :  CA  +  CI  :  :  AE  +  IF.     But  the  rec^ 

tangle  BIA  zz  A I  X  CA  +  CI,  and  rectangle  BPA 

zz  AP  X  CA   +  CP.     Therefore  BPA  :  BIA  :  : 

AP   X   CA  +  CP   ;  AI    X   CA  +  CI  :  :  AP  X 

AE  +  PM      AT      AE  +  IF  :j\,A«*ir 

:  AI  X :  :  trapezoid  PAEM : 

Z  At 

AEIF. 

The  triangles  MPT,  QIR  are  fimilar ;  whence 
triangle  MPT  :  QIR  :  :  MPZ  :  QI*  :  :  BPA  : 
BIA  :  :  trapezoid  PAEM :  trapezoid  AEIF.  But 
(XXXIV.  Cor.  3.)  MPT  =  PAEM,  therefore 
QIR  zz  AEIF. 

Cor.  The  triangle  QLF  zz  trapezoid  LMTR. 

For  (XXXIV.)  CAE  zz  CMT,  fubtraft  both 
from  CLR,  and  then  LRAE  zz  LMTR.  But 
LRAE  zz  FIAE  —  F1RL  zz  QIR  —  FIRL  zz 
QLF  s  therefore  LMTR  zz  QLF. 

PROP.      XXXVI. 

Let  CK  be  the  femi  conjugate  to  MC;  LO  an  or-    23." 
dinate  to  MC  ;  then  CM*  :  CKX  :  :  retlangle  MLV  : 
LQ^y^r*. 

Let  BA  be  the  tranfverfe  axis,  produce  it,  and 
draw  KO  perpen.  to  it,  to  cut  CM  ia  O;  Then 
(Cor,  XXXV.)  QLF  zz  LMTR. 

L  4  ButL 
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Fig.      But  (XXIX.)  CP*  —  CAa  =s  CN\  and  (ib.; 

23.  Cor.  4.)  CP  X  PM  =CNX  NK,  therefore  tri- 
angle CPM  =z  triangle  CNK.  Alfo  the  triangle 
CPM  :  CAE  :  :  CP1  :  CA*.  And  by  divifion, 
triangle  CiJM  :  (CPM  —  CAE  or)  PAEM  :  : 
CIJ  :  (CP2  —  CA2  or)  CN2 :  :  triangle  CPM  :  tri- 
angle CNOi  therefore  PAEM  =  CNO,  and  fub- 
trafting  thefe  from  the  equal  triangles  CPM  and 
CNK,  and  then  CAE  =2  COK,  or  (XXXIV.) 
CTM  =  COK. 

The  triangle  CTM  :  CRL  :  :  ClVI4  :  CLX ;  and 
CTM  :  CRL  —  CTM  :  :  CM2  :  CL2  —  CM2 ; 
that  is,  triangle  CTM  :  trapezoid  LMTR  :  CM1  : 
teftangle  VLM.  But  the  triangles  OKC,  FQL, 
.  are  fimilar  \  therefore  CK2  :  LQ7 :  :  triangle  OKC  : 
triangle  FQL  •  that  is,  CK2  :  LQ2  :  :  CMT  : 
LMTR  :  :  '(before)  CM2  :  reclangle  VLM  s  or 
CK1  :  CM1  :  :  LQ2  :  rectangle  VLM. 

Cor.  1 .  As  the  tranfverfe  M V  :  to  its  latus  rec- 
tum :  :  fo  the  reft  angle  MLV  :  to  fqiiare  of  the  or- 
dinate LQ  * . 

Cor.  2.  'The  reel  angles  of  the  diftances  from  the 
vertexes  of  any  diameter  \  are  as  the  fquares  of  the 
crdinateSy  ftanding  at  thefe  diftances. 

Cor.  3.  The  diameter  biff  eels  all  the  double  ordi- 
nates. And  the  ordinates  at  equal  diftances  from  the 
vertexes,  are  equal. 

For  the  ratio  being  the  fame  for  the  ordinates 
on  each  fide,  {landing  on  the  fame  point  •,  thefe 
ordinates  muft  be  equal.  And  as  the  terms  of 
the  ratio  remain  the  fame  at  equal  diftances  from 
the  vertex ;  therefore  the  ordinates  will  be  equal 
at  equal  diftances. 

Cor.  4.  Triangle  CNO  =:  trapezoid  APME,  and 
CNK  =  CPM,  and  COK  s  CTM. 

PROP, 
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Fig. 
PROP.      XXXVII. 

If  two  right  lines  GI,  PIP  be  drawn  parallel  to  24. 
two  conjugate  diameters  DK,  MV,  to  inter  feci  *#  R ;  25. 
then  CM2  :  CK2  : :  rectangle  PRH  :  reclangle  GRI. 

For  (XXVIII.  Cor.  2.)  PN2  :  IO1  :  :  CK2  + 
CN2 :  CK2  +  CO1.  And  .(fig.  24,)  PN2  :  IO2  — 
PN2  :  :  PK2  +  CN2  :  CO2  —  CN2,  But  IO2  — 
PN2  =:  RN2  —  PN2  zr  PRH.  And  CO2  —  CN* 
=  LP  —  LR2  -  GRI. 

Alfo  (fig.  25.)  PN2  :  PN2  —  IO2  :  :  CKa  + 
CN2  :  CNi  —  CO2.  But  PN2  —  IO2  -  PN2  ~ 
RN2  =c  PRH.  And  CN2  —  CO2  =  RL2  —  LP 
=  RL2  —  LG2  -  GRI.  Whence 
¥W  :  PRH  :  :  CK2  +  CN2 :  GRI.  And  alternate- 
ly PRH  :  GRI  :  :  PN1  :  CK2  +  CN2  :  :  (Prop. 
XXVIII.)  CV2  or  CM1 :  CK2. 

Cor.  Hence  if  more  lines  be  drawn  parallel  to  HP, 
GI  -,  ■  the  reclangles  of  their  fegments,  will  be  as  the 
reel  angles  PRH  and  GRI,  parallel  to  them.     The- 
fame  holds  in  the  oppofite  hyperbola?  with  the  fmall 
letters. 

PROP.      XXXVIII. 

If  a  line  HG  inter  feci  any  diameter  AB  in  D,  and  26. 
a  diameter  FK  be  drawn  parallel  to  HG.  Then,  27. 
rectangle  ADB  :  reclangle  GlFI  :  :  CB2 :  CF2. 

Draw  the  diameter  MV  conjugate  to  FK,  and 
AI  parallel  to  GH.  Then  the  triangles  CDE,  CAI 

CA  x  CE 
are  fimilarj  therefore  CI  :  CA  :  :  CE  :  — —q[ 

AT    w    £p 

c=  DC ;  and  CI  :  AI  :  :  CE  :  DE  =  — g — . 

Alfo 
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Fig.  Alfo  (Prop.  XXXVI.)  CM'  :  CF1 : :  CE*  —  CM* : 
o  f\                    CFZ  V  CF2, 
2?;  EH1  -   —£M% CF\  Hence  (fig.  26.)  ADB 

'  CAxxCE* 

zz  CD*  — CA*  = ^t —  —  CA2  =  CA*  x 

CE*  —  CP 

CP 

Again  CP  :  CM*  :  :  AP  :  CP  —  CM\  and 
CM1  X  AP  =  CP  X  CP  —  CF1  X  CM1 ;  and  CFa 
X  CP  —  CM1  X  AP  5=  CF*  X  CM1. 

But  reftangle  GDH  =  EHZ  —  EDJ  = 

CPxCF*         -       APxCE* 
—  CF2, 


CM1  ^  CP        "■" 

CE1  x  CF*  x  CP  —  AP  X  CP  x  CM 


—  CF'ir 


CM1  X  CP 

CE*xCF*xCM*       •  CE*xCF*  . 

CM'xCP       —  ^    -        CI»  ^  — 

CP  — CP 

CF*  X  — cit-. 

Therefore  reclangle  ADB  :  GDH  :  :  CA* :  CF2: 
And  (fig.  27.)  the  demonftration  is  the  fame,  on- 
ly ADB  zz  CAX  —  CD1,  and  GDH  =  ED*  — 
EH1.     Whence  the  fame  conclufion  will  follow. 

Cor.  tfbe  fame  holds  in  the  oppofite  hyperbola^  with 
the  fmall  letters. 

PROP.      XXXIX. 

'28.  V  two  hnes  GH,  LE  in t erf e 51  one  another  in  D 
(within  or  without  the  curve),  and  the  femidiameters 
CF,  CK  be  drawn  parallel  to  them  \  the  reel  angle 
GDH  :  rectangle  LDE  :  :  CFA  :  CK*. 

Thro'  D  draw  the  femidiameter  CB ;  then  (laft 
Prop.)  reftangle  GDH  :  reft.  ADB  :  :  CF1 :  CB* ; 

and 
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and  reftangle  ADB  :  LDE  :  :  CB2  :  CK2  5  there-  Fig. 
fore  (ex  equo)  GDH  :  LDE  :  :  CF2 :  CK2.  28. 

And  a  like  demonftration  is  had  when  the  inter- 
feron is  without  the  curve. 

Cor.  1.  If  any  line  GH  cut  two  parallels  LE, 
MQ,  in  D  and  N,  then  HDG  :  EDL  :  :  HNG  : 
QNM. 

For  EL,  QM  being  parallel  to  the  fame  dia- 
meter ;  thefe  rectangles  will  be  as  the  fquares  of 
the  femidiameters  parallel  to  thefe  lines. 

Cor.  2.  If  two  parallel  lines  GH,  TO,  cut  other 
two  parallels  LE,  MQ^;  their  fever  al  reft  angles 
will  be  in  the  fame  ratio  \  HDG  :  EDL  :  :  HNG  : 
QNM  :  :  ORT  :  ERL  :  :  OST  :  QSM ;  and  that 
whether  they  interfetl  within  or  without  the  curve. 
And  in  the  fame^  or  the  cppojlte  hyperbolas. 

For  each  pair  will  be  refpeclively  proportional 
to  the  fquares  of  the  femidiameters,  parallel  to 
thefe  lines. 

P  R  OP.      XL. 

If  DM  be  a  tangent  at  M,  and  DN  any  line  cut-  29, 
ting  the  hyperbola  (or  the  oppofte  fecHons)  in  O  and 
N  -,  and  if  CF,  CK  be  femidiameters  parallel  to  DM, 
DN.     Then  DM*  :  re  Si  angle  ODN  :  :  CF1  :  CK2. 

For  (by  Prop.  XXXVIIF.  and  fig.  27.)  we  have 
ADB  :  GDH  :  :  CB2  :  CF\  And  fuppofing  G, 
H,  to  coincide  in  M  ;  we  mail  have  (fig.  29.)  Ar>b 
DM2 :  :  CB2  :  CF2.  And  alternately,  ADB  :  CB2 : 
DM2  :  CF2.  And  (by  the  fame  Prop.)  ADB 
CB2  :  :  ODN  :  CK2  •,  therefore  DM2  :  CF2  : 
ODN  :  CK2. 

Cor.  1.  jjfDM,  DN  be  two  tangent  s^  and  the  fe- 
midiameters CF,  CK  be  drawn  parallel  thereto  •,  then 
DM  ;  DN  :  :  CF  :  CK. 

For 
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Fig.      For  fuppofc  O,    N,    to  come  together  in  one' 
30.  point  (fig.  29.)  then  ODN,  becomes  DN*-,  whence 

DM*  :  DN*  :  :  CF*  :  CK\  and  DM  :  DN  :  :  CF  :. 

CK. 

9i»  Cor.  2.  If  two  parallel  tangents  DM.  TG,  *»£*£' 
<z  J$&J  ta^jtf  NDT ;  /£*»  DM  :  DN  : :  TG  :  TN. 
For  if  the  femidiameters  CK,  CF  be  drawn  pa- 
rallel to  DT  and  DM.  It  will  be  DM  :  DN  :  : 
FC  :  CK,  and  TG  :  TN  :  :  CF  :  CK.  Therefore 
DM:  DN  :  :  TG  :  TN. 

32.  Cor.  3.  If  M,  G  he  the  feints  of  contact  of  the 
parallel  tangents  MD,  GT  ;  andN  the  point  of  con- 
taft  of  the  tangent  ND.  And  if  OE,  CF  be  paral- 
lel to  DM,  and  QR,  CK  parallel  to  ND.  Then  CF*  : 
CK1  :  :  DM2  :  DN*  :  :  TG*  :  TN*  :  :  IOE  : 
NO*  :  :  IQE  :  PQL  :  :  GR*  :  LRP. 

All  this  appears  from  this  Prop,  and  Cor.  1.. 
and  2. 

PROP.      XLL 

33.  If  DM,  DN  touch  the  hyperbola  at  M  and  Nr 
and  MN  ^  drawn,  and  any  line  RL  parallel  to 
DN  -,  cutting  DM,  MN,  in  GWH;  then  GR, 
GH,  GL  are  continually  proportional. 

For  (Cor.  3.  laft  Prop.)  RGL  :  GM*  :  :  DN2  r 
DM1 :  :  (fimilar  triangles)  GH*  :  GM\  Therefore 
RGL  zz  GH*  •,  and  GR  :  GH  :  GL  -H-. 

Cof.  If  FP,  parallel  to  DN,  touch  the  curve  in 
P,  W  «tfjr  DM  in  O  ;  /£<?»  OP  zz  OF. 

For  then  GL  will  fall  on  FP  ±  the  points  R  and 
L  upon  P,  G  upon  O,  and  H  upon  F.  Whence 
GR  zz  GL  zzz  OP,  and  FO  zz  GH.  Therefore 
OL,z  (RGL)  zz  OF4  (GH1),  and  OP  zz  OF. 


PROP. 
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Fig. 
PROP.      XLII. 

If  AB  be  any  diameter?  MT  ^  tangent  cutting  it  34. 
in  T,  -and  MP  an  ordinate.     "Then  CT,  CA,  CP  are 

continually  proportional 

At  A  and  B  draw  the  tangents  AK,  BH,  cut- 
ting MT  in  K  and  H ;  then  fince  AK,  PM,  BH 
are  parallel ;  BP  :  AP  :  :  HM  :  MK  :  :  (Cor.  2. 
XL. J  HB  :  AK  :  :  (fimilar  triangles)  TB  :  TA. 
And  BP  +  AP  :  BP :  :  TB  -f  TA  :  TB,  or  2CP  : 
BP  :  :  2CB  :  TB,  and  CP  :  BP  :  :  CB  :  TB.  And 
dividing  PC  :  BP  —  PC  :  :  CB  :  TB—  CB5  that 
is,  PC  :  BC  :  :  BC  :  CT. 

Cor.  i.  If  MT  be  a  tangent  at  M,  MP  an  ordi- 
nate.    Then  BP   :   PA  :  :  BT  :   AT.     And  BP  is 

harmonically  divided  in  T  and  A. 
From  the  demonflration. 

Cor.  2.  If  MT  be  a  tangent  at  M,  MP  an  crdi-  ' 
mate.     Thin  PA  :  PT  :  :  PC  :  PB. 

For  we  had  PC  :  PB  :  :  BC  :  BT  ;  and  by  divi- 
fion,  PC  :  PB  :  :  (PC  —  BC  or)  PA  :  (PB  —  BT 
or)  PT. 

Cor.  3.  If  MT  be  a  tangent  at  M,  MP  an  ordi- 
nate.    Then  TA  :  TP  :  :  TC  :  TB. 

For  CT  :  CA  :  :  CA  :  CP-,  and  dividing,  CA  — - 
CT:CT  :  :  CP  —  CA  :  CA,  orTA  :  TC  :  :  AP : 
AC  5  and  adding,  TA  :  TC  :  TA  +  AP  :  TC  + 
AC.     That  is,  TA  :  TC  :  :  TP  :  TB. 

Cor.  4.  Tzvo  tangents  drawn  from  the  fame  dou- 
ble ordinate,  on  each  fide  the  curve,  meet  in  one  and 
the  fame  point  of  the  diameter'. 

Fa>r  the  fame  quantities,  and  the  fame  propor- 
tion, determine  both  of  them. 

Cor, 
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Fig.  Cor.  5.  If  AB,  DS  fo  two  conjugate  diameters* 
34.  MR  parallel  to  AB,  cutting  DS  /«  R  ;  MG  #  tan- 
gent at  M,  cutting  the  conjugates  in  T  ##i  G.  'Then 
CR  :  CS  :  :  CS  :  CG. 

Draw  the  ordinate  PM,  then  by  fimilar  trian- 
gles, CG  :  CT  :  :  RG  :  RM  or  CP  :  :  (by  divifion) 
CR  :  TP  ;  and  alternately,  CG  :  CR  :  :  CT  :  TP. 
But  (XXXVI.)  CS* :  CA2  :  :  PM* :  BPA  ;  that  is, 
CS*  :  CPxCT::CR2:CP2  —  CA2orCP*  —  CP 
X  CT ;  alternately,  CS2  :  CR2  :  :  CP  X  CT  :  CP* 
—  CP  X  CT  or  CP  x  TP  :  :  CT  :  TP  :  :  (before) 
1  CG  :  CR  :  :  CG  X  CR  :  CR2.  Therefore  CS2  == 
CG  X  CR. 

Cor.  6.  The  fame  things  fuppofed  as  in  Cor.  5.  the 
reclangle  GRC  iz  CS2  +  CR%  and  reftangle  RGC 
=  CS*+CG\  

For  CS1  n  CG  X  CR  =  GR  —  CR  X  CR  = 
GR  X  CR  —  CR2,  and  GR  X  CR  =  CS2  +  CR2. 


Again  CS1  =  CG  X  CR  =  CG  X  RG  —  CG 
=  CG  x  RG  —  CG2,  and  RG  X  CG  =  CS2  + 
CG2. 

PROP.     XLHL 

35.  Let  AB  be  any  diameter*  CD  the  femi 'conjugate* 
AM,  DN,  conjugate  hyperbola's,  PM  an  ordinate* 
QV  parallel  to  CD.  Then  CA2  :  CD*  :  :  CA2  + 
CQ2  :  QV*. 

Draw  the  ordinate  BV  parallel  to  CA.  Then 
(Prop.  XXXVI.)  CA2  :  CD2  :  :  BV2  :  CBa  — 
CD2 ;  and  compounding,  CA*  :  CD1  :  :  CA2  + 
BV2  :  CB\  That  is,  CA2  :  CD2  : :  CQ^  +  CA* : 
QV2. 

Cor.  1.  If  AM,  DN  be  conjugate  hyperbolas* 
CA,  CD  conjugate  femidiameters*  PM  an  ordinate* 
QV  parallel  to  it.  Then  CP2  —  CA2  :  PM2  :  :  CQ^ 
+  CA7  :  QV*. 

For 
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For  CP1  —  CA1  :  PM1 : :  CA* :  CD1  :  :  CA1  +  Fig. 

Cor.  2.  if  js;  be  parallel  to  QV  j  then  CQ2  + 
CA2  :  QV2  :  :  C j*  +  CA*  :  jv*. 

Cor.  3.  If  the  ordinate  PM  £*  produced  to  the- 
conjugate  hyperbola  at  N.  Then  CP"  —  C  A2 :  PM2 : : 
CP2  +  CA2 :  PN\ 

For  CP2  —  CA2 :  PM2 :  :  CA2 :  CD4 : :  CA2  + 
CP2  :  PN\ 

Cor.  4.  PN*  +  PM2 :  PN*  —  PM1 : :  CP2 :  C A\ 
By  compounding  the  terms  in  Cor.  3. 

PROP.      XLIV. 

If  AB  be   any  diameter,  CD  its  femi conjugate ;    »jt 
HT  a  tangent  at  M,  cutting  the  parallel  tangents 
AK,  BH,  in  K  00^  H ;  MP  an  ordinate.     "Then 
AK,  CD,  BH,  are  in  continual  proportion. 

By  fimilar  triangles  AK  :  PM  :  :  TA  :  TP  :  : 
(SLAU  Cor.  3.)  TC  :  TB  :  :  (fim.  triangles)  CG  : 
BH.     Whence  PM  X  CG  zz  AK  X  BH. 

Then  CP  :  CT  :  :  CP2  :  CP  X  CT  or  CA* 
(XLII.j.  And  by  divifion,  CP  —  CT  or  PT  : 
CT  :  :  CP1  —  CA*  or  BPA  :  CA2 :  :  f XXXVI.) 
PM2 :  CD2.  And  by  fimilar  triangles,  TP  :  TC  : : 
PM  :  CG  :  :  PM* :  PM  X  CGor  AKx  BH  •,  there- 
fore PM*  :  CD2  :  :  PM2  :  AK  X  BH.  Whence 
AK  X  BH  =  CD1. 

Con  1.  If  AB  be  any  diameter,  CD  its  femiconju** 
gate,  PM  an  ordinate  -,  AK,  BH,  HM,  tangents  at: 
A,  B,  Mi  then  AK  X  BH  zz  PM  X  CG  zz  CD2; 
zz  AC  X  i  lotus  reclum  of  AB. 

For  we  had  before  AKxBHzPMxCGz 
(by  this  Prop.)  CD1  zz  (Schol,  IV.)  £  AB  X  latus 
reilym. 

Cor. 


1I4  THfe    hyperbola: 

Fio-.      Cor.  2,  If  the  two  parallel  tangents  at  the  ver- 
?6m  texes,  AK,  BH,  be  cut  by  the  two  tangents  MKH, 
QRN ;  then  AK  X  BH  zz  BQ  X  AR. 
For  they  are  both  equal  to  CD*. 

Cor.  3.  "The  fame  things  fuppofed,  AK  :  BO:  : 
KO  :  OH. 

For  AK  :  BQj  :  AR  :  BH  :  :  AK  -f-  AR  or 
KR  :  BQ  +  BH  or  QH  :  :  (fimilar  triangles)  KO  : 
OH. 

Cor.  4.  A  line  drawn  thro'  RH,  would  interfecl 
the  line  drawn  thro'  KQ,  fomewhere  in  the  diameter 
AB  produced. 

This  is  plain  from  the  proportions  in  Cor.  3. 

Cor.  5.  If  the  tangent  QR  was  to  touch  the  op- 
pifite  hyperbola  (as  qr),  it  will  fill  be  AK  X  BH  zz 
&q  X  Ar. 

PROP.      XLV. 

37.  In  the  hyperbola  and  oppofite  feclions  if  TH,  TK, 
be  two  tangents  at  H  and  K  ;  and  if  HK  be  drawn 
thro'  the  points  of  contacl,  and  biffecled  in  O,  and  if 
TO  be  drawn  \  it  will  biffecl  all  the  parallels  to 
HK,  as  IN.  That  is,  if  HO  zz  OK,  then  IP  zz 
PN. 

Thro'  the  center  C  draw  FG  parallel  to  HK ; 
then  fince  HO  zz  OK,  CF  zz  CG.  And  CA  is  a 
femidiameter,  and  HO,  OK,  ordinates  to  it.  And 
fince  IN  is  parallel  to  HK  •,  IP,  PN  will  alfo  be 
ordinates  ;  and  (XXXVI.  Cor.  3.)  IP  zz  PN  ;  and 
CGE  and  CFD  are  lemiconjugates. 

Cor.  1 .  If  LM  be  drawn  parallel  to  HK,  which 
paffes  thro'  the  points  of  contacl ;  the  parts  intercept- 
ed between  the  curve  and  tangent,  on  each  fide,  are 
equal;  LI  zz  MN. 

For 
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For  fince  HO  =  OK,  therefore  LP  zz  PM,  and  Fig. 
and  IP  being  zz  PN,  the  remainder  IL  zz  NM.       %y. 

Cor.  2.    The  tangent  at   A,    is   biffecled   in    the 
'point  A. 

Cor.  3.  HO,    OK,    and  alfo  IP,  PN,  are  ordi- 

nates  to  the  diameter  CA,  pajjing  thro*  T  the  inter- 
feron of  the  tangents. 

Scholium. 
All  thefe  things  hold  equally,  if  one  of  the  tapr 
gents  be  drawn  to  theoppofite  hyperbola. 

PROP.     XLVI. 

If  TL,  TM  be  two  tangents  at  H  and  K,  and"  38, 
HK  be  drawn  thro'  the  points  of  contact ;  and  from 
the  interfetlion  T,   any   line  TI  be  drawn,  cutting 
HK  in  D,  and  the  curve  in  F  and  I.     Then  TF  : 
TI  :  :  DF  :  DI. 

Thro'  F,  I,  draw  AC,    LM,  parallel  to  HK ; 
then  (Prop.  XLV.  Cor.  1.)  LI  zz  NM,  and  AF 
zz  BC  •,  whence  MI  zz  LN,  and  CF  zz  AB. 
by  fimilar  triangles,  AF  :  LI  :  :  TF  :  TI. 
and  CF  :  Ml: :  TF  :  TI. 
multiplying,  AF  X  CF  : :  LI  X  MI  :  :  TF2  :  TI\ 
that  is,  AF  X  AB  :  :  LI  X  LN  :  :  TF2  :  TI*. 
But  (Prop.  XL.  Cor.  3.)  AF  X  AB  :  :  LI   x 
LN  :  :  HA1  :  HL2 : :  < fimilar  triangles)  DF*  :  DP. 
Therefore  TF2   :  TP  :  :  DF*    :  DI2  ;  and  TF  ; 
TI  :  :  DF  :  DI. 

Cor.  If  it  be  TF  :  TI  :  :  DF  :  DI,  the  line  HK 
joining  the  points  of  contatl  {of  the  tangents  TH, 
TKJ  will  pafs  thro9  the  point  D. 

M  Scho- 
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Fig. 


38. 


Scholium. 
If  one  of  the  tangents  be  drawn  to  the  oppofite 
hyperbola,  'tis  equally  true. 

PROP.      XLVII. 

29.  If  MT,  AH  be  two  tangents  at  any  points  M 
and  A  ;  and  if  the  femi diameters  CM,  C  A  be  drawn, 
to  interfett  the  tangents  in  H  and  T.  Then  the  tri- 
angle MNH  =  triangle  ANT.  And  the  like  for 
the  oppofite  feftions. 

Draw  PM  parallel  to  AH.  Then  by  fimilar 
triangles,  CM  :  CH  :  :  CP  :  CA  :  :  (XLII.)  CA: 
CT.     And  alternately,  CM  .  C A  :  :  CH  :  CT ; 

whence  (Geom.  II.  17.  Cor.  1.)  the  triangle  CAH 
zz  triangle  CMT  j  which  fubtra&ed  from  the  qua- 
drilateral CANM,  leaves  MNH  zz  ANT. 

Cor.  The  triangle  CAH  z=z  triangle  CMT. 
From  the  demonftration. 

PROP.      XLVIII. 

40t  If  CM,  CV  be  any  two  conjugates.  And  MP, 
QV  ordinates  to  any  other  diameter  AC  •,  and  CD 
the  conjugate  of  AC  ;  then  CQ*  zz  CPX  —  CA* 
~  APB. 

This  Prop,  is  demonftrated  from  Prop.  XLII. 
and  Cor.  1.  Prop.  XLIII.  in  the  fame  manner  as 
Prop.  XXIX.  was  from  Prop.  XV.  and  Cor.  1. 
Prop.  XXVIII.  And  the  fame  corollaries  will 
follow,  viz. 

Cor.  1.  CPZ  zz.  CAX  +  CQJ  1=  CA1  +  APB. 

Cor,  2.  CPa  —  CQZ  =  CAX  =  CP*  —APB. 

Cor. 
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Cor.  3.  QV*  —  PM*  zz  CD*.  Fig. 

40. 
Cor.  4.  CA  :  CD  :  :  CP  :  QV  :  :  CQ  :  PM. 

Cor.  5.  Hence  the  triangle  CPM  zz  triangle  CQV. 
This  is  proved  the  fame  way  as  in  Prop.  XXXVI. 

PROP.      XLIX. 

If  AH  be  a  tangent  at  any  point  A  •,  MC,  VC,  4** 
two  conjugate  femidiameters,  cutting  the  tangent  in  Z 
and  H  ;  AC,  CD  two  conjugates.     Then  the  reclan- 
gle  ZAH  £2  CD\ 

To  the  diameter  AC  draw  the  ordinates  MP, 
VQ.  Then  by  fimilar  triangles  CP  :  PM  :  :  C A  : 
AZ,  whence  CP  X  AZ  zz  CA  X  PM  z=  (Cor.  4. 
laft  Prop.)  CQ  X  CD  5  therefore  CP  :  CQj  :  CD  : 
AZ. 

Again,  CQ  :  QV  :  :  CA  :  AH,  and  CQX  AH 
=  CA  X  QV  zz  (ib.)  CP  X  CD.  Therefore  CP  : 
CQ  :  :  AH  :  CD  :  :  CD  :  AZ,  and  AZ  X  AH  zz 
CD2. 

Cor.  If  SN  be  drawn  parallel  to  CD >  then  FN2 
—  SFG  zz  CD1. 

For  by  fimilar  triangles  CA  :  AZ  :  :  CF  :  FG 
and  CA  :  AH  :  :  CF  :  FS 
and  multiplying,  CAZ  :  AZ  X  AH  or  CD1  :  :  CF* : 
FS  x  FG. 

and  compounding  CA2 :  CD2  :  :  CA2  +  CF2  :  CD2 
+  SFG  :  :  (XL1II.)  CA1  +  CF2  :  FN2 ;  therefore 
CD1  +  SFG  zz  FN2,  and  FN2  — SFG  ~  CD2. 


M  2  P*R  O  P. 
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PROP.      L. 

42.  If  PT,  QT  be  two  tangents  at  P,  Q;  and  PQ 
drawn  between  the  points  of  contacl  -,  and  if  any  line 
LD  cuts  PQ,  and  the  curve  in  S,  A,  B.  Then  SLZ : 
SDZ  :  :  retlangle  ALB  :  rectangle  BDA. 

Draw  the  femidiameters  CG,  CM,  CF,  parallel 
to  TP,  TQ,  LD,  (which  I  have  put  without  the 
figure  to  avoid  confufion) ;  and  draw  LI  parallel  to 
QT,  to  cut  PQ  in  L  Then  the  triangles  SLI, 
SQD,  are  fimilar,  as  alfo  PIL,  PQT ;  whence 
SD  :  SL  :  :  DQ^:  LI.  But  the  ratio  of  DQ^to 
LI  is  compounded  of  the  ratio  of  DQ^to  PL,  and 
(PL  to  LI  or)  PT  to  TQ.  Therefore  DQ  :  LI : : 
DQ^X  PT  :  :  PL  X  TQ^  Therefore  SD  :  SL : : 
DQ  X  PT  :  PL  X  TQ,  Take  E  a  mean  propor- 
tional between  AL  and  LB  ;  and  H  a  mean  pro- 
portional between  BD  and  DA.  Then  ALB  zz 
E\  and  ADB  =z  H\ 

Then  (Prop.  XL.)  GC'-  :  FC4  :  :  LP*  :  ALB  or 
E%  and  FC2  :  MC2  :  :  BDA  or  ftp  :  DQ\  There- 
fore extracting  the  roots,  GC  :  FC  :  :  LP  :  E ;  and 
FC  :  MC  :  :  H  :  DQj  therefore  GC  :  MC  :  :  PL 
X  H  :  DQ^X  E.  But  (XL.  Cor.  i.)  PT  :  QT  :  : 
GC  :  MC  :  :  PL  x  H  :  DQ  X  E.  And  multiply- 
ing means  and  extremes,  PT  X  DQ^X  E  —  QT 
X  PL  X  H.  Whence  H  :  E  :  : DQx  PT  :  PL  X 
TQ  :  SD  :  SL  •,  and  Hz  or  ADB  :  E1  or  ALB  :  ; 
$Dl  :  SL\ 

Cor.  Hence  in  any  inferibed  trapezium  LNDO, 
the  diagonals  LD,  NO,  inter  feci  in  the  fame  point 
S,  where  the  lines  PQ,  KR  interfecl^  that  join  the 
tppojite  points  of  contacl. 

For  if  LD  cuts  the  tangents  PL,  QD  in  L  and 
D,  and  PQJn  S  j  we  have,  SL*  :  SD1  :  :  ALB  : 

BDA  : : 
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BDA  :  :  EE  :  HH.  And  SL  :  SD  : :  E  :  H 5  and  Fig. 
compounding,  SL  +  SD  :  SL  :  :  E  +  H  :  E-,  or  E  42-. 
+  H  :  E  :  LD  :  SL. 

Alfo  for  the  tangents  KL,  RD,  it  will  be  SL2  : 
SD1  :  :  ALB  :  ADB.  Whence,  as  before,  it  will 
be  E  +  H  :  E  :  :  LD  :  LS.  Therefore  PQ,  and 
KR  interfecl  LD  in  the  fame  point  S.  And  by 
the  fame  reafoning,  the  diagonal  NO,  cutting  the 
conjugate  hyperbolas  in  a  and  b,  will  pafs  thro'  S, 
the  interferon  of  PQ,  KR. 

PROP.      LI. 

If  MG  be  any  diameter,  MD,  GT  two  tangents  43. 
at  M  and  G  \  DTN  a  tangent  at  N,  cutting   the 
former  in  D  and  T.     And  if  the  femidiameter  CK  be 
drawn  parallel  to  ND.     Then  the  reclangle  DNT  S2 
CK\ 

For  let  CF  be  the  femiconjugate  of  MG,  then 
(XL.  Cor.  1.) 

CF  :  CK  :  :  DM  :  DNk 
and  CF  :  CK  :  :  TG  :  TN. 
multiplying  CF*  :  CK1  :  DM  X  TG  :  DN  x  TN. 
But  (XLIV.)CFX  zDMxTG  5  therefore  CK1  sz 
DN  x  NT. 


PROP.      LII. 


If  FG  be  drawn  thro*  the  points  of  contacl  of  two  44. 
tangents  AF,  AG  ;  and  AV  be  drawn  thro9  A  their 
interferon,  parallel  to  GF.  And  if  from  any  point  in 
it  as  V,  LVO  be  drawn  thro*  the  middle  of  FG,  to 
cut  the  curve  in  P  and  L  ;  then  will  VP  :  VL  :  : 
OP  :  OL. 

From  L  draw  LAQR,  cutting  the  curve  in  Q, 

from  Qjiraw  QSP  parallel  to  GF.     Then  (Prop. 

M  3  XLVI.) 
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Fig.  XL VI.)  LA  :  LR  :  :  QA  :  QR,  and  LA  X  QR 

44.  zrLRxQA. 

The  ratio  of  PQjo  SQJs  compounded  of  the 
ratio  of  PQ^to  OR  and  OR  to  SCL  But  by  fi- 
milar  triangles  PQj  OR :  :  LQ : LR  i  and  OR  : 
SQj  :  AR  :  AQ.  Therefore  PQj  SQj  :  LQX 
AR  :  LR  X  AQ.  And  by  divifion,  PS  :  SQ  :  : 
LQx  AR  —  LR X  AQj  LR  X  AQ^    But  LQX 

AR—  LR  X  AQjn  LR  — QR  X  AR  — LR  X 

AQ  -  LR  x  AR  —  aQj—  QR  X  AR  =  LR  X 
QR  —  AR  x  QR  s  AL  X  QR  =  LR  x  AQ 
before.     Therefore  PS  :  SQ  ::  LR  x  AQj  LR  x 

AQj  and  therefore  PS  z:  SQ,  and  confequently, 
fince  QS  is  an  ordinate,  PS  is  an  ordinate,  and  P 
is  in  the  curve.  Laftly,  by  reafon  of  the  parallels 
FG,  PQ,  VA,  VP  :  VL  : :  AO  :  AL :  :  (before) 
RQ:RL::OP:OL. 

PROP.     L1II. 

45.  If  FG  join  the  points  of  contatt  of  two  tangents 
FA,  GA  %  and  AV  be  parallel  to  GO.  Then  if 
twa  tangents  VH,  VI,  be  drawn  from  any  point  V  in 
it.  Then  HI  drawn  thro9  the  points  of  contaR^  will 
pafs  thro9  O  the  middle  of  FG. 

For  let  B,  L  be  two  points  in  the  curve ;  where 
VO,  AO  cut  it.  Then  in  refpeft  of  the  ordinate 
FG,  it  is  (by  laft  Prop.)  VP  :  VL  :  :  OP  :  OL.  And 
in  refpeft  of  the  line  HI,  it  is  (Prop.  XLVI.)  VP  : 
VL  :  :  OP  :  OL ;  therefore  O  is  common  to  both, 
lines  FG,  HI  5  and  therefore  HI  pafles  thro*  O. 

Cor.  1.  If  FA,  GA  be  two  tangent  s^  and  FG 
drawn  thro9  the  points  of  contact.  Alfo  HV,  IV  two 
other  tangents^  and  HI  drawn  thro9  their  points  of 
<ont aft*     Then  if  AV  be  drawn  thro9  the  interferons 
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of  the  tangents-,  then  will  O,  where  FG,  HI  inter-  Fig. 
feft,  be  the  -point  thro"  which  all  lines  pafs,  which  45. 
join  the  points  of  coniacl  of  any  two  tangents,  which 

meet  in  the  line  AV. 

Cor.  2.  If  FA,  GA  be  two  tangents,  and  if  AV 
be  drawn  parallel  to  FG ;  then  if  any  line  HI  be 
drawn  thro*  the  middle  of  FG ;  then  the  tangents 
drawn  from  H  and  I  will  meet  fome  where  in  the 
line  AV. 

Otherwife  it. could  not  be  VP  :  VL  :  :  OP:  OL, 
as  by  Prop.  LII. 

Cor.   3.  If  IH  be  continued  to  interfeft  AV  in 
D,  and  the  tangents  DP,  DL  drawn-,  then  TuP paf- 
fing  thro'  the  points  of  contaft  will  pafs  thro"  O. 

PROP.     LIV. 

If  VH,  VI  be  two  tangents,  and  IHD  be  drawn    w 
thro*  the  points  of  contacl ;  and  if  any  line  OPVL 
be  drawn  thro''  V,    to  cut  the  curve  in  P  and  L ; 
then  two  tangents  PD,  LD  drawn  from  P  and  L* 
will  meet  fome  where  in  the  line  ID. 

Let  O  be  the  interferon  of  VP  and  IH  -,  thro* 
O  draw  FG,  fo  that  FO  =  OG,  and  draw  VAD 
parallel  to  it.  Then  (LIII.  Cor.  2.),  the  tangents 
PD,  LD,  will  meet  in  the  line  VA,  as  at  D.  Then 
if  DO  does  not  pafs  thro'  the  points  of  contact 
H,  I  -,  let  a  line  drawn  from  D  to  N  pafs  thro*  the 
points  of  contact.  Then  (Prop.  XLVI.)  we  mall 
have  VP  :  VL  :  :  NP  :  NL.  But  HV,  IV,  being 
tangents,  it  will  be  (by  the  fame  Prop.)  VP  :  VL  :  : 
OP  :  OL.  Therefore  the  former  proportion  is 
falfe,  except  N  coincide  with  O.  Therefore  DO 
paffes  thro'  the  points  of  contact  H,  I,     Or  which 

M  4  is 
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Fig.  is  the  fame,  the  tangents  PD,  LD  meet  in  the  line 
IH. 

46.  Cor.  If  FA,  GA  be  two  tangents,-  and  GBF 
be  drawn  thro'  the  points  of  contacl.  And  from  any 
point  B  in  FG,  the  tangents  BI,  BH  are  drawn. 
Then  IH  (drawn  thro*  the  points  of  contatlW,  I.) 
will  pafs  thro'  A. 

For  a  line  drawn  from  A  will  pafs  thro*  the; 
points  of  contact  H,  I  *,  and  therefore  no  other 
line  can  pal's  thro'  them. 

PROP.      LV. 

47.  If  a  line  MN  be  drawn  thro"  the  focus  F,  and 
tangents  MR,.  NR  drawn  from  M  and  N.  Then 
the  line  RF  drawn  from  the  interferon  of  the 
tangents  to  the  focus,  will  beperp.  to  the  line  MN. 

Let  C  be  the  center,  and  make  CF,  CA,  CT 
continually  proportional.  At  T  erect  TL  perp.  to 
the  tranfverfe  axis  BA.  Then  (Prop.  XV.)  a  tan- 
gent drawn  from  the  end  of  the  ordinate  erected 
at  F,  will  cut  the  axis  at  T.  And  (LIII.  Cor.  2.) 
The  tangents  drawn  from  M  and  N,  will  meet 
fome  where  in  the  line  TL,  as  at  R.  Make  SG 
±  BA,  draw  GF,  which  (Prop.  XII.)  will  be 
perp.  to  MR  at  D.     Dra^r  MLO  parallel  to  BA. 

The  triangles  SFG,  MOG  are  limilar,  whence 
SG  or  BA  :  SF  :  :  MG  :  MO  ;  that  is,  CA  :  CF  :  : 
MF  :  MO,  But  (Prop.  XXVI.)  CF  :  CA  :  : 
ML  :  MF.  Therefore  ML  :  MF  :  :  MF  :  MO, 
and  ML  X  MO  ~  MF1.  But  the  triangles  MDO, 
MLR  are  fimilar,  being  right  angled  at  D  and  L. 
Whence  Ml)  :  MO  :  :  ML  :  MR  ±  therefore  MD 
XMR  -  MLxMO  =  MF\  AndMD  :  MF:: 
MF  :  MR.  Whence  the  triangles  MDF,  MFR, 
are  fimilar,  and  therefore  the  angle  MFR  z=  <C 
MDF  —  a  right  angle. 

Cor. 
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Cor.  A  circle  defcribed  about  the  diameter  MR  will  Fig, 
pafs  thro''  the  focus  F,  and  thro''  the  points  L,  G.         47. 

For  MFR  and  MLR  are  right  angles,  and  the 
triangle  MGD  being  equal  and  fimilar  to  MFD, 
will  be  contained  in  the  oppofite  femicircle. 

PROP.     LVL 

If  two  tangents  HE,  HK  touching  the  conjugate  48. 
hyperbolas  in  R  and  D,  cut  'any  diameter  AB  in  E 
and  K,  fo  that  AE  zz  BK.  And  if  FZ  be  a  third 
tangent ;  touching  the  curve  at  I,  and  cutting  the 
former  in  F  and  G.  Then  the  reel  angle  EF  X  GK 
zz  KH  x  RE,  a  given  quantity. 

For  fmce  CERA  is  fimilar  and  equal  to  CPKB  ; 
therefore  RE  zz  PK.  And  (Prop.  XLIV.  Con  3.) 
PK  :  RF  :  :  KG  :  GH,  and  compounding  PK  or 
RE  :  RE  +  RF  :  :  KG  :  KG  +  GH  ;  that  is,  RE  : 
EF:  :KG:KH;  whence  EF  X  KG  zz  KH  X  RE 
a  given  quantity. 

Cor.  Producing  LE  and  ZF  to  V ;  then  VE  X 
KZ  zz  KH  X  RE,  a  given  quantity. 

For  LZ  is  parallel  to  EH,  and  VL  to  HK ; 
therefore  the  triangles  VEF  and  GKZ  are  fimilar ; 
and  VE  :  EF  :  :  GK  :  KZ,  whence  VE  x  KZ  zz 
EFXGK  zz  KHxRE. 

PROP.      LVII. 

If  ABFE  be  an  inferibed  trapezium  •,  and  if  the   43. 
diagonals  AF,  BE  be  bijfetled.  The  line  drawn  thro* 
the  points  of  biffetlion  will  pafs  thro*  the  center  C. 

Thro'  the  points  of  contaft  of  the  oppofite  fides 
AE,  BF,  draw  the  line  HI,  and  the  diameter  GD 
parallel  to  it.  Then  (Prop.  LV1.)  GA  X  DB  zz  a 
given  quantity  zz  GE  X  DF.    Whence  G A  :  GE : : 

DF; 
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Fig.  DF  :  DB.    Therefore  if  AF,  GD,  EB  be  drawn; 

49.  then  (Cor.  1.  Lemma  to  Prop.  LX.  Ellipfis),  the 
line  that  paffes  thro'  the  middle  of  AF,  EB, 
paffes  thro'  the  middle  of  GD.  But  as  GD  is  pa- 
rallel to  HI,  the  middle  of  GD  is  the  center  C. 

Cor.  And  if  there  be  any  four  tangents  to  the  hy- 
perbola,  and  lines  (or  diagonals)  be  drawn  to  the  op- 
pqfite  interferons.  Then  a  line  drawn  thro*  the  mid- 
dle of  thefe,  willpafs  thro9  the  center. 

This  is  lhewn  the  fame  way  as  was  done  in  the 
ellipfis. 

PROP.     LVIII. 

50.  If  AB  be  any  diameter ;  and  if  two  lines  AP,  BP 
be  drawn  thro3  any  point  in  the  curve  as  P ;  and 
the  ordinate  DF  be  drawn  interfering  the  lines  in  E 
and  G.  Then  DE,  DF,  DG  are  in  continual  pro- 
portion. 

Draw  the  tangents  AN,  BH,  the  conjugate  ICL, 
and  ordinate  PO.     Then  by  fimilar  triangles 
AB  :  BH  :  :  AO  :  OP 
and  AB  :  AN  :  :  BO  :  OP 
multiplying,  ABX  :  AN  X  BH  :  :  AO  X  OB  : 
OP*  :  :  (XXXVI.)  AB*  :  1L*  5  therefore  AN  X 
BH  =  IL\ 

Again  (XXXVI.)  AB1  :  ADB  :  :  IL*  :  DF* ; 
and  by  fimilar  triangles 

AB  :  AD  :  :  BH  :  DE 
and  AB  :  BD  :  :  AN  :  DG 
multiplying,  AB1 :  ADB  : :  AN  X  BH  :  DG  X  DE. 
therefore      IL*  :  DF1  :  :  AN  X  BH  :  DG  X  DE. 
But  IL1  =  AN  X  BH  •,  therefore  DF1  =  DG  X 
DE,  or  DE,  DF,  DG  -~. 

Cor.  If  from  the  ends  of  any  diameter  AB,  two 
lines  PH,   PB  be  drawn  thro\  any  point  P  of  the 

curvr. 
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curve,  to  interfebl  the  tangents  BH,  AN  in  H  and  Fig. 
N.     The  reclangle  of  the  tangents  is  equal  to  the  50. 
fquare  of  the  conjugate,  AN  X  BH  =  ILZ. 
This  appears  from  the  demonftration. 

PROP.     LIX. 

If  C  be  the  center,  F  the  focus,  and  if  CF  :  CA  : :   51. 
CA  :  CT,  and  the  direclrix  TO  be  drawn  per  p.  to 
AB.     And  if  any  line  MNO  be  drawn,  and  the  lines 
FN,  FO,  MFH  be  drawn  to  the  focus.     Then  OF 
bijfetts  the  angle  NFH. 

Draw  MP,  NQ  perp.  to  TO,  and  ND  parallel 
fb  MF,  cutting  FO  in  D.  Then  (by  fimilar  trian- 
gles) MP  :  NQj  :  MO  :  NO  :  :  MF  :  ND ;  and 
alternately,  MP  :  MF  :  :  NQj  ND.  But  (XXVI.) 
MP  :  MF  :  :  CA  :  CF  :  :  NQj  NF;  therefore 
NQj  ND  :  :  NQ  :  NF.  And  ND  z=  NF.  There. 
fore  <  NFD  =  NDF  zz  (by  the  parallels)  DFH. 

PROP.     LX. 

If  AB  be  any  diameter,  BG  a  tangent  at  B  equal  52. 
to  the  latus  re  Hum.     If  AG  be  drawn  cutting  the 
ordinate  PM  (produced)  in  D.     "Then  PM1  z:BPx 
PD. 

For  (XXXVI.  Cor.  1.)  AB  :  BG  :  :  APB  : 
PM\  And  by  fimilar  triangles,  AB  :  BG  :  :  AP : 
PD  :  :  AP  x  PB  :  PD  X  PB  :  :  APB  :  PM*. 
Therefore  PD  X  PB  zz  PM\ 

Cor.  Hence  PM2  the  fquare  of  the  ordinate,  is  al- 
ways greater  than  PB  X  BG,  the  reftangle  of  the 
parameter  and  abfciffa  \  by  the  reclangle  GF  X  FD, 
which  is  fimilar  to  the  retiangle  AB  X  BG.  And 
by  reafon  of  that  excefs  the  curve  is  called  an  H  T- 
PERBQLA. 

For 
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Fig.      For  if  GF  be  parallel  to  AB,    the   reftangk 
52.  DFG  is  fimilar  to  ABG,  for  by  the  fimilar  trian- 
gles ABG,  GFD,  AB :  BG  :  :  GF  :  FD. 

Scholium. 

The  reftangle  under  the  diameter  AB,  and  he 
parameter  BG,  is  called  the  Figure  of  that  diameter. 

PROP.      LXI. 

53-  If  QT,  PT  be  two  tangents,  and  if  QF,  PF  be 
drawn  from  the  points  of  contatl  to  the  focus  F ;  then 
the  line  TF  will  biffeel  the  angle  QFP. 

Make  CF  :  CA  :  :  CA  :  CG,  and  draw  the  di- 
re&rix  DGR  perp.  to  AB.  Produce  FT  to  K, 
and  draw  LR,  KR  (Prop.  L.)  tangents  at  L,  K, 
Let  QD,  PE  be  perp.  to  DR.  Then  (XXVI. 
Cor.)  QF  :  PF  :  :  QD  :  PE  :  :  (fimilar  triangles) 
QR  :  PR  :  :  (XLVL)  QN  :  PN  •,  therefore 
(Geom.  II.  25.  Cor.  1.)  FN  biffed*  the  angle  PFQ* 

PROP.      LXIL 

^4,  If  CB  be  the  femitranfverfe,  BD  the  femiconju* 
gate  axis  •,  S,  F  the  foci,  PM  an  ordinate.  Thro* 
C  and  D,  draw  CO,  to  cut  the  ordinate  PM  in  O, 
and  make  CI  =  CO.     Then  SM  zz  BI. 

For  (Cor.  1.  Prop.  V.)  CB  :  CS  :  :  CP:  SM  + 
CB.  Whence  SM  x  CB  +  CBZ  =  CS  X  CP  ;  and 
SM  X  CB  zz  CS  x  CP  —  CB',  But  (def.  6.) 
CD  zz  CS,  and  by  fimilar  triangles,  CB  :  CD  or 
CS  :  :  CP:  CO  or  CI,  and  CS  X  CP  zzCBxCI; 
therefore  SM  X  CB  zz  CB  x  CI  —  CB1 ;  whence 
by  divifion  SM  zz  CI  —  CB  zz  BI. 

Cor.  1.  The  fame  things  remaining,  FM  rz  AI. 

For 


w 
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For  FM  zz  SM  +  AB  zz  BI  +  BA  zz  AI.         Fig. 

Cor.  2.  If  MS  be  produced  to  N,  fo  that  SN  zz  54' 
SC,  **i  NL  £*  ^y.  to  CB.     5T&*»  CB  —  SL,  BD, 
and  SM  #r£  continually  proportional  -9  but  when  P  is 
between  S  ##i  B,  it  is  CB  -f-  SL. 

For  by  fimilar  triangles,  SM  :  SP  :  :  SN  or  SC : 
SL ;  whence  SL  X  SM  zz  SC  X  SP  zz  CF  X  SP 

zzCFxClT^CS  zCFx  CP  — CS2.  Butwe 
had  CF  X  CP  or  CS  X  CP  zz  SM  X  CB  +  CB* ; 
therefore  SL  X  SM  zz  SM  x  CB  +  CB2  —  CS2  * 

and  SM  X  CB  — SL  .z  CS2  —  CB2  zz  (II.  Cor.) 
BD2.     But  if  P  is  between  S  and  B,  SL  X  SM  zz 

CF  X  CS  — CP,  &c. 

Cor.  3.  Put  Z  for  the  cofme  of  the  angle  BSM, 
CD2 
then  will  SM  zz  q^TTzxCS'     ®r  w^en  ^M  is 
greater  than  a  right  angle,  it  is  CB  —  Z  X  CS. 

For  by  trigonometry,  Rad.  (1.)  :  SN  or  SC  :  : 
S.SNL  (Z)  :  SL  zz  Z  X  SC,  and  CB  +  SL  zz  CB 
+  z  X  SC. 

PROP.      LXIII. 

If  ABDC  be  an  infcribed  trapezium,  and  any  point  5$, 
E  be  taken  in  the  curve,  from  which  the  two  lines 
EN,  EH  are  drawn  parallel  to  any  two  adjoining 
fides  as  AB,  AC,  to  inter  feci  the  oppofite  fides  in 
N  and  Q,  and  in  H  and  R.  Then  taking  the  rec- 
tangles upon  the  oppofite  fides  •,  ERxEH  will  always 
be  to  EN  X  EQ,  in  a  given  ratio,  wherever  E  is 
placed. 

Draw  DFG,  BPL  parallel  to  AC;  thro'  C  and 
L  draw  COLS  ;  and  thro'  the  middle  of  AC,  BL, 
draw  the  diameter  MK,  which  will  birTect  the  pa- 
rallels DF,  TE  i  and  alfo  SG,  OR  which  are  ter- 
minated 
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Fig.  minated  at  AB,  CL.     Then  will  SD  =  FG,  OT 
5  ?  =r  ER ;  and  thefe  would  alfo  be  equal  if  SG,  RH 
were  tangents. 

By  reafon  of  the  parallels,  and  from  the  fimi- 
lar  triangles,  HO  :  SD  :  :  OC  :  SC  :  :  AR  ;  AG  ; 
and  alternately,  HO  :  AR  or  EQ  :  :  SD  or  FG  : 
AG. 

Again,  BP  or  ER  :  PN  :  :  DG  :  GB ;  and 
multiplying  the  refpe&ive  terms,  HO  X  ER  :  EO 
X  PN  :  :  FG  X  DG  :  AG  X  GB  :  :  (XXXIXT 
Cor.  2.)  ER  X  RT  or  ER  X  EO  :  RA  X  RB  or 
EQ  X  EP.  And  compounding,  FG  X  DG  :  AG 
X  GB  :  :  HO  X  ER  +  EO  X  ER  :  EQ^x  PN  + 
EQ^X  EP  :  :  EH  X  ER  :  EQ  X  EN.  But  it  is 
evident,  as  long  as  the  points  A,  B,  D,  C,  are 
fixed;  that  FGD  to  AGB  is  a  given  ratio,  and 
confequently  that  of  REH  to  QEN. 

Cor.  i.  tfhe  fame  things  fupp  of ed,  it  will  be  EH  : 
EN  :  :  EO  :  EP  :  :  HO  :  PN. 

For  EHxER  :  EQxEN  :  :  FG  X  GD:  AG  X 
GD  : :  HO  X  ER  :  EQ^x  PN.  And  alternately, 
EHxER  :  HOXER  :  :  EQxEN:EQxPN; 
and  by  dividing  equally,  EH  :  HO  :  :  EN  :  PN ; 
and  by  divifion,  EH  :  EO  :  :  EN  :  EP. 

Cor.  2.  If  the  points  A)  B,  C,  E,  be  fixed',  and 
D  any  way  changed ;  it  will  fiill  be  EH  :  EN  :  : 
HO  :  PN  :  :  EO  :  EP,  or  RT  :  RB  a  given  ratio. 

Cor.  3.  If  the  pints  A,  C,  coincide-,  MQ  be* 
comes  a  tangent.  And  if  B,  D,  coincide ;  BN  becomes 
a  tangent. 

r       Cor.  4.  If  BC  be  drawn  to  cut  EH  in  I  •,  and  if 
^     it  be  made  as  EH  :  EI :  :  EN  :  EV.     'Then  BV  be- 
ing drawn  will  touch  the  curve  in  B. 

For  (Cor.  2.)  when  D  is  moveable,  it  is,  EH  : 
EN  :  :  EO  :  EP.     And  if  D  comes  to  B,  then 

(Cor. 
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(Cor.  3.)  BND  becomes  a  tangent;  in  which  cafe  Fig. 
H  comes  to  I  and  N  to  V;  and  then  it  is,  EH :  56. 
EN  :  :EO:  EP:  :  EI  :  EV. 

Cor.  5.  If  we  make  EH  :  EN  :  :  EO  :  EP,  and  55. 
draw  CO,  BP  *,  they  will  meet  at  L  in  the  curve. 
By  Cor.  2. 

Cor.  6.  If  there  be  five  points,  B,  L,  D,  C,  E ; 
end  thro*  any  point  E,  there  be  drawn  EH,  EN,  cut- 
ting BD,  BL,  DC,  LC,  in  N,  P,  HWO;  fa 
that  EH  :  EN  :  :  EO  :  EP.  Then  CA,  BA  being 
drawn  parallel  to  EH,  EN,  they  will  meet  at  A  in 
the  curve. 

This  is  the  reverfe  of  the  foregoing.  For  if  A 
was  out  of  the  curve,  L  would  not  be  in  it. 

PROP.     LX1V. 

If  ABDC  be  an  inferibed  trapezium,  and  from  $j. 
any  point  E,  of  the  curve,  four  lines  EL,  EK,  EO, 
EM,  be  drawn  to  the  four  fides  of  the  trapezium, 
in  any  angles  whatever,  equal  or  unequal-,  cutting 
them  in  L,  K,  O,  M.  And  likewife  from  any  other 
point  e,  four  more  lines,  el,  ek,  eo,  em,  be  likewife 
drawn  refpeffively  parallel  to  the  former,  cutting  the 
fides  in  I,  k,  0,  m. 

Then  taking  the  retlangles  of  the  lines  falling  up- 
on the  oppofite  fides,  it  will  be,  reel  angle  EL  X  EM  : 
^/Xm::EKxEO:^X  eo. 

Thro5  E,  e,  draw  EQN,  eqn,  parallel  to  AB  ; 
and  ERH,  erh,  parallel  to  AC.  Then  by  fimilar 
triangles,  ER  :  e r  :  :  EL  :  el ;  and  EH  :  eh  :  :  EM  : 
em.  And  multiplying,  ER  x  EH  :  er  X  eh  :  :  EL 
X  EM  :  el  X  em. 

Again,  EQj  eq  :  :  EK  :  ek,  and  EN  :  en  : :  EO  : 
eo.  And  multiplying,  EQjK  EN  :  eq  X  en  :  :  EK 
X  EO  ;  ek  x  eo.     But  (Prop.  LXIII.)  ER  X  EH  : 

er  x 
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Fig.  er  X  eh  :  :  EQX  EN  :  eq  X  *».     Therefore  EL  X 
57.  EM:f/Xm::  EQ^X EN  :  eq X ^  :  :)  EK X  EO  : 
ek  X  <w. 

o  Cor.  1.  In  the  infcribed  trapezium  ABCD;  if 
AB,  CD,  produced^  inter fe£l  in  X  ;  and  the  diago- 
nals AC,  BD,  in  Y  ,  and  YEX<?  be  drawn.  Then 
EX  :  eX :  :  EY  :  eY. 

For  fuppofe  BD,  AC  to  become  the  diagonals  ; 
and  that  EL,  EK,  EO,  EM,  and  el,  ek,  eo9  em, 
all  lie  in  one  line  Ee;  and  that  AB,  CD,  inter- 
fed  in  X,  and  AC,  BD,  in  Y ;  and  that  Ee  paries 
thro'  X,  Y-,  which  is  a  particular  cafe  of  this 
Prop.  Then  L,  /,  M,  m,  coincide  in  X  ;  and 
K,  k,  O,  0,  in  Y.  Then  the  proportion  EL  X 
EM  :elXem  : :  EK  X  EO  :  ek  X  eo,  becomes  EX2 : 
eXz  :  :  EY*  :  eY\  and  EX  :  eX  : :  EY  :  *Y. 

Cor.  2.  if  XA,  XC,  be  two  tangents,  and  AYC 
paffes  thro9  the  points  of  contatl.  It  will  be  EX  : 
eX  :  :  EY  :  eY. 

For  let  B  approach  to  A,  and  D  to  C  ;  then 
BD  will  coincide  with  AC.  And  it  will  ftill  be 
EX  :  *X  : :  EY  :  eY,  as  in  Prop.  XLVI. 

PROP.      LXV. 

£o#  If  any  line  MN  be  drawn  thro*  the  focus  F,  and 
ZCQ  be  a  diameter  drawn  parallel  to  it;  AB  the 
tranfverfe  axis.  Then  AB,  QZ,  MN,  are  conti- 
nually proportional. 

Draw  the  diameter  CDL  thro'  the  middle  MN, 
and  the  ordinate  MP  perp.  to  AB,  and  tangent 
MTO.  Then  (VII.  Cor.  3.)  CF  X  CP  =  CA  X 
FM  +  CA\  and  CA  X  FM  =  CF  X  CP  — CA1 
=  (XV.)  CF  X  CP  —  CT  X  CP,  or  CA  X  FM 
zz  TF  x  CP.  And  by  fimilar  triangles  CT  :  CO  :  : 

TF: 
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TF  :  FM  :  :  TF  X  CP  or  CA  x  FM  :  FM  X  Fig. 
CP  :  :  C A  :  CP : :  CT  :  CA.  Whence  CO  -  CA.    $9. 
But  (XLII.  Cor.  5.)  CZ*  ~  CO  x  CG  =  CA 

XLM;  and  multiplying,  QZZ  -BAx  MN, 

Cor.  1.  If  F  be  the  focus ,  ZQ^a  diameter  parallel 
to  MF;  MT  a  tangent  at  M,  cutting  ZQ^in  Oj 
then  CO  ==  CA, 

From  the  demonftration. 

Cor.  2.  If  AB  be  the  axis,  F  the  focus,  MP  an 
ordinate,  -MT  a  tangent.  "Then  CA  x  FM  5=  TF 
XCP. 

From  the  demonftration. 

Cor.  3.  If  any  line  MN  fo  drawn  thro*  the  focus 
F  ;  the  reclangle  MFN  zz  4-  MN  X  4-  &/*«  retlum. 

Let L  z=  flatus  rectum-,  then  (Prop.  XXXVIII.) 
CZ*  :  MFN  :  :  CA1  :  AFB  : :  (IV.  Cor.  3.)  CA1  : 
CA  X  i  L  : :  CA  :  i  L  : :  CA  X  ML  :  i  L  X  ML. 
But  CZJ  =  CA  X  ML  j  therefore  MFN  -  i  h  X 
ML. 

PROP.      LXVL 

In  an  equilateral  hyperbola,  the  fquare  of  the  fenii-  6o; 
iranfuerfe  is  equal  to  the  reclangle  of  the  diftances  of 
either  vertex  from  the  foci.  CAZ  zc  SAF, 

For  (Prop.  III.)  the  reclangle  of  the  diftances  of 
the  two  foci,  from  either  vertex,  is  equal  to  the 
fquare  of  the  femiconjugate.  But  (Def.  XII.) 
the  tranfverfe  and  conjugate  are  equal ;  therefore 
that  reclangle  is  equal  to  the  fquare  of  the  femi- 
tranfverfe  axis. 


N  PROP, 
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PROP.      LXVII. 

In  an  equilateral  hyperbola,  the  retlangle  of  the 
diftances  of  the  ordinate  from  the  two  vertices,  is 
equal  to  the  fquare  of  the  ordinate,  APB  rz  PM\ 

For  (Prop.  VI.)  as  fquare  of  the  tranfverfe  : 
fquare  of  the  conjugate  :  :  fo  the  rectangle  of  the 
diftances  of  the  ordinate,  from  the  two  vertices 
BPA  :  to  fquare  of  the  ordinate.  But  the  two  firft 
terms  are  equal  (Def.  XII.).  Therefore  the  two 
latter  are  equal. 

Cor.  CP2  —  CA*  zz  PM%  C  being  the  center. 

PROP.      LXVIIL 

If  AV  be  an  equilateral  hyperbola,  AC  the  femi* 
tranfverfe  axis,  CQ^perp.  to  CA  ;  QV  parallel  t$ 
CA.     Then  CA1  +  CQ^  =  QV2- 

For  (Prop.  XXVIII.)  if  CD  be  the  femiconju- 
gate,  then  CA2  :  CD2  :  :  CA2  +  CQ^ :  QV2.  But 
CA*  =  CD2  5  therefore  CAa  +  CQ1  zz  QV2. 

Cor.  The  hxpothenufe  AQ_zz  ordinate  QV  parallel 
to  CA. 

For  AQ2  zz  C  A2  +  CQ2^  —  QV2 ;  and  AQ  zz 
QV. 

PROP.    LXIX. 

If  C A  be  the  femi tranfverfe  axis,  CF,  CH,  tbe\ 
affymptotes  -,    AD  the  femiconjugate  •,  PM  an   ordi* 
nate  continued  to  F.     The  reft  angle  HMF  zz  AD2. 

By  fimilar  triangles,  CP2  :  PF2 :  :  CA2  :  AD2  :  :| 
(VI.)  APB  or  CP1  —  CA2  :  PM2  :  :  (by  divifion)| 
CP  —  CP1  +  CA2  w  CAa  ;  PF2  —  PM2  ■,  that 

is. 
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is,  CA1  :  AD2  :  :  CA2  :  PF2  —  PM2 *  therefore  Fig- 
AD1  =  PF2  —  PM2  =  HMF.  62- 

Cor.  1 .  If  the  ordinate  be  continued  to  the  ajfymp- 
totes, the  parts  between  the  curve  and  ajfymptotes  are 
equal.  FM  sz  GH. 

For  PH  2=  PF,  and  PG  =z  PM  5  therefore  the 
remainders  are  equal,  FM  zr.  GH. 

Cor.  2,  if  *»0r*  ordinates  be  drawn  to  cut  the  of 
fymptotes,  their  r eft-angles  are  all  equal. 

PROP.      LXX. 

If  from  the  point  M  of  the  curve,  MK  be  drawn  62. 
parallel  to  the  tranfverfe  axis  AB,  cutting  the  affymp- 
totes  in  I  and  K  ,  then  the  reftangle  KMI  zz  CA\ 

For  the  triangles  IMF,  KMH  and  CAD  are  fi- 
milar* whence  AD  :  AC  :  :  MF  :  IM,  and  AD  : 
AC  :  :  MH  :  KM  ;  and  multiplying,  AD1 :  AC2 : : 
MF  x  MH  :  IM  X  KM.  But  (LXIX.)  MF  X 
MH  zz  AD2  ,  therefore  IM  X  KM  zz  AC2. 

Cor.  1.  The  reftangle  IM  X  MH  zz  KM  X  MF. 
For  by  fimilar  triangles  KM  :  MH :  :  IM  :  MF. 

Cor.  2s  If  more  lines  be  drawn  parallel  to  CA. ; 
«//  their  reftMgles  are  equal  to  one  another. 

PROP.      LXXI. 

If  two  parallel  lines  PS,  FH,  cut  the  hyperbola,  6qr 
m&  the  ajfymptotes  ;  the  rectangle  FMH  zz  reftangle  64^ 
PQS. 

Thro'  M  and  Qjiraw  OL,  IN  perp.  to  the  axis. 
Then  by  reafon  of  the  parallels,  the  triangles  PQJ, 
FMO,  are  fimilar,  as  alfo  MHL,  QSN.     There- 
fore MO  :  MF  :  :  QI  :  QP,  and   ML  :  MH  :  : 
N  2  ON, 
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Fig.  QN  :  QS.     And  multiplying  MO  X  ML  :  MF  X 

63.  MH  :  :  QI  X  QN  :  QP  X  QS.     But  (LXIX. 

64.  Cor.  2.)  MO  X  ML  =  QI  X  QN  ;  therefore  FMH 
rzPQS. 

Cor.  1 .  If  the  tangent  DG  be  parallel  to  FH,  then 
the  reclangle  FMH  zz  DG\ 

Cor.  2.  If  the  diameter  AB  be  parallel  to  HM* 
then  reclangle  FMH  zz  CB\ 

PROP.      LXXIL 

65.  Any  right  line  FMGH  be  drawn  thro'  the  curve  % 
the  parts  of  the  line  between  the  curve  and  ajfymp- 
toteSy  are  equal  \  FM  zz  GH. 

For  (Prop.  LXXI.)  re&angle  FMH  =  HGF ; 
that  is,  FMxMG+FMxGHzGHx  GM 
4-  GH  x  MF;  and  FM  X  MG  =  GH  X  GMj 
whence  FM  ~  GH. 

Cor.  1.  Hence  FG  =  MH. 

Cor.  2.  If  AB  be  a  tangent  at  D  \  then  AD  32 
DB,  or  the  tangent  is  biffecled  in  D. 

For  in  this  cafe  M  and  G  coincide  in  D. 

Cor.  3.  If  a  diameter  CD  be  drawn  thro*  the 
point  of  contact  D,  it  biffecls  all  the  parallels  MG, 
and  all  the  lines  FH. 

PROP.      LXXIII. 

66.  If  from  two  points  in  the  curve »,  M,  Q^  there  be\ 
drawn  the  parallels  MH,  QN,  to  cut  one  affymp- 
tote  •,  and  likewife  the  parallels  MO,  QI,  to  cut  thel 
ether  ajjymptote.     Then  the  reel  angle  MO  X  MH  zz\ 
the  rectangle  QI  X  QS. 

Draw  EML,  PQN  perp.  to  the  axis.     Thei 
the  triangles  EMO,    JPQI  are  fimilar-,  and   alfc 

MLH, 
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MLH,  QNS.     Whence  ME  :  MO  :  :  QP  :  QI ;  Fig. 
and  ML  :  MH  :  :  QN  :  QS.     And  multiplying,  66. 
ME  X  ML  :  MO  X  MH  :  QP  X  QN  :  QI  x  QS. 
But  (LXIX.  Cor.  2.)  ME  X  ML  zz  QP  X  QN; 
therefore  MO  X  MH  zz  QI  X  QS. 

Scholium. 
The  Prop,  holds  equally  true,  if  QS,  &c.  cut 
the  affymptote  beyond  C  towards  b. 

PROP,     LXXIV. 

If  two  lines  KN,  FT  cut  one  another  in  E  ;  and  6y. 
tikewife  cut  the  curve  and  affymp  totes -,  then  reft  an-  68. 
gle  LKM  :  DFV :  :  KEN  :  FET. 

Thro'  N,  draw  IG  parallel  to  VD ;  then  the  tri- 
angles LNG,  and  LED  are  fimilar ;  and  alfo  MNI, 
MEV  ;  whence  LE  :  LN  :  :  ED  :  NG,  and  ME : 
MN  :  :  EV  :  NI.  And  multiplying,  LE  X  ME  : 
LN  X  MN  :  :  ED  X  EV  :  NG  X  NI. 

But  LE  X  ME  zz  LK  +  KE  X  EN  +  NM  zz 

LKXEN  +  KEXEN+  LK  4- KE  xNMr 
KEx  EN  +  LK  X  EM  +  KExNM  (KE  x  LK) 
zz  KE  X  EN  +  LK  x  KM  (fig.  67,). 

Alfo  by  the  fame  reafoning,  DExVEz:  FET 
+  DFV.     Alfo  (LXXIL)  LNM  zz  LKM,  and 
GNI  zz  DFV.     Whence  we  have 
KEN  +  LKM  :  LKM  :  :  FET  4-  DFV  :  DFV. 
And  by  divifion,  KEN  :  LKM :  :  FET  :  DFV. 

PROP.      LXXV. 

All  infer ibed  parallelograms,  between  the  ajfymp-  6fyf 
totes  and  the  curve,  are  equal  -,  ABCD  zz  GFCH. 

For  (by  Prop.  LXXIII.)  the  rectangle  AB  X 

ADzGFxGHj  whence  AB  :  FG  :  ;  GH  : 

N  3  AD, 
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Fig.  AD,  or  CD  :  CH  :  :  CF  :  CB-,  therefore  (Geom. 
60.  III.    9.  Cor.  1,)   parallelogram  AC  zz.  parallelo- 
gram GC. 

Cor.  1.  'The  hyperbola  continually  approaches  to 
the  affymptote  -,  but  can  never  touch  it^  till  it  be  in-* 
finitely  continued.. 

For  EL  being  reciprocally  as  CE,  EL  continu- 
ally diminifhes  as  Cli  increafes,  and  when  CE  is 
infinitely  great,  EL  will  be  infinitely  {mall. 

Cor.  2.  If  a  line  be  drawn  parallel  to  one  affymp- 
tote, it  will  interfecl  the  cfpofite  hyperbolas  in  one. 
point,  and  no  more. 

For  AD  can  only  cut  the  curve  in  A,  for  the 
curve  /\L  afterwards  approaching  CE,  muft  di? 
verge  from  AD.  And  the  fame  line  continued, 
can  never  cut  the  oppofite  hyperbola,  becaufe  it 
lies  wholly  without  the  oppofite  angle,  in  which  the 
curve  is  wholly  contained. 

Cor.  3.  "The  ajfymptote  may  be  confidered  as  a  tan- 
gent  to  the^  curve  at  an  infinite  diftance. 
From  Cor.  1.  and  Cor.  4.  Prop.  XV. 

PROP.     LXXVL 

?o.  V  ^e  ^nes  -^>  ^F,  touch  the  hyperbola  •,  then 
the  triangles  CAB  and  CDF  made  by,  the  tangent  sy 
and  affymptotes,  are  equal. 

From  the  points  of  contact,  E,  G,  draw  EH, 
GI  parallel  to  the  affymptote  CB  ;  and  EO,  GP» 
parallel  to  the  affymptote  CF.  Then  (LXXII. 
Cor.  2.)  fince  AE  zz  EB,  and  FG  zz  GD  ;  there- 
fore AH  zz  HC,  and  CO  zz  OB  5  alfo  FI  zz  IC, 
and  CP  zz  CD. 

But  triangle   ACB  :  to  triangle  FCD  :  :  CA  X 
'     CB  or  2CH  X  2CO  :  FC  X  CD  or  2CI  X  2CP  :  : 

CHX 
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CH  X  CO  :  CI  X  CP  :  :  parallelogram  CHEO  :  Fig. 
parallelogram  CIGP  s  but  (Prop.  LXXV.)  CHEO  70. 
r=  ClGl^  therefore  triangle  ACB  =  FCD. 

Cor.  1.  All  infcribed  triangles  are  equal  to  one  ano* 
tber,  and  double  to  the  infcribed  parallelograms. 

For  triangle  ACB  :  parallelogram  CHOE  :  : 
2CH  X  2CO  ^  2CH  x  co  .  CH  x  CQ  .  .  2  .  j 

2 

Cor.  2.  If  Gl  be  parallel  to  the  affymptote  CB ; 
and  GF  a  tangent  at  G  •,  then  the  fubtangent  IF 
zz.  CI  the  diftance  from  the  center. 

Fcr  DF  is  biffefted  in  G  -,  and  therefore  CF  is 
biffe&ed  in  I. 

Cor.  3,  Any  two  tangents  to  the  curve  LG  m- 
ierfetl  one  another  within  the  angle  of  the  asymptotes 
BCF. 

For  if  BA  be  a  tangent  at  E,  this  interfe&s  CF 
(the  tangent  at  an  infinite  diftance)  in  A.  And 
therefore  the  fame  BA  interfecls  any  other  tangent 
FD,  between  A  and  B. 

Cor.  4.  Hence  alfo  the  retlangle  ACB  is  equal  to 
the  retlangle  FCD, 

Cor.  5.  If  AD  and  FB  be  drawn,  they  will  be 
irallel. 

For  CA  :  CD  :  :  CF  :  CB,  from  the  equal  red- 
angles  CAB,  CDF. 


N4  PROP. 
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Tig* 

PROP.      LXXVIL 
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J j*  If  thro*  any  -point  F  in  the  curve,  a  line  FP  he 
drawn  cutting  the  curve  and  affymptotes  in  P,  B,  M  ; 
and  from  B  the  tangent  BE  A  ♦,  and  from  E  the  point 
cf '  contatl,  EH  ;  as  likewtfe  FQ,  PR  all  parallel  to 
BC.  Then  2EH  zz  FQj-*-  PR  zz  FQj—  pr  in  the 
cppofite  feclion* 

For  draw  FL  parallel  to  C  A  ;  then  the  triangles 
TMPR5  FBL,  are  fimilar,  and  MP  zz  i  F ;  there- 
fore PR  zz  LB,  and  LC  zz  FO;  and  fince  AE  =5 
EB  (l>rop.  LXXII.  Cor,  2.)  zz  i  AB;  therefore 
HE  zz  4-  CB,  and  2HE  zz  CB  zz  CL  +  LB  zz 
QF  +  PR  5  or  2be  zz  QF  — .  pr. 

Cor.  1 .  Hence  the  fum  of  any  two  tines  FQ,  PR 
(made  by  drawing  any  line  BP,  from  the  fame  point 
B  in  the  affymptote),  will  always  be  the  fame. 

For  that  furri  is  always  equal  to  2  EH. 

Cor.  2.  If  BP  be  parallel  CM;  then  2EH  = 
FQ, 

PROP.      LXXVIII. 

72.  If  AC  be  the  femitranfuerfe  of  the  equilateral  hy- 
perbola AM,  CF  its  affymptote,  and  CH  perp.  to 
CA,  «»</  HM  ^r*//rf  to  CA.  r^»  z/  MF  ^ 
drawn  perp.  to  the  affymptote,  2CH  X  HM  zz  CFfi 
—  MF1. 

For  draw  the  femiconjugate  AD,  which  is  equal 
to  AC.  The  triangles  CAD,  CHV,  VFM  are 
fimilar,  and  ifoceles  ;  whence  CH  zz  HV,  VF  zz 
MF.  And  VF  :  VM  :  :  VH  :  CV,  and  VM  X 
VH  zz  VF  X  CV.  Then  CV1  zz  2HV\  and 
iCH  X    HM    zz    2HV    X    HM  zz   2HV    x 

HV  +  VM 


Tiv.59 


C^       D  H 


Vl.JQL.^ajjff. 
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HV  +  VM  zz  2HVZ  +  2HV  xVMz  CVl  +  Fig* 

2CV  X  VF  +  VF1  —  VP  =  CV  +"VF*  —  VFa  72* 
—  CF2  —  VFZ  zz  CFZ  —  MF\ 

Cor.  i.  In  a  right  angled  hyperbola  -,  the  affymp- 
totes  make  a  right  angle  with  each  other. 

For  fince  CA  zz  AD,  the  angle  ACD  zz  CDA 
zz  4-  a  right  angle.  And  twice  ACD  zz  a  right 
angle  zz  the  angle  of  the  aflymptotes. 

Cor.  2.  If  SB  fo  drawn  perp.  to  the  ajfymptote 
from  the  focus  -,  CB  —  CA. 

For  the  triangles  CAD,  CBS,  are  ifoceles,  and 
fimilar  -9  and  CD  zz  CS  ;  therefore  CB  zz  CA. 

PROP.      LXX1X. 

If  thro9  the  given  point  G  in  the  curve,  the  line  73, 
GA  be  drawn  parallel  to  the  ajjymptote  CH.  And 
any  line  GL  be  drawn  cutting  the  curve  and  ajjymp- 
tote in  F  and  L  -,  and  if  FK  be  drawn  parallel  to  the 
ajfymptote  CB.  Then  KL  will  always  be  equal  ta 
the  given  line  AG. 

Produce  FG  to  D ;  then  the  triangles  DGAt 
FLK  are  fimilar  and  equal,  for  the  refpective  fides 
are  parallel;  and  (Prop.  LXXIL)  GD  zz  FL ; 
therefore  AG  zz  KL. 

Cor.  If  from  F  in  the  curve,  FK  be  drawn  pa~ 
rallel  to  the  ajfymptote  CB  •,  then  FK  zz  AD,  the 
part  of  the  other  ajfymptote. 


PROP. 
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Fig. 

PROP.      LXXX. 

74.  If  CA,  CD  be  the  femiaxes  •,  the  afjymptote  CF, 
biffefls  the  line  DA,  drawn  between  the  ends  of  the 
two  axes ;  and  all  lines  HK  parallel  to  it,  contained 
between  the  conjugate  hyperbolas  DH,  AK. 

For  draw  AE  perp.  to  AC,  and  equal  to  CD  j 
and  draw  DE  *  then  DCAE  is  a  re&angled  paral- 
lelogram. But  (Def.  XI.)  the  aflymptote  CF 
paries  thro'  E,  and  (Geom.  III.  2.)  the  diagonals 
CE,  AD  biffed  one  another  in  O  y  therefore  DO 
s:  AO. 

Again,  fince  DA,  HK  are  parallel  to  the  at 
fymptote  CG  •,  therefore  (Prop.  LXXV.)  CI  X  lit 
rCOxOAzCOxODz  (LXXV.)  Clx  IH  1 
therefore  IK  zz  IH. 

•  Cor.  1 .  If  DA  joining  the  ends  of  the  two  axesr 
tut  the  ajfymptote  in  O  -,  then  4-CO*  zz  DA2,  zz  C A* 
+  CD\ 

For  ACD  is  a  right  angle,  therefore  'Geom  IL 
20.  Cor.  6.)  OC  zz  CD  =  OA,  and  CO  =  DO* 
zz  AO%  and  4CO*  zz  4DO2  zz  4AOa  zz  DA*  zz 
CA1  +  CD\ 

Cor.  2.  The  reel  angle  of  the  fides  of  the  infer ibed 
parallelogram^  is  equal  to  the  fourth  part  of  the  fum 
of  the  fquares  of  the  two  femiaxes. 

For  draw  AP  parallel  to  CE,  then  COAP  is 
an  inferibed  parallelogram,  and  CO  X  CP  or  CO* 
the  rectangle  of  the  fides  \  and  that  is  zz 
CA1  +  CD1 


4 


PROR 
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Fig, 
PROP.      LXXXL 

If  AB  be  any  diameter  \  CG,  CL,  affymptotes ;   75- 
GH  a  tangent  at  B.     "Then  GH  is  equal  to  the  con* 
jugate  diameter  of  AB. 

For  let  KF  be  a  tangent  at  A,  CD  the'femi- 
conjugate.  Then,  becaufe  (LXXV.  Cor.  3.)  the 
affymptote  FG  is  a  tangent  at  an  infinite  diftance, 
therefore  (Prop.  XXXIV.)  AK  x  BH  zz  CD*; 
but  the  triangles  CBH,  CAK  are  equal  and  iimi- 
lar,  and  AK  zz  BH  •,  therefore  BH2  z=  CD\  and 
BH  zz  CD,  and  GH  or  KF  zz  2CD  the  conjugate 
Of  AB. 

Cor.  1 .  If  CG  be  an  affymptote,  BG  a  tangent  at 
B.     'Then  CB,  BG  are  femiconjugates  to  each  other. 

Cor.  2.  Hence  the  further  any  diameter  AB  is  from 
the  axis  -y  the  greater  it  is,  and  the  greater  its  conju- 
gate GH, 

PROP.      LXXXII. 

If  F  be  the  focus,  and  it  be  CF  :  CA  :   :  CA  :   76. 
CT,  and  TE  be  perp.  to  CA ;  and  if  MF  be  drawn 
from  any  point  of  the  curve  to  the  focus,  and  MN 
parallel  to  the  affymptote  CO,     Then  MN  zz:  MF. 

Draw  ME  parallel  to  CA,  and  AL  perp.  to  it, 
then  (Def.  6  )  CL  zz  CF,  and  the  triangles  MEN, 
CAL  are  fimilar,  and  MN  :  ME  :  :  CL  or  CF  : 
CA  :  :  (XXVI.)  FM  :  ME.     Therefore  FM  zz. 

MN. 
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Fig. 

PROP.     LXXXIII. 


*D' 


77*  If  F  be  the  focus,  and  FP  />#*/>.  to  CA,  and  from 
M  007  /wV//  i»  /&*  f#rw,  MP  be  drawn  parallel  to, 
either  affymptote,  to  cut  FI  in  P.  Then  FM  -  MP 
zz  -i'&tftfj  r^/Sf«w ;  0r  FM  +  MP,  when  Mis  on  the 
ether  fide  of  I. 

For  if  CF,  CA,  CT  be  in  geom.  progreflion, 
and  TN  perp.  to  CA.  Then  (I  XXXII.)  FM  ±s 
MN,  and  FI  zz  IQ^  zz  (by  the  parallels)  PN ; 
therefore  NM  —  MP  zz  PN  zz  FI ;  that  is,  FM 
-MPz  FI. 

PROP.     LXXXIV. 

j$t  If  CF,  CB  be  affymptotes,  and  DA  be  drawn  pa- 
rallel to  the  asymptote  CB,  cutting  the  conjugate  hy- 
perbolas in  D  and  A  •,  then  CD,  CA  drawn  from 
the  center  to  the  interferons,  will  be  conjugate  dia- 
meters. 

Thro*  A,  D  draw  the  tangents  FG,  FL.  Then 
(LXXX.)  fince  AO  zz  DO,  and  (LXX1I.  Cor.  2.) 
FA  zz  i  FG  •,  therefore  AO  or  OD  zz  4  CG  or 
i  LC,  and  DA  zz  CG  or  CL.  Whence  (Geom  I. 
5.  Cor.  3.)  CD  is  parallel  to  AG  or  FG.  And 
like  wife  CA  is  parallel  to  LD  or  LF ;  and  there- 
fore (Def.  7.)  CA,  CD  are  conjugate  diameters. 

Cor.  1 .  Hence  it  appears  that  the  two  conjugate  di- 
ameters NA,  PD,  belong  to  the  conjugate  hyperbolas 
AM,  DH  -,  and  alfo  to  the  oppofitc  hyperbolas  KN, 
PQ.  And  that  all  thefe  four  conjugate  hyperbolas^ 
make  but,  as  it  were,  one  figure  BAMHDIKNPQ^ 

Cor.  2.  Hence  alfo  the  conjugate  hyperbola  DH 
fajfes.tbro'  the  ends  D,  of  all  the  conjugate  diameters 

PD5 
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PD ;  as  well  as  the  hyperbola  AM  paffes  thro'  all  the  Fig. 
ends  A,  of  the  firft  diameters  NA.  ,  7$. 

Cor.  3.  In  an  equilateral  hyperbola,  every  diameter 
is  equal  to  its  conjugate. 

For  then  (fig,  73.)  CA  rz  CD,  and  therefore 
CO  is  perp.  to  DA,  and  to  all  the  parallels  HK. 
Or  (in  fig.  77.)  CO  is  perp.  to  DA,  and  therefore 
CD  =  CA. 

PROP.     LXXXV. 

If  LKE  be  drawn  parallel  to  the  affymptote  CG,   75. 
md  any   line  DV  be  drawn,  cutting  this  line,  the 
€urve,  and  affymptotes  in  E,  F,  T,  D,  V ;  and  the 
tangent  GBQ^be  drawn  parallel  to  DV,  and  CB  the 
diameter. 

Then  BG  :  CG  :  :  rectangle  FET  :  2KE  X  EV. 

Draw  LP  parallel  to  GQ^  Then  (LXXVI. 
Cor.  1.)  4CL  XLK=GCX  CQ.  And  by  fi- 
milar  triangle^  CL  :  LP  :  :  CQ  :  QG  :  :  CQ^  x 
CG  or  4CL  X  LK  :  QG  X  CG.  Whence  CL  X 
CG  X  QG  =  LP  X  4CL  X  LK,  and  CG  X  QG  = 
4LP  X  LK  =  CG  X  2BG, 

Then  (LXXIV.)  LKM  :  DFV  :  :  KEN  :  FET. 
But  KM-ENn  infinitely  ;  therefore  LK  :  KE  : : 
DFV  :  FET.  And  LK  X  FET  zz  KE  x  DFV  5* 
KE  X  BG\  And  KE  X  BGZ  X  CG  z  LK  X 
FET X  CG,  or  KE  x  BG  X  2LP  xLKzLKX 
FET  X  CG.  And  2KE  X  BG  X  LP  ■=  CG  X 
FET,  and  BG  ;  CG  ;  :  FET  :  2KE  X  LP  or  2KE 
XEV. 

Cor.  1.  CG  X  BG  =  2LP  X  LK. 

From  the  demonflration. 

Cor.  2.  If  more  parallels  be  drawn  it  will  be 
FET  r  fit :;  KEV  :  kev. 

Cor. 
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FJor.      Cor.  3.  If  two  parallels  meet  one  line  LE;  then 
79.  FET  :  fit :  :  KE  :  KO. 

Cor.  4.  /&//r*  aljb  fit  :  fit  :  :  kev  :  Kov. 

PROP,     LXXXVL 

g0#  if  FBE  be  an  hyperbola  between  the  ajjymptotes 
C/,  CL  ;  ana]  it  be  CG  :  CH  : :  CK  :  CL  ;  and  lines 
er  ordinates  be  drawn  parallel  to  the  other  affymptote 
C/.     Then  the  area  GHDF  sf  area  KLEB. 

The  infcribed  rectangles  being  equal  (Prop; 
LXXV.X  their  fides  are  reciprocally  proportional, 
EL  :  BK  :  :  (CK  :  CL  :  :  ,hypoth.)  CG  :  CH  :  :) 
DH  :  FG  5  therefore  if  any  lines  CG,  CH,  CK, 
CL  are  proportional  •,  the  ordinates  GF,  HD,  KB* 
LE  will  alfo  be  proportional,  and  in  the  fame  ra- 
tio inverfly. 

Divide  GL  into  an  infinite  number  of  equal 
parts  at  I,  P,  G,  R,  &c.  in  geometrial  progreffion  -9 
and  draw  the  ordinates  IM,  PN,  QO,  RS,  &cr 
parallel  to  GF  or  C/-,  let  the  fame  be  continued  to 
L,  and  let  r  to  j,  be  the  ratio  of  the  terms  of  the 
progreffion.     Whence  we  mall  have 

r :  s  : :  CG  :  CI •  :  CI  :  CP  :  :  CP  :  CQj  :  CQj 
CR,  &c.  and  (Propor.  XXII.)  r  :  s  :  :  GI  :  IP  :  ^ 
IP  :  PQ  :  :  PQ  :  QR,  &c4  and  by  what  went  before 

s  :  r  :  :  IM  :  PN :  :  PN  :  QO  :  :  QO  :  RS,  &c* 
and  multiplying  the  two  laft, 

rs  :  rs  :  :  GI  X  IM  :  IP  X  PN  :  :  IP  X  PN  :  PQ_ 
X  QO  :  :  PQx  QO  :  QR  x  RS,  &c.  therefore  the 
infinitely  fmall  parallelograms  are  equal ;  that  is, 
GIM  =  1PN  =  PQO  zz  QRS,  &c.   =  KVA  = 
VTW  =  TXZ  =  XY^,  &c. 

Now,  in  the  progreffion  CG,  CI,  CP,  CQ,  &c. 
if  we  take  any  equidifbant  terms  CG,  CH,  and  CK, 
CL  (Propor.  XXL)  theie  fhall  be  proportional; 
that  is,  CG  :  CH  :  :  CK  :  CL.     And  the  terms 

CH, 
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CH,  CL,  being  equidiftant  from  CG,  CK ;  there  Fig. 
is  the  fame  number  of  parallelograms  between  G  80. 
and  H,  as  between  K  and  L.  And  thefe  paralle- 
lograms being  all  equal,  the  fum  of  all  between  G 
and  H,  is  equal  to  the  fum  of  all  between  K  and 
L.  But  by  the  method  of  indivifibles,  the  fum  of 
all  the  parallelograms  GIM,  IPN,  &x.  compofe 
the  area  GHDF ;  and  the  fum  of  all  the  parallelo- 
grams KA,  VWj  &c.  compofe  the  area  KLEB ; 
therefore  the  area  GHDF  zz  area  KLEB. 

Cor.  1.  If  CF,  CD  be  drawn,  and  alfo  DH,  FG   8i. 
parallel  to  the  affymptote  C/.     "Then  the  fetlor  CFD 
zz  area  FGHD. 

For  fince   rectangle  CGF    zz  CHD,     triangle    . 
CGF  zz  CHD ;    take  away  CG#  common,  then 
CqF  zz  G^DH.     Add  FqD  common,  then  C^F  + 
F^D  or  fe&or  CFD  zz  G?DH  +  F?D  zzFGHD. 

Cor.  2.  If  it  be  CG  :  CH  : :  CK  :  CL ;  then  fetlor 
CFD  -fetter  CBE. 

For  CFD  zz  FGHD,  and  CBE  zz  BKLE. 

Cor.  3.  If  CK  :  CL  :  :  Cd  :  Cf  And  BK,  EL 
be  drawn  -parallel  to  Qf ;  and  T)d,  F/  to  CL  •,  then 
feftor  CBE  zz  CDF  —area  BKLE  zz  D^/F. 

For  CK  :  CL  :  :  Cd  :  C/ :  :  CG  :  CH.  Whence 
fedor  CFD  zz  DdfF  zz  FGHD,  &c. 

Cor.  4.  Hence  the  fpace  DdfF  zz  fpace  DHGF. 
For  the  parallelogram  dG  added  to  each  makes 
the  fame  fpace  C/FDH. 

Cor.  5.  IfCG,  CH,  CK,  CL  are  in  geometrical 
progrejfion,  then  fe 51  or  CFD,  CDtt,  CBE  are  equal ; 
and  alfo  the  f paces  FGHD,  DHKB,  BKLE. 

Cor.  6.  If  CL  be  the  nth  term  in  geometrical  pro- 
greffion,  in  the  ratio  of  CG  to  CH ;  then  fettor  CFE 

zz  7^1  x  CFD  j  and  FGLE  zz  ^TTx  FGHD. 

For 
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Fig.  For  if  CH  is  the  fecond  term,  then  CFD  zz  i  X 
8 1.  CFD.  If  CK.  be  the  third  term,  then  CFB  zz 
CFD  +  CDB  zz  2  X  CFD.  If  CL  be  the  fourth 
term,  CFE  zz  FCD  +  DCB  +  BCE  c  3  xCFD, 
and  fo  on.  And  the  like  for  the  areas  FGHD, 
FGKB,  &c. 

Cor.  7.  If  CG,  CH,  CK,  CL,  are  proportionals ; 
then  LE,  KB,  H  D,  GF  are  alfo  proportionals,  and 
in  the  fame  ratio,  or  FG,  DH,  BK,  EL  are  pro- 
portionals, in  the  inverfe  ratio. 

From  the  demonftration . 

SCH  O  L  I  U  M. 

Hence  if  CG  zz  1,  and  CH,  CK,  CL,  &c,  be 

any  numbers  -,  the  (feci  or s  or)  hyperbolic  fpaces  GFDH, 
GFBK,  GFEL,  £sJV .  are  analogous  to  the  logarithms 
of  thefe  numbers. 

For  (Cor.  6.)  whilft  the  numbers  CG,  CH,  CK, 
CL,  &c.  proceed  in  geometrical  progrefllon,  the 
correipondent  (feclors  or)  fpaces,  proceed  in  arith- 
metical progrefllon  •,  and  therefore  (from  the  na- 
ture of  logarithms)  are  proportional  to  the  loga- 
rithms of  thefe  numbers. 
S2.  Make  CG  zz  CN  zz  1,  Then  by  computation 
from  infinite  feries,  &c.  if  the  number  CH  be 
10,  the  fpace  GFDH  or  log.  10.  will  be  found 
2.30258509.  If  the  number  CK  be  100,  the 
fpace  GFBK  or  log.  100  will  be  4.6051 701 8.  If 
the  number  CL  be  1000 ;  the  fpace  GFEL  or 
log.  1000,  will  be  6.90775527.  And  if  the  hy- 
perbolic fpaces  correfponding  to  the  intermediate 
numbers  be  likewife  computed  ;  they  will  be  the 
logs,  of  thefe  numbers.  And  thefe  logarithms,  be- 
caufe  they  are  computed  from  the  hyperbolic  areas, 
are  called  hyperbolic  Logarithms, 

PROP, 
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Fig. 
PROP.      LXXXVII. 

If  two   hyperbolas  QE,  FD,  have  the  fame   af  83. 
fymptotes  CP,  CH  •,  ;/  HDE  be  drawn  parallel  to 
the  affymptote  CP  \  then  HD  is  to  HE  every  where 
in  the  given  ratio  of  CN  to  CP. 

For  the  infcribed  rectangles  are  CG  X  GF,  and 
CG  x  GQ,  Therefore  fLXXV.)  CH  X  HD  zz 
CG  X  GF,  and  CHxHEz  CGx  GQ.  Whence 
GF  :  GQj  :  CGFN  :  CGQP  :  :  CH  xHD :  CH 
X  HE  :  :  HD  :  HE. 

Cor.  1.  The  area  FGHD  :  area  QGHE  :  :  ordi- 
nate GF  :  ordinate  GQ  :  :  or  as  infcribed  parallelo- 
gram CF  :  infcribed  parallelogram  CQ^ 

For  the  ordinate  HD  to  HE  is  every  where  as 
CN  to  CP.  Therefore  if  the  bafe  GH  be  divided 
into  an  infinite  number  of  equal  parts,  and  ordi- 
nates  HDE  ereded.  It  will  be  GF  :  GQ  :  :  HD : 
HE  :  .  fum  of  all  the  HD  .  fum  of  all  the 
HE  :  :  area  FGHD  :  area  QGHE. 

Cor.    2.    If    CG    zz    GS  zz   1,    and   GF    zz  84. 

.43429448  -,  then  the  area  FGHD  is  the  common  lo- 
garithm^ or  Brig's  logarithm  of  the  number  CH. 

For  the  hyp.  logarithm  is  to  the  common  loga- 
rithm, as  2.30258509  to  1,  or  as  1  to  .43429448, 
or  as  GS  to  GF  ;  that  is,  (Cor.  1.)  as  the  area 
GSEH  to  GFDH. 

Scholium. 
Hence  Brig's  logarithms  will  be  had  by  comput- 
ing the  hyperbolic  areas  GFDH,  whofe  infcribed 
parallelogram  is  .43429448.  Thus  if  CG  zz  1, 
CH  zz  10,  the  area  FGHD  zz  1  •,  if  CH  zz  ioo, 
the  area  FGHD  zz  2.  If  CH  zz  1000,  FGHD 
zz  3,  and  fc»  on  •,  and  the  like  for  the  intermedi- 

O  '  ate 
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Fig.  ate  numbers.  Likewife  fince  the  area  at  G  is  no- 
84.  things  therefore  the  log.  of  CG  or  1  is  o  ;  and  for 
numbers  lefs  than  CG  the  area  lies  on  the  other  fide 
of  SG  -,  and  therefore  the  logarithms  of  numbers 
lefs  than  1,  are  negative.  Andfince  the  area  SGCB 
is  infinite,  therefore  the  logarithm  of  o,  is  an  infi- 
nite negative. 

It  is  plain  likewife  that  logarithms  may  be  of  as 
many  different  forms  as  you  pleafe.  For  if  CG  be 
1,  then  the  log.  GSEH  will  be  as  the  infcribed 
parallelogram  CRSG.  Therefore  as  that  paralle- 
logram is  greater  or  lefs,  the  logarithms  of  numbers 
will  be  proportionally  greater  or  lefs.  And  there- 
fore in  different  fpecies  of  logarithms,  the  loga- 
rithms of  particular  numbers  will  be  in  a  given 
ratio. 

On  the  contrary,  if  you  have  the  logarithms  of 
numbers,  the  hyperbolic  area  may  be  computed. 
For  it  will  be  as  .43429,  &c.  to  the  infcribed  paral- 
lelogram CGSR  :  :  fo  log.  of  CH,  to  the  area 
GHES  or  feclor  CSE. 

PROP.      LXXXVIII. 

o  .        If  AN  be  an  equilateral  hyperbola ,  AM  any  hy- 
"  perbola  with   the  fame  tranfverfe   axis,      "The   area 
ANP  of  the  equilateral  hyperbola  :  area  AMP  of  the 
other  hyperbola  :  :  as  the  femi tranfverfe  CA  :  to  fe- 
rn:conjugate  CD. 

For  if  CE  be  rhe  femiconjugate  of  AN,  then 
CE  =  C A.  And  (Prop.  LXV1I.)  CP2  —  CA2  = 
PN4.  And  (Prop.  VI  )  CA'  :  CD1  :  :  CP2  —  CA2 
or  PN2  :   :   PM\     And  CA  :  CD : : PN :  PM. 

Therefore  if  the  abfcifla  AP  be  divided  into  an  in-' 
finite  number  of  equal  parts  and  ordinates  erected  ; 
it  will  always  be  CA  :  CD  :  :  PN  :  PM  :  :  fum  of 
all  the  PN  :  fum  of  all  the  PM  :  :  area  ANP  : 
a/ea  AMP, 

C01 
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Cor.  1 .  The  areas  of  two  hyperbolas  on  the  fame  Fig. 
tranfuerfe,  and  having  the  fame  abfciffa,  AP  \  are  85. 
as  their  conjugates. 

Cor.  2.  As  femitranfverfe   CA   :    femitranfverfe   86". 
CB  :  CANP  the  area  of  the  hyperbola  AN  :  CBMP 
the  area  of  the  hyperbola  BM,  on  the  fame  abfciffa  CP. 

By  reafoning  as  before  CD1  :  CD*  +  CPa  : 
CAa  :  PNa  :  :  CBZ  :  PMa ;  and  CA  :  CB  :  :  PN 
PM  :  :  all  the  PN  :  all  the  PM  :  :  area  CANP 
area  CBMP. 

Cor.  3.  Therefore  if  the  area  of  an  equilateral  hy- 
perbola be  known  \  the  area  of  any  other  hyperbola 
may  be  found* 

PROP.     LXXXIX. 

If  NAM  be  a  hyperbolic  conoid,  made  by  revolv-    %7> 
ing  round  the  tranfverfe  axis.     If  C  be  the  center, 
BA  the  tranfverfe;    then  2CA   +   AP  :  CA  + 
~AP  :  :  circumfcribing  cylinder  :  folidity  of  the  conoid 
NAM. 


Let  femitranfverfe  CA  zz  t,  femiconjugate  CD 

z=f,APzz  #,  PM  rzy,p  zz  3.1416.  Then  (Prop. 

tt 
VI.)  tt  :  cc  :   :  2tx  +  xx  :  :  yy,  and  yy  zz  —  x 


ptt 


2tx  +  xx.     And  pyy  zr  —  X  2tx  +  xx,  for  the  cir- 

c  c 

cle  NM.  Therefore  if  AP  be  divided  into  an  in- 
finite number  of  equal  parts,  according  to  the 
method  of  indivifibles  •,  and  planes  drawn  thro'  alj 
thefe  points,  all  thefe  circular  planes  will  make 
up  the  folid.      Nov/   (Arith.  Infinites  Prop.   II.) 

2tXX 

the  fum  of  all  the  2tx  is  zz zz  txx,   and  (ib. 

2  v 

Prop.  III.)  the  f«m  of  all  the  xx  is  zz  — ;  there- 

3 
O  2  tore 
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8  j.  fore  the  fum  of  all  the  $yy  =  —  x  txx  +  —  = 

pttx 

X  tx  +  -i-  xx.     And  the  circumfcribing  cylin- 

cc  .  o     J 

pttx 

der  zz  £xytf  zr X  2tx  +  xx -9  therefore  .the  cy- 
linder :  to  the  folid  :  :  2txx  +  xx  :  tx  +  ^  xx  :  : 
it  +  x  :  /  +  t  *• 

Cor.  i .  The  folidity  of  the  hyperboloid  :  to  a  cone 
of  the  fame  bafe  and  altitude  :  :  BP  :  BP  +  AC. 

For  the  cone  is  -J-  of  the  cylinder;  and  it  is,  cy- 
linder :  folid  :  :  it  +  x  :  t  +  4-  x y  therefore  cone : 
folid  :  :  it  +  x  :  3/  +  x. 

Cor.  2.  If  AP  zz  AC,  /£*  *  mm/  NAM  zz  -t 

.  .         .   ,  9 

//fo  circumfcribing  cylinder. 

If  AP  zz  AB,  /£*  £0#0zi  p  —  ^  cylinder. 
^  AP  =z  3 AC,  /£*  conoid  zz  —the cylinder. 
If  AP  zz  2  AB,  /£<?  r^/i  zz  —  the  cylinder ',  &c. 

Cor.  3.  37tf  hyperbolic  conoid  NAM,  is  equal  to 
the  fruftum  of  the  affymptotic  cone  EIAKF,  lejfened 
by  the  cylinder  GIAKH. 

For  (Prop.  LX1X  )  the  reftangle  EMF  zz  AK2 ; 
therefore  (Geom.  IV.  3$.)  the  annulus  or  ring 
contained  between  the  two  circles  NM  and  EF  is 
equal  to  the  circle  IK.  Therefore  if  AP  be  divid- 
ed into  an  infinite  number  of  equal  parts  ;  all  the 
rings  compofing  the  hollow  folid  NIAKM  zz  all 
the  circles  GH,  compofing  the  cylinder  G1KH. 
Therefore,  fruftum  EIKF  —  cylinder  GIKH  zz 
fruftum  EIKF  —  folid  NIAKM  >  that  is,  zz  hyp, 
conoid  NAM. 


Cor. 
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Cor.  4.  The  hollow  folid  NIAKM  inclofing  the  Fig. 

hyp.  conoid  is  zz  cylinder  GIKH.  87, 

PROP.      XC.      Prob. 
To  defcribe  a  hyperbola  by  continued  motion.  88. 

1  Way* 

Draw  the  line  DB,  and  let  G  be  a  fixed  point; 
fix  the  two  rulers  together  IK,  KL,  fo  as  to  make 
the  given  angle  IKL  ;  let  there  be  another  ruler 
SL,  which  moves  about  the  fixed  point  L  in  the 
leg  KL,  as  a  center.  Then  caufe  theTide  KL  to 
move  along  the  line  DB,  and  coincide  with  it; 
whilft  the  ruler  SL  Hides  by  the  fixed  point  (or 
pin)  G.  Then  the  lines  SL  and  KI  will  crofs  one 
another  ;  and  their  interferon  F,  will  defcribe  the 
hyperbola  FOG. 

For  take  SG  z=  FL,  and  draw  SC  parallel  to 
IK  meeting  DB  in  C.  Then  G  is  a  fixed  point  in 
the  curve,  and  FK  is  parallel  to  SC;  and  GL 
paffes  thro'  L,  fo  that  KL  is  always  given.  There- 
fore this  is  a  property  of  the  hyperbola,  (by 
Prop.  LXXIX.)  whence  the  curve  is  a  hyper- 
bola whofe  affymptotes  are  SC,  LC ;  and  center  C. 

2  Way. 

Let  FL,  GH  be  affymptotes,  AB  a  diameter.  89. 
Let  AG  be  parallel  to  the  affymptote  FL  ;  take 
HK  zz  CG,  make  the  angle  CHM  =  GCF. 
Then  move  the  right  line  HK  along  the  affymp- 
tote HG,  whilft  the  right  line  AM  (moveable 
about  A)  paffes  thro'  the  point  K;  then  the  in- 
terferon (of  HM,  AM),  Mwill  defcribe  the  hy- 
perbolas MB,  Am. 

For  the  triangles  KHM,KGA  are  fimilar;  whence 
KH  :  HM  :  :  KG  :  GA  ;  that  is,  CG  :  HM  :  : 
CH  :  GA ;  whence  CH  x  HM  zCGxGA  ; 
therefore  (LXXV.)  M  is  in  the  hyperbola. 

O  3  Scho- 
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Fig. 
By.  Scholium. 

The  hyperbola  may  alfo  be  defcribed  as  direfted 
in  Def.  i,  and  2. 

PROP.      XCI.      Troh 

9°*  To  defer ibe  an  hyperbola>  by  finding  many  points 
in  the  curve. 

1  Way. 

Let  BA  be  the  axis  -,  S,  F  the  foci.  Take  any 
point  N  beyond  F,  and  with  extent  AN,  and  one 
foot  in  F,  defcribe  an  arch  M.  Then  with  extent 
NB,  and  one  foot  in  S,  crofs  the  former  arch  at  M. 
Thus  find  as  many  points  as  neceffary,  and  draw 
the  hyperbola  thro'  them. 

By  this  conftruclion,  SM —  FM  zz  AB  ;  there- 
fore (Prop.  1.)  the  point  M  is  in  the  curve. 

l  Way. 

91.  Let  AB>  DG  be  two  diameters  conjugate  to  one 
another.  Divide  CA  into  any  number  of  equal 
parts  at  L,  L,  &c.  draw  DA,  and  parallel  to  it, 
draw  LI,  LI,  &c.  draw  CF  zz  CB,  and  perp.  to 
it.  Then  thro'  I,  I,  &c.  draw  MN,  JVlN,  &c. 
parallel  to  AB  ;  and  fo  that  IM  or  IN  be  equal  to 
LF.  Then  M,  M,  &c.  and  N,  N,  &c.  will  be 
oppofite  hyperbolas. 

For  by  fimilar  triangles  CD2  :  CA*  :  :  CP  : 
CU  :  :  (compounding)  CD7*  +  CP  :  CA*  +  CL* 
or  IN2  or  IM\  For  CA1  +  CL* •  zz  CFZ  +  CL* 
zz  LF*.  Therefore  M  and  N  are  in  the  curves, 
by  Prop.  XLIIL 

3  Way. 

g2t  Let  CA  or  CB  be  the  femitranfverfe,  CD  the 
femicon jugate  >  produce  CD  at  pleafure,  and  draw 

DK 
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DE  parallel  to  CB •,  draw  DA,  and    from    any  Fig. 
point  P  in  the  axis,  draw  PF  parallel  to  AD,  to  92. 
cut  CD  in  F.    With  radius  CF,  and  center  C  de- 
fcribe  a  circle  to  cut  DE  in  G.     At  P,  draw  the 
ordinate  PM,  perp.  to  CP,  and  equal  to  DG.  Then 
M  will  be  in  the  curve. 

For  by  fimilar  triangles  CA2  :  CD2  :  :  CP2  : 
CP  :  :  (by  divifion)  CP2  —  CA2  :  CF2  —  CD2. 
But  CP2  —  CA2  zz  BPA ;  and  CF2  —  CD2  zz 
CG2  —  CD2  zz  DG2  zz  PM2  5  therefore  CA2  : 
CD2  :  :  BPA  :  PM2.  Whence  (Prop.  VI.)  the 
point  M  is  in  the  curve. 

PROP.     XCII.      Prot. 

Given  the  ajfymptotes  FG,  MN,  and  the  point  B  9J. 
in  the  curve,  to  defcribe  the  hyperbola. 

1  Way. 

Thro*  B  draw  feveral  right  lines  to  cut  the  af- 
fymptotes,  as  ABN,  DBE,  GBL,  &c.  Then 
make  NT  zz  AB,  ES  zz  DB,  LI  zz  GB,  &c. 
Then  the  points  T,  S,  I,  are  in  the  curve. 

Likewife  thro'  any  point  fo  found  as  T,  you  may 
draw  other  lines  as  HTQ,  KTO,  &c.  and  make 
PQ^zz  HT,  KT  zz  OR,  &c.  then  R,  Q,  fee. 
are  alfo  in  the  curve. 

This  procefs  is  plain  from  Prop.  LXXH. 

2  Way. 

Thro'  the  given  point  Br  draw  BA,  BD  paral-  94. 
lei  to  the  afiymptotes.     Then  take  any  length  CG, 
and  draw  GH  parallel  to  CD,  and  fo  that  CG  : 
CA  :  :  CD :  GH  -,  then  H  is  in  the  curve,  and  fo 
for  more  points. 

Or  take  the  equal  parts  CA,    AE,   EG*  GL, 

&c.     And  make  EF  zz  4  AB,  GH  zz  4,  AB,  IK 

zz  7AB,  and  fo  on.     Do  the  fame  in.  the  affymp- 

O  4  tote 
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Fig.  tote  CD  ;  then  thro'  all  the  points  /,  B,  F,  H,  K, 
94.  draw  the  hyperbola  required. 

PROP.      XCIII.      Prob. 

95*       A  right  line  DE  in  the  hyperbola  being  given;  to 

find  its  diameter ',  and  the  center. 

Draw  HI  parallel  to  DE  \  biffed  DE,  HI,  in  F 
and  G  ;  thro5  which  draw  GFAB  •,  then  AB  is  the 
diameter.     Biffed  A  B  in  C,  then  C  is  the  center. 

For  the  diameter  biffeds  all  the  whole  ordinates, 
and  is  itfelf  biffeded  in  the  center. 

PROP.      XCIV.       Prob. 

95'       Any  diameter  AB  in  a  hyperbola,  being: given  ;  to 
find  its  conjugate. 

Draw  any  line  KI  parallel  to  AB,  and  biffed  it 
in  L  ;  thro'  L  and  the  center  C,  draw  LC,  for 
the  conjugate,  which  will  be  terminated  by  the 
conjugate  hyperbolas,  if  they  are  there ;  otherwife 
its  magnitude  will  be  determined  by  Prop.  XXXV!. 

PROP.      XCV.       Prob. 

96.       Any  diameter  AB  being  given  -,  to  draw  an  ordi- 
nate to  it,  from  a  given  point  H  in  the  curve. 

Thro'  the  center  C,  draw  the  diameter  HK ;  and 
from  K,  draw  KL  parallel  to  AB.  From  L  draw 
LH  for  the  double  ordinate. 

For  fince  FIC  z=  CK,  and  CO  is  parallel  to  KL, 
therefore  HO  =  OL. 

Or  thus, 

Draw  HI  parallel  to  AB,  biffed  IH  in  G  ;  thro' 
G  and  the  center  C,  draW  GC,  and  HO  parallel 
to  it  for  the  ordinate. 

For 
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For  GC,  biffedling  IH,  is  the  pofition  of  the  Fig. 
conjugate,  and  HO  being  parallel  to  it  is  an  ordi-  96. 
nate  to  CO. 

PROR     XCVI.      Prob. 
To  find  the  two  axes  of  a  given  hyperbola.  97. 

Draw  two  parallels  thro'  the  figure,  FK,  ML ; 
thro*  the  middle  of  them  draw  the  diameter  AB  -9 
biffecl:  it  in  C  for  the  center, 

On  the  center  C  defcribe  an  arch,  of  a  circle, 
to  cut  the  curve  in  two  points  G,  H.  Draw  GH 
and  biffecl:  it  in  O.  Thro'  O  and  the  center  C,  draw 
CO  for  the  axis.  And  CD  perp.  to  it  for  the 
conjugate. 

For  AB  palling  thro'  C  is  a  diameter,  and  fince 
CG  Z2  CH  ;  therefore  CO  paffingthro'  the  middle 
of  GH,  will  be  perp.  to  it,  and  being  perp,  to  the 
ordinate  GO,  it  is  the  axis. 

PROP.      XCVII.      Prob. 

A  hyperbola  being  given ;  to  find  two  conjugate  dia-  <$%• 
meters^  making  a  given  angle  with  one  another. 

About  any  diameter  AB,  defcribe  the  arch  of  a 
circle  ADB,  to  contain  an  angle  equal  to  the  given 
one,  or  its  fupplement.  To  the  point  F  where  it 
cuts  the  hyperbola,  draw  BF,  AF  *,  which  biffecl: 
in  O  and  L  -,  and  from  the  center  C,  draw  CO, 
CHL.  Then  CH  and  CO  (terminating  at  the 
conjugal  hyperbola,)  will  be  the  two  axes. 

For  fince  AL  -  4.  AF,  and  AC  zz  4.  AB,  CL 
is  parallel  to  BF.     And  fince  FO  rz  ±  FB,  CO  is       • 
parallel  to  AF  j  whence  LCO  ==  OFL  ~  the  given 
angle. 

Scholium. 

If  CE  be  the  femiconjugate  of  AC,  and  BE  be 
drawn  and  HG  parallel  to  it,  cutting  CO  in  Gj 

then 
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Fig.  then  CG  is  the  conjugate,  and  G  a  point  in  the 

98.  conjugate  hyperbola.  For  by  Prop.  LXXXIV^ 
BE,  GH  being  both  parallel  to  the  affymptotes 
CH,  CG  are  conjugates,  as  well  as  CB,  CE. 

PROP.     XCVIII.     Prob. 

99.  Given  the  affymptotes  and  a  point  in  the  curve ;  to 
Jind  two  conjugate  diameters. 

From  the  given  point  B,  draw  BHD  parallel  to 
the  aflymptote  GC,  make  HD  zn  HB.  Draw 
DCE,  and  make  CE  —  CD,  then  DE  is  the  con- 
jugate of  AB. 

For  draw  BF  parallel  to  CD,  then  the  triangles 
CDH,  FBH  are  fimilar ;  and  they  are  equal,  be- 
caufe  BH  n  HD,  and  therefore  CH  z  HF  ;  and 
confequently  GB  z  BF.  And  therefore  FG  is  a 
tangent  at  B  (LXXII.  Cor.  2.).  And  fo  FG  is 
equal  to  the  conjugate  of  CB  (LXXXI.) ;  whence 
DE  equal  and  parallel  to  FG,  is  its  conjugate. 

Cor.  Hence  if  two  conjugate  diameters  be  given,, 
and  the  angle  they  make  with  one  another,  be  given ; 
the  affymptotes  may  be  drawn.  Which  is  done  by 
drawing  CG  parallel  to  DB,  and  CF  parallel  to  EB. 

PROP.      XCIX.      Prob. 

To  draw  a  tangent  to  any  point  M  in  the  hyperbola* 

1  Way. 

100.  Draw  the  femidiameter  MC,  and  find  its  conju- 
gate CD  (XCIV.)  5  then  from  M,  draw  MT  pa- 
rallel to  CD,  which  will  touch  the  curve  in  M. 

2  Way. 

10 1.  Let  BA  be  any  diameter,  draw  MP  an  ordinate 
to  it ,  and  make  CP,  CA,  CT,  continual  propor- 
tionals, 
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tionals  •,  then  draw  MT  which  will  be  a  tangent  Fig, 
at  M.     By  Prop.  XLIL  iqi. 

3  Way. 

Draw  the  lines  MF,  MS,  from  the  point  M  to 
the  focus's;  make  ME  =3  FF,  draw  FE,  which 
biffed  in  D,  then  MD  drawn  will  be  a  tangent  at  M. 

Or  produce  SM  to  G,  fo  that  MG  ±:  MF.  Draw 
FG,  and  MT  parallel  to  it,  for  the  tangent  at  M. 

For  in  the  ifoceles  triangle  EMF,  ED  zz  DF; 
therefore  <  EMD  zz  FMD,  whence  (Prop.  IX.) 
MD  is  a  tangent  And  fince  MD  is  parallel  to 
GF,  and  MF  zz  MG ;  therefore  EMD  zz  EGF, 
and  EMF  zz  2EGF,andi- EMF  zz  EGF  zz  EMD, 
therefore  MD  is  a  tangent. 

4  Way. 

Let  CH,  CK  be  the  affymptotes  \  from  the  point  102,; 
M  draw  MD  parallel  to  one  affymptote  CH.  Make 
DF  zz  DC  -,  and  draw  FM  which  will  be  a  tangent 
at  M. 

For  produce  FM  to  G  •,  then  fince  FD  zz  DC ; 
therefore  (by  the  parallels  CG,  DM)  FM  zzMG; 
whence  (LXXII.  Cor.  2.)  MF  is  a  tangent. 

PROP.      C.      Prob. 

From  a  given  point  without  the  hyperbola,  to  draw 
a  tangent  to  it. 

1  Way. 

Let  T  be  the  point  given.     Thro'  T  draw  the  101. 
diameter   BA.      Make  CT,  CA,    CP,    continual 
proportionals.     At  P  draw  the  ordinate  PM,  to 
the  diameter  AB.     From  M  to  T  draw  MT  for 
the  tangent.     By  Prop.  XLII. 

2  Way. 

Let  T  be  the  point  given.     Thro'  T  draw  the  IC~ 
diameter  AB  -,  and  find  its  conjugate  CD  (XCJV) ; 

draw 
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Fig.  draw  any  line  TS  =  TB,  and  make  TRrTC; 

103.  draw  AR,  and  SP  parallel  to  it,  cutting  the  dia- 
meter AB  in  P.  Draw  the  ordinate  PM  parallel  to 
CD  •,  then  TM  is  the  tangent. 

For  by  fimilar  triangles  TS  : TR : : TP : TA ; 
that  is,  by  conftrudion,  TB  :  TC  :  :  TP  ;  TA. 
Therefore  (XLIL  Cor.  3.)  TM  is  a  tangent. 

PROP.      CI.     Prob. 

104.      *£he  focus  F  being  given,  and  three  points  in  the 
curve ;  to  describe  the  hyperbola. 

Thro'  the  two  points  N„  M,  draw  NMKr  and 
alfo  thro5  N,  P,  draw  NIP.  Draw  MF,  NF,  PF 
to  the  focus.  And  make  FN  :  FM  : :  NK  :  MK, 
and  FN  :  FP  :  :  NI  :  PI.  Thro'  K  and  1,  draw 
KG  •,  draw  FT,  MH  perp.  to  it.  Take  the  points 
A,  B,  fo  that  FM  :  MH  : :  FA  :  AT  :  :  BF  :  BT ; 
then  BA  is  the  axis,  and  C  the  middle  point,  is 
the  center.  Make  BS  =z  AF,  and  S  is  the  other 
focus;  and  the  hyperbola  may  be  defcribed  by 
Prop.  XCI. 

Draw  NG,  PL  perp.  to  KT.  Then  by  con- 
ftruftion,  FN  :  FM  :  :  NK  :  MK :  :  (fimilar  trian- 
gles)  NG  :  MH,  whence  FN  :  NG  :  :  FM :  MH. 
Alfo  FN  :  FP  :  :  NI  :  PI  :  :  NG  :  PL,  whence 
FN  :  NG  :  :  FP  :  PL.  Therefore  FN  :  NG  :  : 
FP  :  PL  : :  FM :  MH  : :  (conftruftion)  FA  :  AT :  : 
BF  :  BT.  And  this  (Prop.  XXVI.)  is  the  pro- 
perty of  the  hyperbola,  where  TG  is  the  direc- 
trix. For,  fince  AT  :  AF  :  :  BT  :  BF  :  :  (com- 
pounding) BT  +  AT  .  BF  +  AF  :  :  BA  :  SF  :  ; 
CA  :  CF-,  therefore  (XXVI.  Schol.)  TG  is  the 
direclrix. 
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PROP.     CII.     Prob. 

Given  two  conjugate  diameters  of  a   hyperbola  \  \qc. 
CH,  CL,  to  find  the  two  axes. 

Join  the  ends  of  the  diameters  with  the  line 
LH,  which  biffed  in  O,  draw  the  afTymptote  CGI. 
Draw  CF  parallel  to  LH,  and  CF  is  the  other  af- 
fymptote.  Draw  CP  to  biffed  the  angle  HCF, 
and  CQ  perp.  to  it.  Then  the  axes  lie  in  the 
lines  CP,  CQ^ 

Make  IO  zz  CO,  and  thro'  H,  L,  draw  IK, 
IG.  Alfo  draw  HP,  LQ  perp.  to  CP,  CQ.  And 
take  C  A  a  mean  proportional  between  CK  and  CP  ; 
alfo  CE  a  mean  between  CG,  CQ^  Then  CA,  CE 
are  the  femiaxes. 

For  (LXXX ..)  fince  LO  =  OH,  CO  is  one  af- 
fymptote,  and  CF  (parallel  to  LH)  is  the  other; 
and  fince  CO  =  OI,  therefore  (LXX1I.  Cor.  2.) 
IK,  IG  are  tangents.  And  fince  CK  :  CA  :  CP 
are  in  geometrical  progreffion;  therefore  (Prop. 
XV.)  CA  is  the  axis,  and  it  biffecls  the  angle  HCF. 
And  fince  CG  :  CE  :  :  CE  :  CQ,  and  CE  perp.  to 
CA  j  CE  is  the  other  axis. 

PROP.      CIII.      Prob. 

To  defcribe  a  hyperbola  about  a  given  parallelo-  106. 
gram  EGHF,  to  pafs  thro'  a  given  point  P. 

Let  the  conjugate  diameters  AB,  ID  biffed  the 
oppofite  fides  of  the  pa;ai!:logram;  draw  PQ  pa- 
rallel to  ID  ;  and  Lake  AC2,  n  , 
CQ'xEL*  —  CLxPQ1      A    ,'^ 

.'  fcL'-PCr •     And  CD— 

CQ*xELA  — CLX  PQ" 
CL*  —  CQ; 

For 
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Fig.      For  (Prop.  XXXVI.)  C A2 :  CD* : :  ALB  :  EL1 
106.  AQB  :  PQ\  That  is,  AC1  :  CD2  :  :  CL2—  CA3 


EL1  :  :  CQ;  —  CA2 :  PQ1.     Hence  CL2  —  CA2 

X  PQ:  =  CQ2  —  CA2  X  EL2  •,  therefore  CA2  X 

EL1  —  PQ2  =  CQ2  X  EL2  —  CL2  X  PQ2,  which 
determines  AC. 

Again,  fince  AC2  :  CD2  :  :  CL2  —  CA2  :  EL2; 
by  compounding;,  AC2 :  CD:  :  :  CL2  :  CDZ  +  EL2. 
And  fince  CL2  —  CA2  :  EL2  :  :  CQ:  —  CA2  : 
PQ:  i  and  (by  divifion)  CL2  —  CA2 :  EL2  :  :  CL2 
—  CQ^  :  EL2  —  PQ;.  Therefore  CL2  :  CD2  + 
EL2 : :  CL2  —  CQ2  :  EL2  —  PQ\  And  (dividing) 
CL2  :  CD2  +  EL2:  :  CQ2 :  CD2  +  PQ\  Whence 

CL2  X  CD2  +  PQ^  -  CQ^  x  CD2  +  EL2 ;  and 

CD2  x  CL2  —  CQ2^  zz  CQ^  X  EL2  —  CL2  X  PQ;-, 

which  determines  CD. 

Cor.  AC2  :  CD2  : :  CL2  —  CQ2  :  EL2  —  PQ\ 
For  AC2  X  EL2— PQ;  =  CQ2  x  EL2  —  CL' 
X  PQ:  =  CD2  X  CL2  —  CQ\ 

PROP.      CIV. 

107.  If  a  cone  MDN  be  cut  by  a  plane,  parallel  to  any 
plane  DXY  within  the  cone,  which  paffes  thro*  the 
vertex  D  •,  the  feclion  LAT  will  be  an  hyperbola. 

Let  the  plane  produced  cut  the  oppofite  cone 
BD/>  in  B// ;  biffed*  AB  in  C,  and  parallel  to  the 
bafe  MN,  draw  PTQ,  CGKF,  ptq,  whofe  fe&ions, 
with  the  cone  will  be  circles  ;  and  the  interfections 
with  the  plane  of  the  hyperbola,  will  be  LT,  //. 
Draw  PQ^  pq  perp.  to  LT,  It  \  and  CK  a  tangent 
to  the  circle  GKF  •,  then  the  rectangle  PIQ^zz  LP, 
and  rectangle  piq  n  li\  and  rectangle  GCF  := 
CK2.  The  plane  PDQ  interfe&ing  the  other  planes, 

will 
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will  make  the  fimilar  triangles  AIP,  ACG ;  and  Fig. 
alfo  BIQ,  BCF.     Whence  107. 

AI  :  IP  :  :  AC  :  CG 
andBI  :  IQj  :  BC  :  CF.     And  multiplying, 
AI  x  BI  :  PI  X  QI  :  :  AC  X  BC  :  CG  X  CF. 
that  is,  AIB:  LP:  :  AC*  :  CK\ 
Therefore  (Prop.  XXXVI.)  the  feftion  LAT  is  a 
hyperbola. 

Cor.  1 .  The  fame  plane  cutting  the  oppqfite  cone, 
the  feclion  will  be  the  oppqfite  hyperbola  /B/,  equal  and 
fimilar  to  TAL. 

For  hi  :  ip  :  :  AC  :  CG,  and  Bi  :iq::BC:  CF. 
Whence  A/B  :  piq : :  AC  X  BC  :  CG  X  CF  •,  that  is, 
AzB  :  il*  : :  AC*  :  CK* ;  therefore  when  B*  zz  AI ; 
then  li  zz  LI,  and  the  curves  are  both  alike. 

Cor.  2.  The  fquare  of  the  conjugate,  4CK?  zz  BH 
X  AE,  the  reel  angle  of  the  diameters  of  the  fruftum. 

For  the  circles  BH,  AE  being  parallel  to  the 
bafe  i  fince  AC  zz  i  A3,  therefore  CG  zz  -^  BH, 
and  CF  zz  4-  AE;  therefore  CKZ  or  GC  X  CF  zz 
iBHx^AE. 

BHx  AE 

Cor.  3.  The  latus  reclum  zz  tv: 

For  it  is  a  third  proportional  to  the  tranfverfe 
and  conjugate. 

Cor.  4.  The  hyperbola  is  right  angled  when  CK  zz 
CA,  or  when  BH  X  AE  zz  AB\ 

Cor.  5.  Thro9  the  ve?"tex  of  the  cone  D,  draw  the  108. 
plane  DXY  parallel  to  the  plane  of  the  hyperbola 
ALT  -,  and  thro9  X  and  Y,  draw  the  planes  DMX, 
Di  <  Y,  touching  the  cone  in  the  lines  DX,  DY  ;  and 
interfering  the  plane  of  the  hyperbola  in  the  lines  NC#, 
OC0  •,  then  thefe  lines  NC#,  OC0,  are  the  ajfymptotes 
of  the  oppofite  hyperbolas  LAT,  IBt  •,  and  YO  or 
XN,  the  femiconjugate  ;  and  the  angle  NCO  zz  an~ 
gle  XDY  -,  and  MD  pajfes  thro9  the  center  C. 

For 
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Fig.  For  thro*  A  draw  the  circle  AGEj  parallel 
1 08.  to  the  bafe  of  the  cone,  which  will  touch  the  plane 
of  the  hyperbola  in  A.  This  will  cut  the  planes 
DMN,  DMO,  in  the  lines  sr,  Gw.  And  then 
the  lines  sr,  rA,  Aw,  wG  are  all  tangents  to  the 
circle  -9  therefore  rs  zz  rA,  and  Aw  zz  wG.  Like- 
wife  rA  zz  Aw,  becaufe  the  parallels  thereto  NI 
zz  IO.  And  fince  sr,  Gw,  are  parallel  to  XN, 
YO  ♦,  therefore  XN  zz  sr  zz  r A  zz  Aw  zz  wG  zz 
YO  •,  and  therefore  XN*  or  rAz  zz  rectangle  LNT, 
by  the  property  of  the  circle ;  and  confequently 
(LXXI.  Cor.  1.)  CN,  CO,  are  affymptotes;  and 
(LXXXI.)  rw  is  the  conjugate,  and  rA  zz  XN  or 
YO  is  the  femiconjugate. 

Draw  PK  parallel  to  AB  •,  then  by  Prop.  XVI. 
Cor.  2.  ellipfis,  which  alfo  agrees  with  the  circle, 
QZ  :  PZ  :  :  QM  :  PM  :  :  (by  divifion)  QM  — 
QZ  or  MZ  :  PM  —  PZ.  And  alternately,  QZ  : 
MZ  :  :  PZ  :  PM  —  PZ  :  :  (by  addition)  QZ  + 
PZ  or  PQ  :  (MZ  +  PM  —  PZ)  2PM.  And  al- 
ternately, QZ  :  PQ  :  :  MZ  :  2PM.  But  by  fimi- 
lar  triangles, 

QZ  :    PQj  :  ZD  :    PK. 
andMZ:    PM  :  :  ZD  :    PF. 
or  MZ:2PM::  ZD  :  2PF. 
whence  ZD  :    PK  :  :  ZD  :  2PF. 
Therefore  PK  zz  2PF,  whence  KP  is  biffefted  in 
F,  and  confequently  AB  (parallel  to  it)  is  bifiected 
in  C,  and  fo  C  is  the  center. 

Laftly,  fince  CN,  CO,  are  parallel  to  DX,  DY; 
the  angle  NCO  c=  angle  XDY. 

ioq.  ^or*  6-  If  A I  be  perp.  to  the  bafe  of  the  cone, 
and  AB  perp.  to  MH  the  tranfverfe  of  the  hyperbo- 
la. And  if  ANz  AB,  and  FND  be  drawn  parallel 
to  the  bafe  PQ.  'I  hen  FD  is  equal  to  the  latus  rec- 
tum. And  DS  (parallel  to  MHj  =  HZ  the  dia- 
meter at  the  vertex  H. 

Draw 
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Draw  AL,  AG  parallel  to  PQ,  MH,  and  put  Fig. 
R    zz  latus    rectum.      Then  the  triangles  ABL,  109. 
ANG,  are  fimilar  and  equal,  whence  AG  z:  AL. 
The  triangles  MCH,    DFS,   GFA,    are  fimilar  * 
whence  MC  :  MH  :  :  DF  :  DS  :  :  GF  :  GA  or 
AL  :  :  (by  the  fimilar  triangles  GFA,  LAH;  AF  :        > 
AH  :  :  (triangles  AFD,  AHZ  fimilar)  FD  :  HZ. 
Whence  DS  zz  HZ.     And  MH  X  FD  =  MCx 
HZ  z  (%>r.  2.)  fquare  of  the  conjugate  zz  (IV. 
Schol.)  MH  x  R ;  therefore  FD  zz  R. 

Cor.  7.  In  a  right  cone,  the  fquare  of  the  tranf-  Il°- 
verfe  BAZ  zz  BEa  —  AE  X  BH,  the  fquare  of  the 
fide  of  the  fruftum  lefs  the  re  El  angle  of  the  diame- 
ters of  the  bafes. 

Let  BF  be  perp.  to  the  bafe  AE,  then  FE  zz 

BH  +  AE 

;  and  (Geom.  II.  23.)  AB1  zz  AE2  + 

BH  +  AE 
BE*  —  2AE  X ~ zz  BE*  —  A£  X  BH. 

Cor.  8.  In  a  right  cone,  the  fquare  of  the  fide  of 
the  fruftum  is  equal  to  the  fum  of  the  fquares  of  the 
tranfverfe and conjugate, BE"  zr.  AB*  +  AE1  +  BH\ 

Cor.  9.  In  a  right  cone,  the  diftance  of  the  focus 
from  the  center,  is  equal  to  half  the  fide  of  the  fruf- 
tum, i  BE. 

For  if  S  be  the  focus,  O  the  center  -,  C  half  the 
conjugate.  Then  (Prop.  II.)  OS1  zr  OB1  +  Cz  zz 
i  ABi  +  i  AE  X  BH  zz  (Cor.  8.)  i  BE\  and  OS 
zz-:- BE  or  4- AH. 

Cor.  10.  In  a  right  cone,  if  F  be  the  focus,  C  ll1* 
the  center,  and  AG  zz  A  F.     The  circle  GOI  paral- 
lel to  the  bafe  of  the  cone  RS,  will  cut  the  plane  of 
the  hyperbola  FAH  in  the  line  ED  the  dkeclrix  of 
the  hyperbola. 

In  the  plane  of  the  hyperbola,  let  FH,  AL,  be 
perp.  to  AF,  and  FID  a  tangent  at  Hj  then  (XXVI. 

P  and 


1 64  THE    HYPERBOLA. 

Fig.  and  Sch.)  D  is  the  point  thro'  which  the  directrix 
i  ii.  palTes.  But  (XXV.  Cor.  2)  AL  =  AF.zz  AG  by 
conftruclion.  Alfo  (Cor.  9.)  CF  =  AP  =  4.  AN  ; 
and  therefore  CP  drawn  thro'  the  middle  of  AN, 
AM  will  be  parallel  to  MN  or  to  RS  the  bafe  of 
the  cone.  Now  (Prop.  XV.)  CF  :  CA  :  :  CA  : 
CD  : :  (by  divifion)  AF  :  AD  -,  that  is,  AP  :  CA: : 
AG  :  AD  *,  therefore  DG  is  parallel  to  CP,  or  the 
bafe  of  the  cone.  And  on  the  contrary^  if  DG  is 
parallel  to  RS,  DE  will  be  the  directrix. 

112.  Cor.  11.  In  a  right  coney  if  F  be  the  focus ,  and 
AG  —  AF,  and  the  circle  GI  be  drawn  parallel  to 
the  bafe  of  the  cone  \  then  the  diftance  of  any  point  P 
from  the  focus  as  FP,  will  be  equal  to  the  diftance  of 
P  from  the  periphery  of  the  circle  GI. 

Let  PQ  be  an  ordinate  to  AQ  •,  draw  QH,  QS 
parallel  to  AG,  DG.  Then  will  (Geom.  V.  12. 
Cor.)  QH  zSGz  diftance  of  P  from  the  peri- 
phery of  the  circle  GI ;  becaufe  the  plane  SQP  is 
parallel  to  the  circle  GI.  By  Cor.  10,  DE  is  the 
directrix  •,  therefore  if  DR  be  the  focal  tangent, 
and  if  the  ordinate  QP  be  continued  to  the  tangent 
at  R;  then  (Prop.  XXV.)  QR  ==  FP,  and  AL  = 
AF  z=l  AG.  And  by  fimilar  triangles,  AL  :  QR  : : 
(DA  :  DQ  :  :)  AG  :  QH  •,  that  is,  AG  :  FP  :  : 
AG  :  SG-,  therefore  FP  ±  SG. 

Scholium. 

Hence  we  have  the  reafon  why  the  Hyperbola  is 
called  one  of  the  Conic  Sections.  For  if  two  op- 
pofite  cones  be  cut  by  any  plane,  it  will  always 
make  the  figure  of  an  hyperbola  in  both  the  cones, 
as  is  demon llrated  in  this  proportion.  The  pro- 
perties of  which  have  been  demonftrated  at  large 
in  this  Book. 


CONIC 
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CONIC   SECTIONS, 

BOOK     IIL 

Of  the   Parabola. 

DEFINITIONS. 

D  E  F  I  N.      I. 

IF  one  end  of  a  thread  equal  in  length  to  CH,  Fig^ 
be  fixed  at  the  point  F,  arid  the  other  end  fixed  » • 
at  H,  the  end  of  the  fquare  DCH.  And  if  the 
fide  CD  of  the  fquare  be  moved  along  the  right 
line  BD,  and  always  coincides  with  it.  Then  if 
the  firing  FGH  be  always  kept  tight,  and  clofe  to 
the  fide  GH  of  the  fquare.  The  point  or  pin  G 
(where  it  leaves  the  fquare)  will  defcribe  a  curve 
MRALGK  called  a  Parabola. 

D  E  F.     II. 
The  fixed  point  F,  is  called  the  Focus. 

D  E  F.     IIL 

The  right  line  BD,  is  called  the  Direfirix. 

D  E  F.      IV. 

If  the  line  BN  be  drawn  thro'  the  focus  F, 
perpendicular  to  BD  •,  then  AN  is  called  the  Axis 
of  the  Parabola  \  and  A  the  Vertex. 

P  2  D  E  F. 
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Fi0". 
i7  D'E  F.      V. 

A  line  drawn  thro'  the  focus  F,  perpendicular  to 
the  axis,  as  LR  is  called  the  Parameter  or  Latus 
Return. 

D  E  F.     VI. 

Any  line  drawn  within  the  curve,  parallel  to 
the  axis,  as  GH  is  called  a  Diameter.  And  the 
point  G  where  it  cuts  the  curve,  is  the  Vertex* 

D  E  F.     VII. 
2#        A  right  line  drawn  from  any  diameter  to  the 
curve,  and  parallel  to  the  tangent  at  the  vertex, 
as  PM,  is  called  an  Ordinate.     If  it  go  quite  thro' 
the  curve,  it  is  called  a  double  Ordinate. 

D  E  F.      VIII. 

The  part  of  the  diameter  between  the  vertex 
and  ordinate,  as  GP  is  called  the  Abfciffa. 

D  E  F.      IX. 

A  right  line  meeting  the  curve  in  one  point  G, 
but  does  not  cut  it,  is  called  a  Tangent  in  that 
point. 

PRO  P.      I. 

,>  If  BD  be  the  direclrix,  G  any  point  in  the  curve, 
the  line  GD  drawn  to  the  direttrix,  parallel  to  the 
axis,  is  equal  to  the  line  GF  drawn  from  the  fame 
point  G  to  the  focus  ;  GD  rz  GF. 

For  HG  -f-  GF  z=  length  of  the  firing  z=  HD, 
take  away  GH  from  both,  and  then  GD  zz  GF. 

Cor.  i .  The  diftances  of  the  focus,  and  of  the  di- 
rctlrix  from  the  vertex,  are  equal.  AB  zz  AF. 

For  when  D  is  at  Bs  G  will  be  at  A;  confe- 
qucntly  AB  zz  AF. 

Cor. 
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Cor.  2 .  If  GP  be  an  ordinate  to  the  axis  5  then  Fig* 
AP  +  AF  zz  FG.  3.. 

For  AP  +  AF  zz  BP  zz  GD. 

Cor.  3.  FG  —  FP  zz  half  the  lattis  re  El  urn, 
PROP.      II. 


, 


The  diftance  of  the  focus  from  the  vertex  is  ~  the 
latus  reclum  :  AF  zz  ~  LR  zz  -J-  LF. 


For  when  the  pin  G  comes  to  L,  then  LF  zz 

B  zz  (Prop.  I.  Cor.  1.)  2FA,  and  AF  zz  -I  FL. 

For  the  fame  reafon  FA  zz  4-  FR,  therefore  FA  zz 

Scholium. 

As  the  latus  reclum  to  the  axis  is  four  times  the 
diftance  of  the  vertex  A  from  the  focus  F.  So 
in  any  other  diameter  GH,  four  times  the  diftance 
of  its  vertex  from  the  focus,  or  AFG  is  called  its 
Latus  Reclum. 

PROP.      Ill 

The  fquare  of  any  ordinate  to  the  axis,  is  equal  to     , 
the  re  ft  angle  of  the  latus  re  Elian  and  dbfcijfa  :  PM* 
zz  LR  X  AP. 

For  (I.  Cor.  2.)  MF  zz  AF  +  AP  zz  (Prop.  II.) 
AP  +  -i  LR,   and  FP  zz  AP  —  AF  zz  AP  — 

^  LR.     And  in  the  right  angled  triangle   MFP, 

MP1  zz  MF*  —  FP*  zz  MF  +  FP  X  MF  — FP 
zz2APx^LR  zz  APxLR. 

Cor.  i.   If  F  is  the  focus,  MP*  zz  AP  X  4AF, 

Cor.  2.  The  abfciffas  are  as  the  fquares  of  their 
erdinates. 

AP  :  A(^:  :  PM1  :  QN\ 

P   3  For 
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Fig.      For  AP  :  AQj  :  AP  x  LR  :  AQ^x  LR  :  : 

4.  PM2  :  QN2. 

Con  3.  T££  latus  reftum  is  a  third  proportional  to 
the  abfciffa  and  ordinate.  AP  :  PM  :  LR  -H- 

PROP.      IV. 

5.  As  the  latus  return  to  the  fum  of  any  two  ordi- 
nates  :  :  fo  their  difference?  to  the  difference  of  the 
abfciffa.     LaU  reft.  :  CD  :  :  ND  :  PQ. 

Let  L  zz  latus  rectum,  then  (Prop.  III.)  L  X 
AP  zz  PM* ,  and  L  X  AQ^  zz  NQ\  And  by 
fubtraftion,  L  x  AQ^— L  X  AP  zz  NQ2  —  PM2; 
therefore  L  :  NQ  +  PM  :  :  NQ^—  PM  :  AQ^— 
AP;  that  is,  L  :  DC  :  :  ND  :  PQ. 

Cor.  1.  If  MD  be  the  axis?  NC  an  ordinate  to  it. 
Then  the  reft  angle  NDC  zz  MD  X  parameter. 

\     Cor.  2.  The  reftangle  NDC  is  every  where  as  MD. 

PROP.      V. 

g.  If  a  line  AN  be  drawn  from  the  vertex  to  cut  the 
curve  in  M,  and  the  ordinate  QO  in  N  •,  and  the 
ordinate  PM  be  drawn.  Then  the  reftangle  PM  X 
QN  zz  AQ^X  parameter. 

LetL  zz  latus  reftum,  then  (Prop.  Ill)  QO2  zz 
L  X  AQj  and  (III.  Cor.  2.)  PM2  :  QO2  or  L  X 
AQj  :  AP  :  AQj  :  (iimilar  triangles)  FM  :  QN  •, 
and  PM2  X  QN  zz  PM  x  L  X  AQ,  or  PM  X 

QNzLxAQ. 

Cor.  1.  PMxQN  zzQO2. 

Cor.  2.  Any  line  befides  the  axis?  paffing  thro'  the 
vertex  A,  will  cut  the  curve  again  in  fome point  M. 

For 
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For  QN  :  QA  :  :  latus  reftum  :  PM  the  ordi-  Fig. 
nate  where  it  cuts  the  curve.  6. 

PROP.      VI. 

If  from  any  point  C  in  the  axis,  the  line  CF  be    6. 
drawn,  cutting  the  curve  hi  D  and  F,  and  the  or- 
dinates  DB,FQJe  drawn.  Then  C  A1  rz  ABx  AQ. 

For  (III.  Cor.  2  )   AB  :  AQj   :  BD2  :  QF2  :  : 

(fimilar  triangles)  C  A  -j-  AB"  :  CA  +  AQj  whence 

AB  X  CA:  -f  2CA  X  AQ  +  AQ;  =  AQ^X 

CA2  +  2CA  XAB  +  AB',  and  AB  X  CA2  +  AQ^ 

cr  AQ  X  CA;  +  ABa  a  whence  AQ^—  AB  x  CA* 

==  AQ2  X  AB  —  AB1  X  AQ^=  AQ^— ABx  AQ 
X  AB.     Therefore  CA2  zz  AQx  AB. 

PROP.      VII. 

If  AB  be  perpen.  to  the  axis  AE,  EG  an  ordi-    7. 
nate,  and  AG  drawn.    Then  any  line  BF  being  drawn 
parallel  to  the  axis  AE,  cutting  the  carve  in  M,  and. 
AG  in  E.     Then  BM,  BD,  BF  are  continually  pro-* 
portional. 

For  (III.  Cor.  2.)  AP  :  AE  :  :  PM2  or  CD*  : 
EG2  :  :  (fimilar  triangles)  AC2  :  AE: ;  therefore 
AP  :  AC  :  :  AC  :  AE  ;  that  is,  BM  :  BD  :  :  BD  * 
BF. 

PROP.      VIII. 

If  from  any  point  M  in  the  curve,  MF  be  drawn    8. 
to  the  focus,  and  MD  ^  drawn  parallel  to  the  axis 
cutting  the  diretlrix  BD  in  D :  and  DF  be  drawn. 
Then  the  line  MG    drawn  thro*  the  middle  of  DF 
will  touch  the  curve  in  M. 

From  any  other  point  m  in  the  line  k"G,  draw 

triF  to  the  focus,  and  md  perp.  to  BD.     Then  fmce 

P  4  MF  = 
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Fig.  MF  r  MD,  and#»F  =  mD,  the  triangles  FMD  and 
8.  FmD  are  ifoceles,  and  FG  z=  GD  ;  but  the  angle 
Ddm  being  right  Dm  or  m¥  is  greater  than  dm  •, 
therefore  the  point  m,  by  the  generation  of  the  pa- 
rabola, is  without  the  curve. 

Cor.  i.  If  the  tangent  MD  be  continued  to  cut 
the  axis  at  T  ♦,  the  diftance  of  the  focus  and  inter  fee- 
tion,  is  equal  to  the  diftance  of  the  focus  and  point 
of  contact.  FT  zz  FM. 

For  MD  being  parallel  to  FT,  the  <  GTF  zz 
GMD  -GMF;  therefore  FT  zz  FM. 

Cor.  2.  The  tangent  MG  biffetts  the  angle  DMF 
made  by  the  line  perp,  to  the  direclrix,  and  that  drawn 
to  the  focus. 

Cor.  3.  A  line  drawn  from  any  point  M  to  the 
focus \  and  another  'parallel  to  the  axis,  make  equal 
angles  with  the  curve  \  FM*»  zOMr. 

PROP.     IX. 

q.  If  the  tangent  at  M,  cut  the  axis  AB  at  T  •, 
then  the  diftance  of  the  interferon  from  the  vertex, 
AT  zz  AP,  the  abfcifja  to  the  ordinate  PM. 

From  T  draw  any  line  TF  cutting  the  curve  in 
D  and  F,  and  draw  the  ordinates  DB,  FQj  then 
(Prop.  VI.)  TA2  zz  AB  X  AQ.  Now  let  the 
points  D,  F,  approach  to  M,  and  coincide  with  it; 
then  B,  Q  coincide  with  P,  and  TDF  becomes  the 
tangent  TM  ;  in  which  cafe  TA2  zz  AP  X  AP  zz 
AP2,  and  TA  zz  AP. 

Cor.  1 .  The  fub tangent  PT  is  double  the  abfcifja  AP. 

Cor.  2.  The  tangent  at  the  vertex  A,  is  perp.  to 
the  axis  AB. 

For, 
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For,  from  the  generation,  the  ordinates  are  perp.  Fig. 
to  the  axis,  or  parallel  to  the  dire&rix.  9. 

Cor.  3.  All  parabolas  having  the  fame  ahfciffa, 
will  have  their  tangents  meeting  in  the  fame  point  of 
the  axis. 

For  if  AP  be  given,  AT  equal  to  it,  will  be 
given  for  them  all. 

PROP.      X. 

If  two  parabolas  be  defcribed  on  the  fame  axis ;    10. 
the  ordinates  will  be  proportional^  or  in  a  given  ratio 
to  one  another. 

For  let  the  common  abfcifTa  be  AB,  the  ordi- 
nates BC,  BD.  /,  L  the  parameters.  Then  (Prop. 
III.)  IX  AB  =  BC2,  and  LxAB-  BD2 ;  there- 
fore BC  :  BD  :  :  //XAB  :  y/L  X  AB  :  :  v// : 
v/L,  which  is  a  given  ratio. 

Cof.  The  correfpondent  ordinates  of  two  parabolas 
defcribed  on  the  fame  axis^  are  in  the  fibduplicate 
ratio  of  the  parameters. 

PROP.      XI. 

If  ¥  be  the  focus ,  MO  perp.  to  the  tangent  MT-,    11. 
then  the  fubnormal  (or  diftance  of  the  ordinate  from 
the  point  of  interferon)  PO  zz  -  the  latus  rettum. 

Let  L  z=  latus  reclum,  then  (IX.  Cor.  i.)PT- 
2  AP  •,  and  by  fimilar  triangles  TP  or  2  AP  :  PM  : : 
PM:  PO,  and  2APXPO  ~  PM2  =  (Prop.  III.) 
LxAPi  therefore  2PO  2=  L  or  PO  =  i  L. 

Cor.  1.  If  F  be  the  focus^  MO  perp.  to  the  tan- 
gent  MT  :  Then  FT  z  FM  z  FO. 

For  (Prop.  II  )  AF  =  -i-L,  and  (I.  Cor.  2.)  Ffvt 
=  AP  +  AF  =  AP  +  i  L,  and  FP  =  AP  — 

AFzr 
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Fig.  AF  zz  AP  —  i  L.     And  FO  zz  AP  —  ft  + 
ii.  i  L  zz  AP  +  ^L  zz  FM  zz  (VIII.  Cor.  i.)  FT. 

Cor.  2.  A  circle  defcribed  with  the  radius  FM, 
and  center  F,  will  pafs  thro9  T,  M,  O. 

Cor.  3.  The  angle  MFO  is  double  the  angle  MTCX 

Cor.  4.  Tf  OG  ^  ^rp.  /<?  MF ;  /fo»  MG  zz 
itf^f  ?#*  fe/«j  reclum. 

For  fince  FM  zz  FO,  the  <  FMO  zz  <  FOM ; 
therefore  the  right  angled  triangles  MOP,  MOG 
are  fimilar  and  equal  -,  and  MG  zz  OP  zz  ~  L. 

Cor.  5.  jFfcw*  MG  zz  OP  zz  2AF  zz  ±  para- 
meter. 

PROP.      XII. 

12.  If  MT  be  a  tangent  at  any  point  M,  AG  a  tangent 
at  the  vertex ;  then  if  FG  be  perp.  to  MT  from  the 
focus,  it  will  pafs  thro*  the  interferon  G. 

For  if  BD  be  the  directrix,  and  MD  parallel  to 
the  axis  ;  then  (Prop.  VIII.)  fince  MF  zz  MD, 
'MG  drawn  to  the  middle  of  FD  is  perp.  to  it,  and 
FG  zz  GD;  and  (I.  Cor.  1.)  fince  FA  zz  AB ; 
therefore  AG  is  parallel  to  DB,  or  perp.  to  AF, 
and  is  therefore  a  tangent  at  F.  Therefore  the 
tangent  AG,  the  tangent  MT,  and  the  perp.  FG 
all  interfect  in  one  point  G. 

Cor.  1 .  If  MP  be  an  ordinate,  AG  a  tangent  at 
A,  MT  a  tangent  at  M  •,  then  AG1  zz  AP  X  i -la- 
tus  reclum  zz  AP  X  AF. 

For  (IX.  Cor.  1.)  fince  TA  zz  ±  TP,  GA  zz 
i.MP)  therefore  GA4  zz  ^  MP1  zz  (Prop.  III.) 
AP  X  -l  parameter. 

Cor.  2.  If  MT,  AG  be  tangents-,  then  AG  zz 
half  the  ordinate  MP. 

Cor. 
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Cor.  3.  If  FG  be  perp.  on  the  tangent  MT  from  Fig. 
the  focus.  Then  FA,  FG,  FM,  are  in  continual  12. 
proportion. 

For  in  the  right  angled  triangle  FGT,  FA  :  FG: : 
FG  :  FT  or  FM. 

PROP.      XIII. 

If  F  be  the  focus  ^  MO  perp.  to  the  curve  at  M.  n* 
Then  MO1  zz  FO  X  latus  rettum. 

For  (Prop.  XI.)  PO  r{  parameter,  and  (XI. 
Cor.  1.)  MF  zz  FO.  But  (Geom.  II.  23.)  MO1 
zz  MF*  +  FO*  —  2FO  xFPz  2FO2  —  2FO 

X  FP  =  2FO  X  FO  — FP  zz  2FO  x  PO  zz  FO 

X  parameter. 

PROP.     XIV. 

If  FH  be  an  ordinate  at  the  focus  \  THG  a  tan-    13. 
gent  at  H,  or  the  focal  tangent  \   PM  an  ordinate^ 
continued  to  the  tangent  at  G.     Then  TP  zz  FM  zz 
FG. 

Draw  the  tangent  at  the  vertex  AL.  Then  (IX.) 
TA  -  AFz:  (Prop.  I.  Cor.  1.)  £  parameter,  and 
(def.  V.)  FH  zz  4-  parameter;  therefore  TF  zz 
FH,  and  confequently  by  fimilar  triangles  TP  = 
PG;  but  TP  zz  TA  -f  AP  zz  AF  +  AP  zz 
(I.  Cor.  2.)  FM ;  and  therefore  PG  zz  FM. 

Cor.  If  TH  be  the  focal  tangent^  AL  a  tangent 
at  the  vertex  -,  then  TA  zz  AL  zz  AF  zz  -^  para- 
meter \  and  TF  zz  FH  zz  -parameter. 


PROP. 
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Flg'  PROP.      XV. 

14.  If  AR  be  the  axis,  ML  any  diameter  -,  AE,  MT, 
two  tangents  at  A  and  M.  Then  the  triclangle  AYT 
zz  MYE. 

Draw  the  ordinate  MP,  then  (IX.  Cor.  1.)  TA 
zz  i  TP;  therefore  AY  zz  4.  PM  or  i.  EA  zz 
EY ;  therefore  the  triangles  AYT,  EYM  are  fi- 
milar  and  equal. 

Cor.  1 .  If  AD  be  parallel  to  MT ;  the  triangle 
MPT  zz  ADE  zz  reclangle  MPAE  zz  DP  AM  zz 
DATM. 

This  is  evident  by  infpe&ing  the  figure. 

Cor.  2.  If  QIF  beperp.  to  AB,  and  QRL  parallel 
to  MT-,  then  the  triangle  QIR  zz  rectangle  IAEF. 

For  the  triangles  MPT,  QIR  arefimilar;  whence 
MPT  :  QIR  :  :  MP1  :  QP  :  :  (III.  Cor.  2.)  PA  : 
IA  :  :  rectangle  PAEM  :  rectangle  IAEF ;  but 
MPT  zz  MPAE ;  therefore  QIR  zz  IAEF. 

Cor.  3.  The  triangle  QLF  zz  parallelogram 
LMTR. 

For  QIR  zz  IAEF,  add  to  both  LRIF,  then 
LQF  zz  LRAE  zz  LRTM. 

Cor.  4.  After  the  fame  manner  triangle  iqR  zz 
reclangle  iAEf\  and  qfL  zz  TRLM. 

For  the  triangles  MPT  and  qiR  are  fimilar; 
whence  MPT  :  qiR  :  :  MP2  :  qil  :  :  AP  :  Ai  :.: 
PAEM  :  /AE/;  but  MPT  zz  PAEM;  therefore 
qiR  zz  f  AE/. 

Then  fince  TAY  zz  MFY,  add  to  both  Az/MY, 
and  then  T//M  zz  Az/E  zz  iqR.  Take  if LK  from 
both  s  then  TRLM  =  qfL. 

Cor.  5.  Any  ordinate  Clqis  biff e tied  by  the  diameter 
ML. 

For 
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For  (Cor.  3.  and  4.)  triangle  LQF  =-  LMTR  Fig. 
zz  Lqf,  therefore  thefe  triangles  LQF,  "Lqf  are  14. 
fimiiar  and  equal,  whence  LQ^zz  Lq. 

PROP.      XVI. 

In  any  diameter  MK,  the  abfcijfas  are  as  the  fquares  \  5. 
ef  the  ordinates  ,  ML  :  MK  :  :  LQ^  :  KG\ 

For  draw  the  tangent  MT  to  cut  the  axis  AS  in 
T.  Then  (XV.  Cor.  3.)  triangle  QFL  zz  paral- 
lelogram LMTR,  and  GBK  =  KSTM.  But 
QL2 :  GK2 : :  triangle  QLF  :  GKB  : :  Par.  LMTR: 
KMTS  :  :  LM  :  KM. 

Cor.  Any  diameter  interfecls  the  curve  only  in  one 
point,  viz.  the  vertex. 

For  the  abfciflas  and  ordinates  continually  increaf- 
ing,  the  curve  recedes  more  and  more  from  the 
diameter. 

PROP.      XVII. 

In  any  diameter  ML,  the  fqiiare  of  any  ordinate^    \  6. 
is  equal  to  the  reclangle  of  the  parameter  and  ab- 
fcijja ,  LQ2  zz  4FM  X  ML. 

From  M  draw  the  tangent  MT  cutting  the  axis 
in  T,  and  draw  AK  parallel  to  it,  from  the  princi- 
pal vertex,  and  draw  the  ordinate  MP  to  the  axis. 
Then  (III.  Cor.  1.)  4AF  XAPz  PM\  and  MK 
zz  AT  zz  (IX.)  AP  zz  -i-PT.  In  the  right  angled 
triangle  TPM,  MT2  or  AK2  zz  MP2  +  PT    zz 

4AF  X   AP   4-   4AP*  zz  4AP  X  AF  4-  AP   zz 
(II.  Schol.)4AP  X  FM  zz  4MK  x  FM;  that  is,     . 
AK2  zz  MK  x  4FM. 

But  (XVI.)  AK2  :  QL2  :  :  MK  :  ML  : :  4FM  X 

MK  :  4FM  x  ML,  but  AK2  zz  4FM  x   MK  • 
therefore  QLZ  zz  4FM  X  ML. 

Cor. 
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Fig*      Cor.  i .  The  parameter  is  a  third  -proportional  t$ 

16.  the  abfcijfa  and  ordinate . 

Cor.  2.  If  MP  be  perp.  to  the  axis  AP,  then  the 
latus  reclum  of  the  diameter  ML,  exceeds  the  latus 
reclum  of  the  axis,  by  4  A  P. 

For  4FM  =  (I.  Cor.  2.)  4AF  +  4AP,  and  4AF 
is  the  latus  rectum  of  the  axis. 

Cor.  3.  If  MC  is  perp.  to  the  tangent  MT,  then 
TC  is  half  the  latus  reclum  of  the  diameter  ML. 

For  TP  :  TM  :  TC  4f,  or  2MK  :  AK  :  i  pa- 
rameter. 

3.       Cor.  4.  The  line  GD,  perp.  to  the  diretlrix  BD,  is 
~  of  the  latus  reclum  of  the  diameter  GH. 
By  Prop.  I. 

Scholium. 

Since  the  fquare  of  the  ordinate  is  always  equal 
to  the  rectangle  of  the  abfcifla  and  latus  rectum  -9 
for  that  reafon  the  curve  is  called  a  Parabola. 

PROP.      XVIII. 

17.  In  any  diameter  DP,  the  whole  ordinate  pajfing 
thro9  the  focus  F,  is  the  latus  reclum  to  that  diameter ■, 
MN  zz  latus  reclum  of  DP ;  and  its  abfcijfa  DP  is 
^  the  latus  reclum. 

Draw  the  tangent  DT,  then  DP  zz  TF  zz  (VI IL 
Cor.  1.)  DF  =  (II.  Schol.)  £  lat.  rectum  zz  i  L. 
But  (XVII.)  NP*  or  PMZ  zz  L  X  DP  zz  4DP  X 
DP  zz  4DPa  ;  therefore  PM  zz  2DP  zz  4.  L,  and 
NM  zz  L. 

Cor.  1.  If,an  ordinate  of  any  diameter  pafs  thro* 
the  focus,  as  MN.  The  abfcijfa  is  equal  to  the  dif- 
tance  of  the  focus  from  the  vertex :  DP  zz  DF. 

Cor, 


Fig.i. 


FlJSSST.faJ7£> 


B.  III.        THE    PARABOLA.  177 

Cor.  2.  If  any  line  MN  be  drawn  thro*  the  focus  Fig. 
F,  the  re  ff  angle  NFM  zz  ^NM  X  i  parameter.        17. 

For  NP2  zz  DP  x  NM,  becaufe  NM  is  the  la- 
ms redum  ;  and  DT2  or  PF2  =  DO2  +  TO1  zz 

4AF  X  AO  +  4AO2  zz  AO  X  4AF  +  4AO  zz 

(becaufe  AO  zz  TA,  and4AF  +  4AO  zz  lat.  rec- 
tum of  DP)  TA  X  MN.  But  rectangle  NFM  = 
NP2  —  PFZ  zzDPxNM— TAxNMzz  AFX 

NM. 

PROP.      XIX. 

If  ML  be  any  diameter ',  HP  an  ordinate  to  it ;    18. 
and  HL  perp.  to  it.     Then  HL2  zz  MP  X  latus 
retlum  of  the  axis. 

Let  BO  be  the  directrix,  continue  PM  to  O, 
draw  the  tangents  MT,  AD,  alfo  draw  FDO  from 
the  focus  F.  Then  (VIII.  Con  1.)  TF  zz  FM, 
and  FD  perp.  to  MT;  alfo  (XII.)  AD  perp.  to  FT. 
Then  (XVII.)  HP*  zz  4MF  X  MP.  The  trian- 
gles HPL,  DTA,  DTF  are  fimilar ;  whence  HP* : 
HL*  :  :  DT2  :  DA2  :  :  DF2  :  FA2  :  :  TF  or  MF  : 
FA  :  :  4MF  X  MP  :  4AF  X  MP  5  but  HP2  zz 
4MF  X  MP ;  therefore  HL2  zz  4AF  X  MP. 

Cor.  t.  The  fquares  of  the  perpendiculars  HL,  are 
as  the  abfciffas  MP;cr  HL2  :  b?  :  :  MP  :  Mp. 

Cor.  2.  If  from  the  vertices  M,  H,  of  two  dia-    *95 
meters  MP,  HG  ;  two  ordinal es  be  drawn  MN  and 
HP  ;  then  the  abfciffas  MP,  HN,  will  be- equal 

For  if  L  zz  parameter-,  then  MG1  zz  LX  HN, 
and  HL2  zz  L  X  MP;  but  MG  zz  HL;  therefore 
L  X  HN  zz  L  x  MP,  and  MP  zz  HN. 


PROP. 
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Fig. 

PROP.      XX. 

20 '  If  from  any  point  M  a  tangent  be  drawn  to  cut 
any  diameter  AP  in  T  \  and  the  ordinate  MP  be 
drawn  ;  then  the  diftance  of  the  interferon  from  the 
vertex,  AT;  is  equal  to  the  abfciffa  AP. 

Draw  the  diameter  MN,  and  draw  MG,  AL, 
perp.  to  AP,  MN  ;  and  draw  AN  parallel  to  MT, 
and  AN  will  be  an  ordinate  to  MN.  Then  (XIX. 
Cor.  2.)  AP  =  MN  =  (by  parallel  lines)  AT. 

Cor.  1.  ThefubtangentFT  is  double  the  abfciffa  AP. 

Cor.  2.  The  tangents  from  each  end  of  the  double 
ordinate  Mm,  meet  in  the  fame  point  of  the  diameter  T. 

For  the  abfciffa  of  the  diameter  drawn  thro'  m, 
will  be  equal  to  AP  =  AT. 

14.  C°r'  3-  Hence  if  AR,  ML  are  any  diameters  be- 
fides  the  axis ;  and  AE,  MT,  tangents -,  the  trian- 
gle AYT  =  MYE. 

For  (this  Prop.)  ME  =z  DM  =  AT-,  and  the 
triangles  AYT,  MYE  are  fimilar,  and  therefore 
equal. 

PROP.      XXI. 


21. 


If  BD  be  the  direclrix,  GL  any  diameter,  ML  an 
ordinate,  MT  a  tangent,  MK  perp.  to  GL.  Then 
the  fquare  of  the  tangent  MT2,  is  to  the  fquare  of 
the  ordinate,  ML2  :  :  as  the  diftance  of  the  point  of 
contacl  from  the  direclrix,  MD;  to  -^thelatusreclum 
of  GL. 

For  (Geom.  II.  22.)  MT2  zz  ML1  +  TL*  + 
2TLK.  But  (XVII.)  ML2  =  4FG  X  GL,  and 
(XX.)  TL2  =  4GL2,  and  2TLK  =  4GL  X  LKj 
whence  MT2  zz  4FG  X  GL   +   4GL2  +  4GL 

XLK 
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xLKz  4GL  X  FG  +  GL  +  LK  zz  4GL  Fig. 
X  FK.  Therefore  MP  :  ML2  : :  4GL  X  FK  :  2I- 
4FG  X  GL :  : FK :  FG. 

Cor.  1 .  If  the  diameter  GL  becomes  the  axis  AC ;   I  &• 
then  the  fquare  of  the  tangent  MT%  to  the  fquare  of 
the  ordinate  MP2  :  :  AF  +  AP,  to  AF;  that  is,  as 
latus  reclum  of  MK  :  to  latus  reclum  of  the  axis. 

For  if  F  be  the  focus,  AF  (fig.  16.)  zz  AB 
(fig.  21.) 

Cor.  2.  The  fquare  of  the  tangent  MT1,  is  to  the  21. 
fquare  of  the  perp.  MK2  :  :  as  the  diftance  of  the  point 
of  contacl  and  diretlrix  MD,  to  ^  parameter  of  the 
axis  AB. 

For  (XIX.)  MK?  zz  4AB  x  GL.  And  MP 
MLZ :  :  FK  :  FG,  and  ML2  :  MK2 : :  4FG  X  GL 
4AB  X  GL  :  :  FG  :  AB.  And  ex  equo,  MT2 
MK2  :  :  FK  :  AB. 

Cor.  3.  ML2 :  MK2 :  :  FG  :  AB. 
For  ML2  :  MK2 :  :  4FG  X  GL  :  4AB  X  GL  :  : 
FG  :  AB. 

Cor.  4.  LK2  zz  4HG  X  GL. 
For  LK2  zz  ML2  —  MK2  zz  4FG  X  GL— 4AB 
X  GL  zz  4HG  X  GL. 

Cor.  5.  MT2  zz  rectangle  4FK  X  GL. 

PROP.      XXII. 

If  AG  be  any  diameter,  AB  a  tangent,  AF  perp.  22, 
to  the  axis.     BD  parallel  to  AG. 

Then  AFZ  zz  BD  x  latus  reclum  of  the  axis. 

For  let  L  zz  latus  reclum  of  AG,  /  zz  latus 
rectum  of  the  axis.  Draw  the  ordinate  GD. 
Then  (XVII.)  L  X  AG  zz  GD2 ;  that  is,  L  X  BD 
z=  AB\  But  (XXI.  Cor.  1.)  AB2 :  AF* :  :  L  :  / :  : 

Q  LX 
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Fig.  L  X  ED  :  /x  BD.  But  LxBDzABzj  therefore 

22.  /x  BD  z=  AFZ. 

Cor.  i .  The  line  BD  is  every  where  as  the  fquare 
of  the  bafe  AF. 

Cor.  2.  AF  :  BD  :  :  FH  :  FD. 

For  /xBDn  AF1,  and  (IV.  Cor.  i.)  AF  X 
FH  r/xDFj  whence  AF  :  BD  :  :  /:  AF  :  :  FH  : 
DF. 

PROP.      XXIII. 

23.  If  FG,  HQ^f  ordinates  to  the  axis  AQj  BFT 
a  tangent  at  F  *,  FL  parallel  to  AQj  and  QH  />r<?- 
duced  to  the  tangent  at  B.  Then  BH  :  HL  :  :  HL : 
FM. 

Put  p  for  the  parameter,  then  finceTG  zz  2  AG, 
by  fimilar  triangles,  2  AG  :  GF  :  :  FL  :  LB  :  :p  x 
LF  :  p  X  LB ;  then  ;xLFxGFz;x  2  AG  X 
LB  =  (III.)  2FG2  x  LB,  and  2FG  xLBz^X 
.  LF  =  (IV.  Cor.  1.)  HL  X  LC,  which  reduced 
to  a  proportion,  BL  :  LH  :  :  LC  :  2FG  or  FM; 
and  by  divifion,  BL  —  LH  :  LH  :  :  LC  —  FM : 
FM ;  that  is,  BH  :  LH  :  :  KC  or  LH  :  FM. 

Cor.  1.  FMxLBz^xFLzHLx  LC. 

Cor.  2.  If  BF  be  a  tangent  at  F,  FL  a  diameter , 
BLC  perp.  to  FL  5  then  BLZ  z=  rettangle  HBC. 

For  fince  BH  :  HL  : :  HL :  FM.  By  compound- 
ing BH  :  (BH  +  HL)  BL  :  :  HL  :  (HL  +  FM) 
HK.  And  by  addition,  BH  :  BL  : :  (BH  +  HL) 
BL  :  .'BL  +  HK)  BC. 


PROP. 
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Fig. 
PROP.     XXIV. 

If  AD,  PQ^  be  two  diameters  -,  AC  a  tangent  at  24. 
A  interfering  ■  QP  in  C  •,  and  if  any  point  F  be  taken 
in  AD,  and  CL  £<?  ww^fe  ^##/  to  AF  ;  <s;zi  /£*  lines 
PF,  AL,  drawn  -9  they  will  interfecl  at  S,  a  point 
in  the  curve. 

Draw  BS  parallel  to  AD,  and  the  ordinates  GS> 
DP.  Then  fince  AF  ==  CL,  PL  +  AF  zz  PC 
—  AD.  By  fimilar  triangles,  AF  :  PL  :  :  AS  : 
SL  :  :  AB  :  BC  \  and  compounding  AF  :  AF  + 
PL  or  AD  :  :  AB  :  AB  +  BC  or  AC.  Again  by 
fimilar  triangles  BS  :  CL  or  AF  :  :  AB  :  AC.  And 
multiplying,  BS  :  AD  : :  AB2  :  AC' ;  that  is,  AG  r 
AD  :  :  GSa  :  DP\  Therefore  (XVI.)  as  P  is  in 
the  curve,  S  is  in  the  curve  alfo. 

Cor.  Lines  drawn  from  A  and  P  thro*  any  point 
S  in  the  curve,  will  cut  off  AF  in  the  diameter  AD, 
eqiial  to  CL  the  part  from  the  tangent  AC. 

PROP.      XXV. 

If  any  diameter  interfeft  two  parallel  lines  \    the  25, 
reel  angle  of  the  fegments  of  the  lines,  will  be  as  the 
fegments  of  the  diameter.  DBE  :  FCG  :  :  AB  :  AC. 

Draw  the  diameter  PL  of  the  parallels  DE,  FG, 
which  will  be  parallel  to  AC  ;  and  draw  the  ordi- 
nate AR,  Then  the  rectangle  DBE  zz  HE1  — 
HB2  zz  HE2  —  RA2  zz  (XVII.)  LxPH-Lx 
PR,  L  beingthe  latus  rectum  of  PL.  Likewife  rectan- 
gle FCG  zz  LG2  —  LC2  zz  L  X  PL  —  L  X  PR. 

Therefore  DBE  :  FCG  :  :  L  X  PH  —  PR  :  L  x 

PL  — PR  :  :  RH  :  RL  :  :  AB  :  AC. 

Q^  2  Cor. 
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Fig.      Cor.  i .  If  DE  be  an  ordinate  tc  any  diameter  PL, 

25.  and  E  be  cut  by  r.ny  othi-r  diameter  AC.  Then  the 
reaaigle  DBS  =:  AB  X  parameter  of  PL. 

Cor.  2.  If  PQ  ££  #  tangent  at  P;  f£*»  re 51  angle 
FCG  :  PQ^  :  :  AC  :  AQ. 

For  then  D  and  E  coincide  with  P,  and  HE  va- 

nifhes. 

26.  Cor.  3.  If  any  line  FG  be  cut  by  two  diameters 
AC,  NO ;  /£*  rectangles  of  the  parts,  are  as  the 
fegments  of  thefe  diameters.  FCG  :  FOG  :  :  AC  :  NO. 

For  (Cor.  1  )  FCG  =  ACxLj  and  FOG  zz 
NO  X  L  s  therefore  FCG  :  FOG  :  :  AC  X  L :  NO 
X  L  :  :  AC  :  NO. 

Cor.  4.  If  two  parallel  lines,  DE,  FG,  be  cut  by 
two  diameters  AB,  IsO  ;  the  reel  angles  of  the  parts 
will  be  as  the  fegments  of  the  refpeaive  diameters  j 
DBE  :  FOG  :  :  AB  :  NO. 

For  DBE  :  FCG  :  :  AB  :  AC  ;  and  FCG  : 
FOG  :  :  AC  :  NO.  Therefore  ex  equo,  DBE  : 
FOG  :  :  AB  :  NO. 

Cor.  5.  And  if  PQ^  be  a  tangent  at  P  -,  then  the 
re5f angle  FOG  :  PQ;  :  :  NO  :  AQ. 

PROP.      XXVI. 


2 


//  two  parallel  lines  DE,  FG,  interfeel  any  other 
two  parallels,  HL,  MN,  in  B  and  O.  The  reclangle 
DBE  :  HBL  :  :  FOG  :  MON. 

Thro'  the  interfections  B,  O,  draw  the  diame- 
ters AB,  VO.  Then  (XXV.  Cor.  4.)  DBE  : 
FOG  :  :  AB  :  VO  :  :  HBL  :  MON. 

Cor.  1.  If  any  line  FG  cut  two  parallels  HL, 
MN,  in  O  and  U  then  reclangle  HIL  :  MON  :  : 
FIG  :  FOG. 

This 
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This  is  plain  by  fuppofing  DE  to  fall  upon  FG.  Fig. 

Cor.  2.  If  BD,  BL  be  tangents  at  D  and  L,  and  2$- 
KF,  RN,  parallel  to  them.     Then  GOF  :  ION  :  : 
DR2  :  NRI :  :  BD2  :  BL2  :  :  GKF  :  KL2  :  :  parame- 
ter of  the  diameter  paffing  thro*  D  :  parameter  of  the 
diameter  thro''  L. 

For  if  DE,  HL  (fig.  27.)  become  tangents; 
then  D  and  E  coincide,  as  alfo  H  and  L  •,  and 
DBE,  HBL  become  BD2  and  BL2  ^  and  the  like 
for  the  reft. 

Alfo  BD,  and  BL  are  equal  to  the  ordinates 
drawn  to  the  diameters  at  D  and  L,  from  the  point 
where  the  diameter  from  B  cuts  the  curve.  And 
if  d  and  /  be  the  parameters,  H  the  common  ab- 
fchTa,  then  BD2 :  BL2  :  dx  H  :  Ix  H  :  :  d  :  I. 

PROP.      XXVII. 

If  DM,  DN  be  two  tangent %  MN  the  line  join-  29. 
ing  the  points  of  contact ;  and  if  any  line  GL  be 
drawn  parallel  to  either  tangent   DN,    cutting   the 
curve  in  R  and  L,  and  MN  in  H.     Then  GR,  GH, 
GL  are  continually  proportional. 

For  (XXVI.  Cor.  5.)  RGL  :  GM2  :  :  DN2  : 
DM2  :  :  (fimilar  triangles)  GH2  :  GM2.  There- 
fore RGL  =  GH2. 

PROP.      XXVIII. 

If  HT,  KT,  be  two  tangent %  HK  the  line  drawn  30. 
thro*  the  points  of  contacl.      Then  the  line  drawn 
from  the  interfetlion  T,  thro*  O  the  middle  of  HK, 
will  biff  eel  all  the  lines  within  the  curve,  parallel  to 
HK  :  viz.  if  HO  =  OK,  then  IP  zz  FN. 

By  Cor.  2.  Prop.  XX.     The  tangents  HT,  KT 

meet  in  the  diameter  belonging  to  the  ordinate 

Q.3  HK. 
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Fig.  HK.     Therefore  fince  HO  zz  OK,  TO  is  the  dia- 
30.  meter.     And  fince  IN  is  parallel  to  HK,  IP  and 
PN    are  ordinates,    and   IP  zz  PN,  by   Cor.  5. 
Prop.  XV. 

Cor.  1 .  If  LM  be  drawn  parallel  to  HK  joining 
the  points  of  contact ;  the  parts  intercepted  between 
the  curve  and  tangent  on  each  fide  are  equals  LI  zz 
NM. 

For  fince  HO  zz  OK,  by  fimilar  triangles  LP 
r=  PM  ;  take  away  the  equals  IP  zz  PN ;  then  the 
remainder  LI  zz  MN. 

Cor.  2.  The  tangent  at  A  the  vertex ,  is  bifecled 
in  that  point. 

Cor.  3.  HO,  OK,  and  alfo  IP,  PN,  are  ordi- 
nates to  the  diameter  paffing  thro*  the  interfeclion  T 
of  the  tangents. 

PROP.      XXIX. 

31.  jjf  TH,  TK  ^  two  tangent s^  and  HK  the  line 
drawn  thro9  the  points  of  contact.  And  from  the  in- 
terfetlion  T,  any  line  TI  be  drawn  cutting  HK  in  D, 
and  the  curve  in  F  and  I.  Then  TF  :  IT  :  :  DF  : 
DI. 

Thro'  F  and  I  draw  AC,  LM  parallel  to  HK ; 
then  (XXVIII.  Cor.  1.)  LI  zr  NM,  and  AF  zz 
EC,  whence  MI  s=  LN,  and  CF  z  AB. 
By  fimilar  triangles  AF  :  LI  :  :  TF  :  TI, 
and  CF  :  MI  :  :  TF  :  TI. 
and  multiplying,  AF  X  CF  :  LI  X  MI  :  :  TP  :  TP. 
that  is,  AF  X  AB  :  LI  X  LN  : :  TF1 :  TP. 
But  (XXVI.  Cor.  2.)  AF  X  AB  :  LI  X  LN  :  : 
HAZ  :  HL2  :  :  (parallel  lines)  DF2  :  DP.     There- 
fore  TFZ  :  TP  :  :  DF2 :  DP.  And  TF  :  TI :  :  DF  : 
DI, 

Cor, 
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Cor.  If  it  be  TF  :  TI  :  :  DF  :  DI.  The  line  HK  Fig. 
which  joins  the  points  of  contaft,,  will  pafs  thro9  the  31. 
point  D. 

PROP.      XXX. 

If  AF,  AG,  be  two  tangents-,  FG  a  line  drawn  32. 
thro9  the  points  of  contacl ;  and  thro9  the  interferon 
cf  the  tangents,  AV  be  drawn  parallel  to  GF.  Then 
from  any  point  V,  if  there  be  drawn  VL  thro9  O  the 
middle  of  FG,  to  cut  the  curve  in  P  and  L.  Then 
will  VP  :  VL  :  :  OP  :  OL. 

Draw  AQRL,  and  thro5  Q  draw  PSQ^  parallel 
to  FG.  Then  (XXIX.)  AQ,:  AL :  : RQ  :  RL, 
whence  ALxRQr  RL  X  AQ^ 

By  fimilar  triangles,  PQ  :  OR  :  :  LQ  :  LR  ; 
and  OR  :  SQj  :  AR  :  AQ^  Whence  by  com- 
pounding PQ^ :  SQ^ :  :  LQj<  AR  :  LR  X  AQ. 
And  by  divifion  PS  :  SQ  :  :  LQx  AR  —  LR  X 
AQj  LR  X  AQ.  

But  LQx  AR  —  LR  X  AQ^=  LR+QRx 
AR  —  LR  X  AQ  =  QR  X  AR  +  LR  X  QR  zr 
AL  X  QR  =  (before)  RL  X  AQj  therefore  PS 
—  SQ^  And  confequently  as  Q  is  in  the  curve, 
P  is  in  the  curve.  And  by  reafon  of  the  parallels, 
OR,  PQ,  VA  5  VP  :  VL  : :  AQ  :  AL  ;  :  (XXIX.) 
QR  :  RL  :  :  OP  :  OL. 

PROP.      XXXI. 

Let  AO  be  a  diameter  \  FA,  GA,  two  tangents  \   Mi 
FG  an  ordinate.     Let  two  other  tangents  VH,  VI, 
be  drawn  from  any  point  V,  in  the   line  VA  being 
-parallel  to  FG.     /  fay  PI  I  drawn  thro9  the  -points  of 
contatl^  will  pafs  thro'  the  point  O,  the  middle  of  FG. 

For   thro'  O  and  V  draw  VPOL  cutting  the 
curve  in  P  and  L.     Then  fince  VA  is  parallel  to 

Q^4  the 
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Fig.  the  ordinate  FG;  therefore  (XXX.)  it  is,  VP  : 

33.  VL  :  :  OP  :  OL.     And  .fince  the  tangents  VH, 

VI  meet  in  V;  therefore  (XXIX.)  VP   :  VL  :  : 

OP  :  OL.     Therefore  the  point  O  is  common  to 

both  FG  and  HI ;  and  fo  HI  pafTes  thro'  O. 

Cor.  1.  If  A,  V,  be  the  concourfe  of  the  tangents 
FA,  GA,  and  HV,  IV  ;  then  the  line,  (joining  the 
points  of  contatt  of  any  two  tangents  meeting  in  AV) 
will  pafs  thro*  O. 

Cor.  2.  If  FO,  GO,  be  ordinates  to  the  diameter 
AO-,  and  any  line  HI  be  drawn  thro*  O ;  then  the 
tangents  H V,  IV,  will  meet  fomewhere  in  \  the  line 
A  V  drawn  parallel  to  FG. 

PROP.      XXXII. 

34-  If  VH,  VI,  be  two  tangents  at  H  and  I ;  and 
IHD  be  drawn  thro'  the  points  of  cental.  And  if 
any  line  VPOL  be  drawn  thro*  V  ;  and  the  tangents 
PD,  LD  be  drawn  -,  they  will  meet  fomewhere  in  the 
line  ID. 

Draw  FG  thro'  O,  where  VL  and  IH  interfedt ; 
fo  that  GO  may  be  zz  OF;  and  draw  VAD  paral- 
lel to  FG.  Then  (XXXI.  Cor.  2.)  the  tangents 
PD,  LD,  will  meet  fomewhere  in  the  line  VA,  as 
at  D.  Then  if  DO  does  not  pafs  thro'  the  points 
of  contact  H,  I ;  let  a  line  drawn  from  D  thro' 
N,  pafs  thro'  the  points  of  contact.  Then  (XXIX.) 
we  mall  have  VP  :  VL  :  :  NP  :  NL.  But  HV, 
IV,  being  tangents,  we  have  VP  :  VL  :  :  OP  : 
OL.  Therefore  the  former  proportion  cannot  be 
true,  except  N  and  O  coincide.  Therefore  DO 
paffes  thro'  the  points  of  contact  H,  and  I.  That 
is,  the  tangents  PD,  LD,  meet  in  the  line  IH. 

Cor.  If  HV,  IV  be  two  tangents,  and  IHD  be 
drawn  thro''  the  points  of  contatl,  1,  H.     And  from 

any 
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any  point  D,  the  tangents  DP,  DL  are  drawn  \  then  Fig. 
LP  drawn  thro9  the  points  of  contact  L,  P,  will  pafs  34. 
thro9  V. 

For  a  line  drawn  thro'  V  will  pafs  thro'  the  points 
of  contact  L,  P,  and  therefore  no  other  can. 

PROP.     XXXIII. 

If  MD,  ND  be  two  tangents  at  M  and  N  ;  and  35. 
MF,  NF  be  drawn  to  the  focus  F.     The  angle  MFN 
zz  twice  the  angle  MDN. 

Draw  the  axis  TAFB.  Produce  MD  to  cut  the 
axis  in  T  -,  and  let  ND  cut  it  in  G.  Then  (XL 
Cor.  3.)  the  <  MFB  =  2  <C  MTB,  and  <  NFB 
=  "2  <  NGB;  therefore  MFB  +  BFN,  that  is, 
MFN  zz  2MTG  +  2NGA  =  2DTG  %-  2DGT 
=  2MDG  (Geom.  II.   1.)  \ 

Cor.  1.  If  MD,  ND,  be  two  tangents,  and  the  36. 
line  MN  joining  the  points  of  contact,  pafs  thro9  the 
focus  F.     Then  MDN  is  a  right  angle. 

For  when  MFN  is  a  right  line,  the  <  MFB  + 
BFN  is  equal  to  two  right  angles ;  and  therefore 
MDN  is  one. 

Cor.  2.  If  MD,  ND  be  two  tangents,  and  the 
line  MN  joining  the  points  of  contacl,  pcffes  thro9  the 
focus  F.  Then  MD,  ND,  meet  fome  where  in  the 
direclrix  GE. 

For  the  focal  tangent  being  drawn  will  cut  the 
axis  in  G,  fo  that  AF  —  AG  (by  Prop.  IX.),  which 
is  the  point  through  which  the  directrix  is  drawn 
(I.  Cor.  i.)9  and  (XXXI.  Cor.  2.)  the  tangents 
MD,  ND  will  meet  fome  where  in  GE. 

Cor.  3.  //  MD,  ND  be  two  tangents,  and  MN 
paffcs  thro9  the  focus  F.  Then  the  line  DF,  drawn 
from  the  interfeclion  of  the  tangents  to  the  focus,  is 
perp.  to  MN. 

For 
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Fig.       For  if  GE  be  the  directrix  ;  and  ME  parallel  to 

36.  the  axis.  Then  (Prop,  I.)  ME  zz  MF,  and  (VIII. 
Cor,  2.)  <:  DME  =  DMF  ;  therefore  the  triangles 
MDE,  MDF  are  fimilar  and  equal,  for  MD  is 
common  to  both,  whence  ED  zz  DF,  and  <;  MFD 
zz  MED  s=  a  right  angle. 

PROP.      XXXIV. 

37.  If  AB  be  any  diameter ',  and  any  line  AP  be  drawn 
from  A,  thro"  any  point  P  of  the  curve ;  and  thro9 
P,  the  line  NP  be  drawn  parallel  to  AB.  Then  if 
the  ordinate  DF  be  drawn  to  inter  feci  thefe  lines  in 
E  and  G  \  DE,  DF,  DG  will  be  continually  propor- 
tional. 

Draw  the  ordinate  PO  \  then  by  fimilar  triangles, 
OP  :  DE  :  :  AO  :  ;sD  :  :  (XVI.)  OP* :  DF%  and 
OP  X  DF*  zz  DE  X  OP%  or  DF*  zz  DE  X  OP  or 
DG  X  DE. 

Cor.  As  AD  :  DE  :  :  OP  :  latus  reclum  of  AB. 
For  DE  X  OP  zz  DF1  zz  AD  X  parameter. 

PROP.      XXXV. 

38.  If  any  line  MN  cut  the  direclrix  TO  in  O,  and 
from  the  points  M,  N,  where  it  cuts  the  curve ',  MF, 
NF^  drawn  to  the  focus  F  ;  and  MF  be  produced 
to  H.  Then  OF  drawn  to  the  focus,  will  biff  eel  the 
angle  NFH. 

Draw  MP,  NQ  perp.  to  TO  \  and  ND  parallel 
to  MF.  Then  by  fimilar  triangles,  MP  :  NQj  : 
MO  :  NO  :  :  MF  :  ND.  But  (Prop.  I.)  MP  zz 
MF-,  therefore  ND  zz  NQ^zz  NF.  Whence  the 
angle  NFD  zz  NDF  zz  DFH,  by  the  parallels 
ND,  FH. 

Cor. 
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Cor.  Hence  if  the  angle  NFH  be  biffetled  by  the  Fig, 
line  FO  drawn  from  the  focus  j  it  will  cut  MN  at  38. 
O  in  the  directrix. 

PROP.      XXXVI. 

If  QT,  PT  be  two  tangents.     And  if  QF,  PF  39. 
be   drawn  from  the  points  of  contacl  to  the  focus. 
Then  the  line  TF  will  biffetl  the  angle  PFQ^ 

Let  DR be  the  directrix ;  draw  QPR,  and  produce 
TF  to  K  \  and  draw  LR,  KR,  tangents  at  L  and 
K  (XXXII.  and  Cor.)  %  let  QD,  PE,  be  perp.  to 
MR  ;  then  by  fimilar  triangles,  QD  :  PE  : :  QR  : 
PR  :  :  (XXIX.)  QN  :  FN.  That  b,  (Prop.  I.) 
QF  :  PF  :  :  QN  :  PN.  Therefore  (Geom.  II.  25. 
Cor.  1.)  FN  biffe&s  the  angle  QFP. 

PROP.      XXXVII. 

If  a  trapezium  ABDC  be  infcribed  in  a  parabola,  a  0m~ 
and  any  point  E  be  taken  in  the  curve,  from  which 
two  lines  EN,  EH,  are  drawn  parallel  to  any  two 
adjoining  fides-,  as  AB,  AC,  to  inter  feci  the  oppofite 
fides  in  N,  Q,  and  H,  R.  Then  taking  the  ret! an- 
gles on  the  Gppofite  fides  \  it  will  always  be  ER  X 
EH  to  EN  X  EQ,  in  a  given  ratio. 

Draw  DFG,  BLP,  parallel  to  AC-,  thro5  L 
and  C,  draw  COLS.  Thro'  the  middle  of  AC, 
BL,  draw  the  diameter  MK,  which  will  biffed  the 
parallels  DF,  TE  ;  and  alfo  SG,  OR,  terminated 
at  AB,  CL.  Then  (XXVIII.  Cor.  1.)  will  SD  zn 
FG,  and  OT  :=  ER,  which  would  alfo  be  fo,  if 
SG,  RH  were  tangents. 

By  fimilar  triangles  and  parallel  lines,  HO  :  SD  :  : 
OC  :  SC  :  :  AR  :  AG.  And  alternately,  HO  : 
AR  or  EO  :  :  SD  or  FG  :  AG.     Again,  BP  or 

ER: 
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Fig.  ER  :  PN  : :  DG  :  GB.     And  multiplying,  HO  X 

40.  ER  :  EQ  X  PN  :  :  FG  X  DG  :  AG  X  GB  :  : 
(Prop.  XXVI.)  ER  X  RT  or  ER  X  EO  :  RA  X 
RB  or  EQ  X  EP.  And  by  compofition,  FG  X 
DG  :  AG  X  GB  :  :  HO  X  ER  +  EO  X  ER  :  EQ 
X  PN  +  EQ  X  EP  :  :  EH  X  ER  :  EQ  X  EN. 
And  it  is  evident,  that  as  long  as  the  points  A, 
B,  D,  C,  are  fixed ;  that  FGD  to  AGB  is  a  given 
ratio,  and  therefore  that  of  REH  to  QEN. 

Cor,  1.  The  fame  things  fuppofed;  it  will  be, 
EH  :  EN  :  :  EO  :  EP  :  :  HO  :  PN. 

For  EH  X  ER  :  EQj<  EN  : :  FG  X  GD  :  AG  X 
GB  :  HO  X  ER  :  EQ^X  PN.  And  dividing  all 
the  terms,  EH  :  EN  :  :  HO  :  PN.  And  divid- 
ing, EH  :  EN  :  :  EO  :  EP. 

Cor.  2.  If  the  points.  A,  B,  C,  E,  are  fixed,  and 
D  variable  at  pleafure  *,  //  will  ftill  be  EH  to  EN, 
and  HO  to  PN,  in  the  given  ratio  of  EO  to  EP  or 
cf  RT  to  RB. 

Cor.  3.  If  the  points  A,  B,  coincide ;  AG  then 
becomes  a  tangent.  And  if  C  and  D  alfo  coincide ; 
DH  becomes  a  tangent.     And  then  Q,  N,  coincide. 

41.  Cor.  4.  If  BC  be  drawn  to  cut  EH  in  I,  and  if 
it  be  EH  :  EI  :  :  EN  :  EV.  Then  if  BV  be  drawn 
it  will  touch  the  curve  in  B. 

For  (Cor.  2.)  if  D  be  moveable,  it  will  be  EH : 
EN  :  :  EO  :  EP,  wherever  D  is.  Therefore  fup- 
poie  D  to  move  round  till  it  coincide  with  B  ;  then 
BND  will  become  a  tangent  at  B,  and  N  will  fall 
upon  V  j  that  is,  BV  will  be  a  tangent. 

40.  Cor.  5.  If  you  make 'EH  :  EN  :  :  EO  :  EP,  and 
draw  OC,  BP,  they  will  meet  at  L  in  the  curve. 

For  fuppofing  L  a  point  in  the  curve,  it  will  be 
by  (Cor.  2.)  EH  :  EN  :  :  EO  :  EP  -,  therefore  L 
cannot  be  out  of  the  curve. 

Cor. 
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Cor.  6.  If  there  be  five  feints  B,  L,  D,  C,  E  -,  Fig. 
and  thro*  any  point  E,  there  be  drawn  EH,  EN,  cut-  40. 
ting  BD,  BL,  DC,  IX,  in  N,  P,  H,  O,  fo  that 
EH  :  EN  :  :  EO  :  EP.  Then  CA,  BA  being  drawn 
parallel  to  EH,  EN  •,  they  will  meet  at  A  in  the  curve. 
This  is  the  reverfe  of  the  foregoing  Cor.     For 
if  A  was  out  of  the  curve,  L  would  not  be  in  it. 

Cor.  7.  If  A  and  B  coincide,  then  AB  becomes  a 
tangent.     And  the  like  for  any  other  two  points. 

PROP.      XXXVIII. 

If  a  trapezium  ABDC  be  inferibed  in  a  parabola,  42- 
and  from  any  point  E  of  the  curve,  four  lines  EL, 
EK,  EO,  EM,  be  drawn  to  the  four  fides  of  the 
trapezium,  in  any  angles  whatever,  equal  or  unequal, 
and  cutting  them  in  L,  K,  O,  M.  And  likewife 
from  any  other  point  e,  four  more  lines  be  alfo  drawn 
to  the  Jides  of  the  trapezium,  refpeclively  parallel  to 
the  former,  cutting  them  in  I,  k,  0,  m.  Then  taking 
the  rectangles  of  the  oppoftte  fides  -,  the  reel  angle  EL 
X  EM :  el  X  em:  :EKxEO  :  ekX  eo. 

Thro'  E,  e,  draw  QEN,  qen,  parallel  to  AB ; 
and  EHR,  ehr,  parallel  to  AC.  Then  by  fimilar 
triangles,  ER  :  er  :  :  EL  :  el\  and  Eli  :  eh  :  : 
EM  :  em.  And  by  multiplying  ER  x  EH  :  er  X 
eh  :  :  EL  X  EM  :  el  X  em. 

Again,  EQj  eq  :  :  EK  :  ek,  and  EN  :  en  :  :  EO  : 
eo.  And  multiplying,  EQ^X  EN  :  eq  X  en  :  :  EK 
X  EO  :  ek  X  eo.  But  (Prop.  XXXVII.)  *ER  X 
EH  :  er  X  eh  :  :  EQ  X  EN  :  eq  X  en.  Therefore 
EL  X  EM  :  el  X  em:  :  (EQ^X  EN  :  eqXen  :  :) 
EK  X  EO  :  ek  X  eo. 

Cor.  1.   If  ABCD  be  an  inferibed  trapezium  -,  and  43. 
if  AB,  CD,  produced  inter ftl  in  X ;  and  the  diago- 
nals AC,  BD  in  Y.     And  X*Y£  be  drawn.     Then 

EX: 
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Fig.  EX  :  eX  :•:  EY  :  eY.     And  if  E  be  at  an  infinite 

43.  dijlance,  then  eX  zz  eY. 

For  fuppofe  BD,  AC,  to  become  diagonals 
(fig.  42.);  and  that  EL,  EK,  EO,  EM;  and  el, 
ek,  eo,  em,  all  lie  in  one  line  E* ;  and  that  AB, 
CD,  interfe<5t  in  X,  and  AC,  BD,  in  Y ;  and  that 
He  pafies  thro'  XY  -,  which  is  a  particular  cafe  of 
this  Prop.  Then  L,  /,  M,  m,  coincide  in  X; 
and  K,  k,  O,  0,  in  Y.  Then  the  proportion,  EL 
X  EM  :  el  X  em  :  :  EK  X  EO  :  ek  X  eo,  becomes 
EX*:  ^rrEY*  :  eYz  v  and  EX  :  eX  :  :  EY :  eY. 
But  if  eE  be  infinite,  then  EX  zz  EY,  and  eX  zz  eY. 

Cor.  2.  If  XA,  XC,  be  two  tangents,  and  AYC 
paffes  thro9  the  points  of  contact.  Then  will  EX  : 
eX  :  :  EY  :  eY. 

For  let  B  approach  to  A,  and  D  to  C;  then 
BD  will  coincide  with  AC.  And  it  will  ftill  be 
EX  :  eX  :  :  EY  :  eY. 

PROP.      XXXIX. 

44*  In  any  diameter,  as  its  latus  return,  to  the  fum  of 
any  two  ordinates  :  :  fo  their  difference,  to  the  differ- 
ence of  the  abfcifftf.  Latus  reftum  of  AQ^:  ND  :  : 
DC  :  MD. 

Let  L  zz  latus  reftum;  then  (XVII.)  L  X  AP 
zz  PM\  and  L  X  AQ  zz  QN2 ;  and  fubtrafting 
one  from  the  other,  L  X  AQj—  L  x  AP  zz  QN* 

—  PMZ  zz  QN  +  PM  X  QN  —  PM  •,  that  is, 
L  X  PQ^zz  ND  X  DC.   And  L  :  ND  : :  DC  :  PQ^ 

Cor.  If  NC  be  an  ordinate  to  any  diameter  AQ ; 
MD  any  other  diameter.  'Then  the  reclangle  NDC 
zz  MD  X  parameter  of  AQ^ 


PROP. 
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Fig- 
PROP.      XL. 

If  PM  be  an  ordinate  to  any  diameter  AP,  and  45. 
AM  be  drawn  cutting  any  other  ordinate  QO  in  N. 
Then  PM  X  QN  zz  AQx  parameter  of  AQ^ 

Let  L  zz  latus  rettum ;  then  (XVII.)  QO*  zz 
L  X  AQ,  and  (XVI.)  PM2  :  QO2  or  L  X  AQj  : 
AP  :  AQ  :  :  (fimilar  triangles)  PM  :  QN  :  :  PM2 : 
PM  x  QN ;  therefore  L  X  AQ  zz  PM  X  QN. 

Cor.  1.  PMxQNz  QO\ 

Cor.  2.  Every  line  paffing  thro9  A,  except  the  dia~ 
meter  AP,  will  meet  the  curve  again  in  fome  other 
point  M. 

For  QN  :  QA  :  :  L  :  PM  the  ordinate  where  it 
meets  the  curve  again. 

PROP.      XLL 

If  AQJbe  any  diameter ',  and  any  line  CF  be  drawn  46, 
cutting  it  in  C,  and  the  curve  in  D,  and  F.     And 
if  the  ordinates  DB,  FQ  be  drawn.     'Then  CA2  zz 
AB  x  AQ^ 

For  (XVI.)  AB':  AQ  :  :  BD2  :  QF2  :  :  (fimilar 

triangles)  CB2  or  CA  +  AB* :  CQ2  or  CA  +"AQ^; 

whence  AB  X  CA2  +  2CA  xAQ-f  AQ"  zz  AQ^ 

XCA2  +  2CAX  AB  + AB%andABxCA2-4-AQ^ 

zz  AQ  X  CA2  +  AB2.     Therefore  AQ^— AB  X 

CA1  zz  AQ2  X  AB  —  AB2  X  AQ^zz  AQ^— AB 
X  AQ^X  AB.     Therefore  CA2  zz  AQjK  AB. 

Cor.  Any  line  that  is  not  a  diameter,  drawn  within 
the  curvty  will  interfecl  it  in  two  points. 

For 
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Fig.      For  fince  DF  is  not  a  diameter,  and  therefore 

46.  not  parallel  to  AQ,  it  will  interfed  AQ  fomewhere 
as  at  C.  Therefore  by  this  Prop,  it  is  AB  :  AC  : : 
AC  :  AQ,  the  abfciifa  belonging  to  the  ordinate 
pafTing  thro'  the  other  interferon  F. 

PROP.      XLIL 

47,  If  KB  be  any  diameter,  EG  an  ordinate,  AB  a 
tangent  at  the  vertex  -,  and  if  AG  be  drawn.  Then 
any  live  BF  drawn,  parallel  to  the  diameter  AE,  cut* 
ting  the  curve  in  M,  arA  tl  line  AG  in  D ;  BM, 
BD,  BF  will  be  continually  proportional. 

For  drawing  the  ordinate  MP,  and  DC  parallel 
to  it.  Then  (XVI.)  AP  :  AE  :  :  PIVP  or  CD-  : 
EG1 : :  (fimilartriangles)  AC2 :  AE*.  Therefore  AP  : 
AC  :  :  AC  :  AE  •,  that  is,  BM  :  BD  :  BF. 

PROP.     XLIII. 

j%9  If  FG,  FIQ,  be  ordinates  to  any  diameter,  AQj 
BFT  a  tangent  at  F ;  FL  a  diameter  p  offing  thro* 
F.  Then  if  QH  be  produced  to  the  tangent  FB ; 
then  BH,  HL,  FM  are  in  continual  proportion. 

Let  p  be  the  parameter  of  AQj  then  (XX.)  TG 
zz  2  AG,  and  by  fimilar  triangles,  2  AG  :  GF  :  : 
FL  :  LB  :  :p  x  LF  :  :  p  X  LB.  Then  p  X  LF 
xGFr^xLBx  2AG  =  (XVII.)  2FG*  X LB, 
and  2FG  xLB  r/)XLFz  (XXXIX.  Cor.)  HL 
X  LC.  Whence  BL  :  LH  :  :  LC  :  2FG  or  FM  ; 
and  by  divifion,  BL  —  LH  or  BH :  LH  : :  LC  ~ 
FM  or  LH  :  FM. 

Cor.  1.  BL  x  FM  =  px  FL  =  HLC. 

Cor.  2.  If  FL  be  any  diameter ;  FB  a  tangent  at 
F,  cutting  the  ordinate  QH  in  B.  ^hen  BL2  =5' 
retfangle  HBC. 

For 
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For  draw  the  diameter  AQj,  then  BH  :  HL  :  :  Fig. 
HL  :  FM,  and  (by  adding)  BH  :  (BH  +  HL)   48. 
BL  :  :  HL  :  (HL  +  FM)  HK.    And  (adding  a- 
gain)  BH  :  BL  :  :  (BH  +  HL)  BL  :  (BL  +  HK) 
EC. 

PROP.     XLIV. 

If  AC  be  a  tangent  at  A,  AH  any  line  drawn  49. 
*witbin  the  parabola,,  DF   any  diameter  cutting  the 
'tangent  in  B,  and  the  line  AH  in  F.     Then  AF  : 
FH  :  :  BD  :  DF. 

Draw  the  diameter  GLO  to  the  ordinate  AG  or 
GH,  and  draw  HC  parallel  to  DB,  put^>  zz  latus 
reclum.  Then  (XVII.) ^xGLz  AG\  and p  X 
4GL  =  4AG*  -  AH\  But  AG  =  i  AH  ;  there- 
fore GO  z^HCz  (XX.  Cor.  1.)  2GL,  and 
HC  =  4GL,  and  p  X  4GL  or^xHCz  AH\ 
Therefore^  :  AH  :  :  AH  :  HC  :  :  ffimilar  trian- 
gles) AF  :  FB;  and  alternately  AH  :  FB  :  :  p  : 
AF  :  :  (XXXIX.)  FH  :  FD  :  :  AH  —  FH  :  FB 
—  FD-,  that  is,  FH  :  FD  :  :  AF  :  DB;  or  AF  : 
FH  :  :  DB  :  DF. 

Cor.  1.  If  LG  be  any  diameter,  AH  an  ordinate, 
AC  a  tangent  at  A,  HC  parallel  to  GL  -,  then  AH* 
zz  HC  X  parameter  of  LG. 

Cor.  2.  The  fame  things  fuppo fed,  HC  zz  4GL. 

Cor.  3.  The  fame  things  fill  fuppofed,  AFZ  zz 
BD  X  parameter  of  LG. 

For  AF  :  FH  :  :  BD  :  DF.  And  compounding, 
AF  :  AH  :  :  BD  :  BF.  And  by  fimilar  triangles, 
AF  :  AH  :  :  BF  :  CH.  And  multiplying,  AFZ  : 
AH*  :  :  BD  :  CH.  Whence  CH  X  AF*  zz  BD 
X  AH2   zBDxHCXf,    therefore  AF2  zz 


/XBD. 
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PROP.      XLV. 


Fig. 


50.  If  FT  be  a  tangent  at  F,  LI  parallel  to  it. 
LB,  FC,  ID,  ordinates  to  any  diameter  AD.  Then 
LB  +  ID  -  2FC,  when  both  L  and  I  are  on  the 
fame  fide  of  AD. 

Draw  the  diameter  FK  which  will  biffed  LI  in 
G  *,  and  thro'  L,  draw  the  diameter  LP.  Then  by 
fimilar  triangles,  fince  IG  zz  GL,  IK  zz  KP  zz 
FN.  And  by  parallel  lines,  PD  z  NC  z  LB. 
Therefore  adding  equals  to  equals,  IK  ■+•  LB  zz 
FN  +  NC  zz  FC.  And  doubling,  IP  4-  2LB  or 
ID  +  LB  zz  2FC. 

Cor.  If  L  be  on  the  other  fide  of  AD  ;  then  ID 
—  LB  zz  2FC. 

For  then  fubtracYing  equals  from  equals,  it  will 
be  IK  —  LB  zz  FN  —  NC  zz  FC;  and  by 
doubling,  IP  —  2LB  or  ID  —  LB  zz  2FC. 

PROP.      XLVI. 

g\\  If  AF  be  the  axis,  F  the  focus;  FD  perp.  to  AF. 
Draw  any  line  FM,  ctiid  MD  parallel  to  AF.  "Then. 
FM  —  MD  zz  FI,  half  the  parameter  of  the  axis  -y 
when  D  is  without  the  curve. 

For  make  AC  zz  AF,  and  draw  the  directrix 
CE.  Then  (Prop.  I.)  FM  zz  ME  zz  MD  +  DE 
zz  MD  +  CF  zz  (Prop.  II.)  MD  +  FI. 

Cor.  If  D  is  within  the  curve,  Fm  +  md  zz  FI 
half  the  parameter. 

For  Fm  zz  me  zz  de  — -  dm  zz  FI  —  dm.  And 
Fm  -f-  dm  zz  Ft 

PROP. 
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Fig. 
PROP.     XLVII. 

If  any  circle  cut  a  parabola  in  four  points  B,  C,  52» 
D,  E  ;  and  from  the  points  of  interferon,  ordinate* 
be  drawn  to  the  axis  A I  •,  the  J urn  of  the  ordinates  on 
one  fide  of  the  axis,  is  equal  to  the  fum  of  the  ordi- 
nates on  the  other ;  CG  +  BI  zz  EF  +  DH. 

Draw  the  lines  BC,  DE,  joining  the  points  by- 
two  and  two,  let  them  meet  in  N.  Let  PT,  QS 
be  the  diameters  of  BC,  DE  -,  from  the  vertices  of 
which  let  the  tangents  PR,  QR,  be  drawn,  which 
are  parallel  to  BC,  DE.  Then  (XXVI.  Cor.  2.) 
RP>  :  RQa  :  :  BNC  :  END.  But  (Geom.  IV.  2 1. 
Cor.  3.)  BNC  3=  END;  therefore  RP*  zz  RQ\ 
and  RP  zz  RQ.  Therefore  drawing  PQ,  and 
bifTecliing  it  in  O,  RO  will  be  perp.  to  PO  orOQ, 
confequently  RO  is  the  axis.  But  (XLV.)  BI  + 
CG  zz  2PO  =  2QO  zz  FE  +  HD. 

And  if  C  fall  on  the  other  fide  of  A  I,  then 
(XLV.  Cor.)  BI—  CG  zz  2PO  zz  2QO  zz  HD 
+  FE,  and  BI  zz  CG  +  HD  +  FE. 

Cor.  1 .  If  E  and  D  coincide  in  Q,  then  HD  + 
FE  zz  2OCL 

For  then  HD  +  FE  becomes  OO  +  OQ  or 
2OQ. 

Cor.  2.  If  C,  E  andD,  coincide  in  Q,  then  BI 

=  300, 

For  then  HD  +  FE  +  CG  becomes  OQ  +  OQ 
+  OQ, 

Cor.  3.  If  C  falls  in  A  the  principal  vertex  ;  then 
BI  zz  FE  +HD;    or  BI  zz  2OQ,  if  E  and  D 

coincide. 
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Fig. 

PROP.      XLVIII. 

53."  If  CF,  AG  be  two  diameters-,  and  from  any  point 
B  in  CF,  any  line  BE  be  drawn  cutting  the  line  AC 
in  D,  the  diameter  AG  in  G,  and  the  curve  in  L 
and  E.  T#£«  /&*  reel  angle  LDE  is  reel  angle  BDG. 

For  by  fimilar  triangles,  BD  :  DG  : :  BC :  AG  :  : 
(XXV.  Cor.  3,)  LBE  :  LGE;  and  BD  X  LGE 
zz  DG  x  LBE ;  that  is,  BD  x  LGE  zz  DG  X 

LB  XBG+  GE,  or  BD  X  GE  x  LD  +  DG  = 
DG  X  LB  X  BG  +  DG  X  LB  X  GE  ;  and  BD  X 
GExLD-f-  BDxGExDG— DGxLBxGE 
-  DG  X  LB  x  BG.  That  is,  BD  X  LD  X  GE 
+  LDxDGxGEz:DGxLBx  BG,  or  BG  X 
LD  X  GE  zz  DG  X  LB  x  BG ;  therefore  LD  X 
GE^BLxDG;  and  adding  LD  X  DG,  LD  X 
DG  +  LD  X  GE  zz  LD  x  DG  +  BL  x  DG  5 
that  is,  LD  X  DE  zz  BD  X  DG. 

Cor.  "The  reft 'angle  LD  X  GE  zz  reclangk  LB  X 
DG. 

PROP.      XLIX. 

54.  If  AB  be  any  diameter  ;  LBN  'an  ordinate  •,  LC, 
NC,  two  tangents  at  L  and  N  •,  DG  any  line  pa- 
rallel to  the  diameter  AB,  cutting  the  tangents  in  D 
and  O,  and  the  curve  in  F.  Then  FGZ  zz  reel  angle 
OFD. 

For  (Prop.  XLIV.)  OF  :  FG  :  :  LG  :  GN  :  : 
FG  :  FD.     Therefore  FG1  zz  OF  X  FD. 


PROP, 
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Fig. 
PROP.      L. 

If  PG,  AO  be  any  two  diameters ,  PO  an  ordinate  5$; 
to  AO.  And  if  any  line  AF  be  drawn  from  A,  to  cut 
PO,  PG  in  N  and  L,    and  the  curve  in  F  \  then 
AL2  zANx  AF. 

For  by  reafon  of  the  parallels,  LG,  AD  ;  AF  : 
AL  :  :  DF  :  DG  :  :  (XXXIV.)  DE  :  DF  :  : 
(Geom.  II.  13.  Cor.)  OP  :  ON  :  :  (by  parallel 
lines)  AL :  AN  j  and  AF  X  AN  zz  AL\ 

PROP.      LI. 

If  LC,  NC,  DF,  be  three  tangents,  at  L,  N  and  56. 
A ;  then  will  D A  :  AF  :  :  LD  :  DC  :  :  CF :  FN. 

Thro'  D,  A,  C,  and  F,  draw  the  diameters  DG, 
AH,  CI,  FM.  Draw  LA,  AN  ordinates  to  DG, 
FM  •,  fince  thefe  ordinates  are  bifleded  by  their  di- 
ameters, we  lliall  have  LG  zz  GH,  NM  zz  MH, 
and  alfo  LI  zz  IN ;  that  is,  LH  +  HI  zz  NM  -f- 
MI  zz  MH  +  MI  zz  2MI  +  HI,  and  LH  or  2GH 
zz.  2MI,  and  MI  zz  GH  zz  LG  ;  and  GI  zz  HM 
zzMN. 

By  reafon  of  the  parallels,  DA  :  AF  :  :  GH  : 
HM  :  :  or  LG :  GI  :  :  (fimilar  triangles)  LD  :  DC. 
For  the  fame  reafon,  DA  :  AF  :  :  GH  :  HM  :  :  or 
MI  :  MN  :  :  CF  :  FN. 

Cor.  1 .  If  the  diameter  CRI  cut  the  tangent  DF 
in  B  •,  then  BF  zz  DA. 

For  GH  zz  IM  -,  therefore  by  reafon  of  the  pa- 
rallels, DA  zz  BF. 

Cor.  2.  If  RI  be  the  axis,  and  LN  an  ordinate  to 
il'y  LC,  NC,  tangents  at  L  and  N,  DAF  a  tangent 
<it  any  pint  A  >  then  LD  zz  CF,  and  DC  zz  FN. 
R  3  For 
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Fig.  For  in  that  cafe  CI  is  perp.  to  LN,  and  CL  z= 
56.  CN,  and  the  angle  NCI  zz  LCI;  therefore  the 
right  angled  triangles  LCI,  NCI,  LDG,  NFM 
are  fimilar  5  whence  CF  :  IM  :  :  FN  :  NM  :  :  LD  : 
LG  or  IM ;  therefore  CF  =  LD,  and  confequent- 
ly  FN  a=  CD. 

PROP.      LIL 

th%  All  parabolas  are  fimilar  figures. 

Two  figures  are  fimilar,  when  fimilar  right  lined 
figures  can  always  be  inferibed  in  them,  being 
drawn  in  a  like  fituation. 

Take  BC  :  be  : :  AL  :  al  \  then  BC  X  al  r=  be 
X  AL,  and  BC  x  al  X  AL  =:  be  X  AL\  But 
(Prop.  III.)  BC  xALz  DL2,  and  be  X  al  zz  dl\ 
Whence  DLZ  :  dlz  :  :  BC  X  AL  :  be  X  al : :  BC  X 
AL  X  al  or  be  X  AL*  :  bs  X  al1  :  :  AL2  :  al\ 
"Whence  AL  :  al :  :  DL  :  dl\  'therefore  the  trian- 
gles ALD,  aid  are  fimilar,  and  confequently  the 
curves  DBA,  dba  are  fimilar. 

Cor.  Hence  two  parabolas,  that  have  the  fame  pa- 
rameter and  abfeiffa,  are  both  equal  and  fimilar. 

PROP.     LIIL 

en.  If  a  parabola  CAD,  and  ellipfis  AGB,  be  de^ 
bribed,  having  the  fame  vertex  and  focus  A  and  F. 
Then  as  the  tranfverfe  of  the  ellipfis  :  to  the  diflance 
of  the  focus  from  the  further  vertex  :  :  fo  the  latus 
reclum  of  the  parabola  :  to  the  latus  reclum  of  the 
ellipfis.     AB  :  BF  :  :  CD:  GH. 

For  (Book  I  Pr.  VI.  Cor.  2.)  BA  :  GH  :  :  BFX 
FA  :  GF\  But  (Prop  II.)  AF  =  .;.  CD  ;  and 
GFa  =  -[  GFT      Therefore  BA  :  GH  :  :  BF  X 

^CD: 
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i  CD  :  i  GH2  :  :  BF  x  CD  :  GH2 ;  therefore  B  A  Fig, 
X  GH2  zBFxCDxGH;  and  BA  X  GH  =2  59. 
BF  X  CD. 

Cor.  If  a  parabola  and  ellipfis  has  the  fame  focus 
end  latus  reclum.  I  he  diftances  of  the  vertices  from 
the  focus  will  be  in  the  fame  rath.  AB  :  BF  :  .  AF  : 
FO. 

For  BA  :  GH  :  :  BF  X  FA  :  i  GH2.  But  GH 
=  4OF ;  therefore  BF  X  FA  :  4OF2  :  :  BA  : 
4OF  :  :  BA  XOF  :  4OF2 ;  therefore  BF  X  FA  zz 
BA  x  OR 

PROP.      LIV. 

Two  equal  parabolas  upon  the  fame  axis,  but  hav-    60, 
ing  different  vertices,  approach  infinitely  near  one  ano- 
ther, but  never  meet. 

Let  p  be  the  parameter  of  the  two  parabolas 

DAL,  FBC.  Then  (Prop.  HI.)  p  X  AB  +  BG  = 
DG%  and  j)XBG  z  FG2 ;  and  fubtrafting,  p  X 
AB  ==  DG2  —  FG2  =  redtangle  DFC.  Now 
fmce  p  X  AB  is  a  given  quantity,  and  fince  the  or- 
dinate FG  continually  increafes  with  the  axis  BG, 
FG  and  FC  at  laft  become  infinitely  great,  and 
therefore  DF  is  infinitely*little. 

Cor.  In  the  parabola  the  ordinate  continually  in- 
creafes,  as  the  abfeiffa  increafes.  ♦,  but  in  a  lefs  ratio  ; 
and  when  the  curve  is  infinitely  extended,  the  abfeiffa 
becomes  infinitely  greater  than  the  ordinate. 

For  p  X  AG  zz  DG\  whence  p  :  DG  :  :  DG  : 
AG,  fo  that  the  greater  AG  or  DG  is,  the  lefs  is 
the  ratio  of  p  to  DG  or  of  DG  to  AG ;  and  when 
AG  becomes  infinite,  then  p  X  AG  is  infinite  ; 
therefore  DG2  is  infinite,  and  DG  is  infinite  •,  and 
is  therefore  infinitely  greater  than  p  -,  and  confe- 
quently  infinitely  lefs  than  AG. 

R  4  PROP. 
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Fig. 
5  PROP.      LV. 

61.      The  area  of  a  -parabola  FAG  is  -J-  the  area  of  the 
circumfcribing  parallelogram,  or  \  AB  X  FG. 

Draw  AD,  DG  parallel  to  BG,  AB  ;  divide  AD 
into  an  infinite  number  of  equal  parts,  and  thro* 
all  the  points  C,  fuppofe  lines,  as  CN,  to  be  drawn 
parallel  to  AB.  Then  according  to  the  method  of 
indivifibles,  all  the  lines  CN,  compofe  the  area 
ANGD.  Put  AP  zz  x,  PN  zz  y,  r  zz  parameter  ; 
then  by  the  nature  of  the  curve  (Prop.  XVII.)  rx 

yy 

zz  yy,  and  x  zz  —  zz  CN,  and  the  fum  of  all  the 

yy 

CN  or  of  all  the  —  (by  Prop.  III.    Arithmetic  of 

yz 

infinites)  is  -J-X  —  zz  area  ANC  -,  and  putting  x  for 

yy 

jy  the  area  ANC  2=  4.  rfy  =  -J-  AC  X  CN,  and 

confequently  the  area  ADG  zz  '  AD  X  DG. 
"Whence  the  area  ANGB  zz  ^  AD  X  DG  or  4  AB 
X  BG:     And  the  area  FAG  zz  |  AB  X  FG. 

Otherwife, 

Suppofe  AB  divided  into  an  infinite  number  of 
equal  parts,  thro'  which  draw  the  ordinates  as  PM. 

Then  fince  rx  zz  yy,  we  have  y  or  PM  zz  y/rx  zz 
v/rXP".     And  (Prop.  V.  Arith.    Infinites)   the 

fum  of  all  the  PM's  is  zz  ^r  *  **  zz  *  ^/7x  x  x 

zz  *  yx  for  the  area  APM.    Whence  the  area  ABF 
;  AB  X  BF,  and  the  area  FAG  zz  *  AB  X  FG. 

Cor.  The  area  of  the  complement  ANGD  zz  4-  AB 
x  BG.  * 

PROP. 


H\.!KS&.pa,ao2 


203 

Fig. 


B.  III.        THE     PARABOLA. 

PROP.      LVI. 

A  parabolic  conoid  is  4-  its  circumfcribing  cylinder,      fix 

Let  AB  be  the  axis,  and  fuppofe  it  divided  into 
an  infinite  number  of  equal  parts  ;  thro'  which  let 
circular  planes  be  drawn  as  MN,  then  all  thefe 
circles  make  up  the  folid.  Let  AP  zz  x,  PJVI  zz 
j,  parameter  zz  r,  c  zz  3. 141 6.  Then  (XVII.) 
rx  zz  yy,  and  crx  zz  cyy  zz  circle  MN.  And 
(Prop.  II.  Arith.  of  Infinites)  the  fum  of  all  the 

crx 
crx  zz—Xx  zz  {-  crxx  zz  {.  cxyz  zz  -i  AB  X  cir- 
cle FG. 

Cor.   The  folidity  of  the  frujlum  FMNG  is  equal 
to  a  cylinder  whofe  hight  is  PB  the  hight  of  the  fruf- 
tum  >    and  bafe,  half  the  fum  of  the  bafes  of  the 
„    „             circle  FG  -+-  circle  MN 
fruftum  zz  ■ ■ XPB, 

Let  F  zz  fruftum,    PB  zz  b9   FB  zz  b9    then  F 

ebb       cvy 

zz  —  X  x  +  h  —  y*.  But  (XVI.)  x:yy  ;  :  x  + 

h  :  bb,  and  bbx  zzyyx  +  yyb,  therefore  2F  zz  (ebbx 
4-  ebbh  —  cyyx  zz)  cyyx  -f-  cyyh  -f-  ebbh  —  cyyx  zz 

ebb  _L-  cyy 
cyyh  +  ebbh,  and  F  zz --^  x  b. 

PROP.     LVII. 

The  content  of  a  parabolic  fpindle,  or  of  the  folid   6z. 
made  by  the  parabola  revoking  round  the  ordinate  BG, 
is  •—  the  circumfcribing  cylinder. 

Let  BG  zz  a,  AB  zz  b,  GP  zz  #,  PM  zz  ?,  r 

zz  parameter,  c  zz  3.1416.  Then  (IV.  Cor.  i,)PM 
XrzBGtBPxPG,  or  ry  zz  lax  «~  xx7  2nd 

y  zz 


rr  €  """* 
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Fig.           lax —  xx                     4aaxx  —  ^ax*  4-  #* 
62.  J  = ~r >  andgy  = 

circle  PM. 

Then  if  GB  be  divided  into  an  infinite  number 
of  equal  parts,  and  circles  as  PM  drawn  through 
them,  the  fum  of  all   thefe  conftitute  the  folid. 

But  (Arith.  Inf.  Prop.  III.)  the  fum  of  all  the  — 

9cx  zz  — x\  and  (ib.  IV.)  the  fum  of  all  the  —  x* 

yrr      ■,    •  -  rr 

a  x4       x* 

±s  —  x\  and  f  V. )  the  fum  of  all  —  z=  — .    There- 
rr    9        x     '  rr      $rr 

c 

fore  the  content  of  the  folid  GPM  =  —  X  :  ■£  aax* 

rr        3 

—  ax4  +  4-  #*•     And  when  x  becomes  BG  or  a ; 

c 
then  the  whole  folid  z=  —  X  t  &*  —  &  +  t  ^5  ^ 

<r         8 

—  X  —  #5 ;  but  r£  rz  ##,  and  rrW  rr  a*.  There- 
by       1 5 

£         8  8  8 

fore,  folid  ABG   zz  7-  X  77  rrbba  zz  7-  rW*  zz  77 
rr      *5  *^  1 3 

circle  AB  X  GB. 
61.  Cor.  The  fegment  of  a  parabolic  fpindle  ANOB 
is  equal  to  a  cylinder ',  whofe  bafe  is  eight  times  the 
greater  baje  AB,  together  with  three  times  the  leffer 
bafe  NO,  and  alfo  four  circles  which  are  mean  pro- 
portionals between  the  two  bafes  i  and  the  hight  —  the 

hight  of  the  fruftum. 

For  let  AP  =  #,  PN  zz  yy  AB  zz  b,  c  zz 
3.1416,   NO  r=  /.     And  r#   zz  jyy;  then   x   zz 

yy 

—  zz  CN,  and  the  area  defcribed  by  CN  revolving 

about  BO  is  zz  c  X  OC1  —  c  X  ON2  zz  ebb— cX 

z  2cbyy       cy* 

b  —  x    zz  zcbx  -~-  cxx  zz  — -  —  •  Therefore  if 

AC 
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AC  be  divided  into  an  infinite  number  of  equal  Fig. 
parts,  and  planes  drawn  thro'  them,  the  fum  of  all  61. 
the  circular  annuli  compofmg  the  folid  ACN  zz 

^-  _  ^1  -  This  taken  from  the  cylinder  ACOB 

2cby>         cy*  ■ 
or    cbby,   leaves  cbby  —  —  -   +  — f  =  cboy  — 

£■  cbyx  +  —  cxxy  zz  cbby cbyXb  —  t  -\ cy 

X  ^=7  JE-  cbby  +  4  <ty  +   ^  grtf. 

PROP.     LV11I.     Prob. 
fv  defcribe  a  parabola  by  continued  motion.  63. 

1  Way, 

Having  a  diameter,  the  latus  rectum,  and  the 
angle  the  tangent  makes  with  the  diameter.  Pro- 
duce the  diameter  PA,  till  AG  be  equal  to  the  la- 
tus rectum ;  draw  the  tangent  AL,  and  make  the 
angle  AGD  zz  GAL  zz  BAG.  Then  if  the  an- 
gle B  AC  be  moved  about  the  fixed  point  A,  whilft 
the  leg  AB  carries  with  it  the  end  D  of  the  ruler 
DM,  along  the  line  GDa  and  DM  keeps  always 
parallel  to  GA.  Then  the  interferon  of  DM 
with  the  leg  AC,  at  M,  will  defcribe  the  parabola 
AMF. 

Draw  the  ordinate  MP  parallel  to  AL,  the  lines 
PM,  GD  are  equal,  as  being  equally  inclined  to 
the  parallels  GP,  DM.  The  triangles  AGD,  APM 
are  fimilar ;  for  MPA  zz  GAL  zz  AGD,  and  fince 
GAL  zz  BAC  or  DAM,  take  away  DAL,  then 
GAD  zz  LAM  zz  AMP.  Whence  AG  :  GD  :  : 
PM  :  AP  ;  that  is,  latus  rectum  :  PM  :  :  PM  :  AP, 
and  APx  latus  rectum  zz  PM1 ;  therefore  (XVII.) 
AMF  is  a  parabola. 

If  AP  is  the  axis,  then  the  angles  GAL,  AGD, 
DAM,  APM,  are  right  angles.     Then  it  appears 

at 
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Fig.  at  once,  that  DL  or  AG  :  AL  or  PM  :  :  AL  or 
63.  PM  :  LM  or  AP. 

2  Way, 

64t  Let  AP  be  a  diameter,  AC  a  tangent  at  A.  Pro- 
duce the  diameter  AP,  and  make  the  ifoceles  tri- 
angle HBL,  where  BL  is  parallel  to  AC,  and  draw 
HLIQj  draw  HF  parallel  to  AC,  and  equal  to 
the  latus  rectum ;  alfo  draw  ID  parallel  to  AP. 
Then  if  the  figure  FHBLQ^be  fo  moved  that  HB 
always  Aides  along  the  diameter  HA,  and  HQ 
moves  the  line  ID  along  CA,  always  parallel  to 
itfelf,  whilft  the  point  F  turns  the  line  GK  about 
the  fixed  point  A.  Then  the  interfection  M,  of  the 
lines  AK,  ID,  will  defcribe  the  parabola  AOM. 

For  draw  the  ordinate  PM.  Then  fince  HB  zr 
BL ;  therefore  H  A  —  AI  zz  PM.  And  the  trian- 
gles AHF,  APM  being  fimilar,  it  will  be  AH  or 
PM  :  HF  :  :  AP  :  PM.  Whence  HF  X  AP  — 
PMZ  ♦,  therefore  (XVII.)  the  point  M  is  in  the  pa- 
rabola. 

Scholium. 

A  parabola  may  likewife  be  defcribed  by  Def.  1. 

PROP.      LIX.      Prob. 

The  axis  and  -parameter  being  given,  to  defcribe  a 
parabola  -,  by  finding  fever al  points  in  it* 

1  Way. 

65.  Let  AC  be  the  axis,  make  AF  =  AB  =:  £  the 
latus  rectum,  and  draw  the  directrix  BD  perp.  to 
BC,  and  F  is  the  focus. 

From  any  point  G  (above  B,)  as  a  center,  with 
the  diflance  GF,  crofs  DH  at  D  and  H  •,  with  the 
fame  diflance,  and  from  the  centers  D  and  F,  de- 
fcribe two  arches  cutting  one  another  in  K.  Like- 
wife  from  H  and  F,  defcribe  two  arches  cutting 

each 
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each  other  in  L.  Them  K,  L  are  two  points  of  the  F:g. 
curve.     And  fo  for  more  points. 

For  FGDK  is  an  equilateral  parallelogram,   ind 
KD  zz  KF.  Therefore  (Prop.  I*  the  tin 

and  L  likev. 

2  J  Fay. 

Let  AC  be  the  axis,  make  AF  zz  AB  z=  ~  ia-   6$. 
tus  rectum.     Draw  KCL  perp.  to  AC.     From  the 
center  F  with  the  radius  BC,  cut  KL,  in   K   u 
L,  which  are  two  c  And  the 

like  for  more  po:r.:;. 

ForfinceBC  =z  FK  z=  FL  ;  therefore    I  C:r.2.) 
K  and  L  are  in  the  curve. 

S   C  H  O  L  I   D   If. 

W hen  the  parameter  n   not  §  an  or- 

dinate ;  and  find  a  third  proporti:  ab- 

fchTa  and  ordinate,  which  will  be  the  parameter. 

The  reft  as  before. 

3  T>[r<V- 

Let  AE  be  the  axis.  F  the  I  AC  =  C? 

—  latus  reftum,  and  CS  perp,  to  AE,  draw  a 
AD  perp.  to  AE.     Divide  CS  into  any  Dumber 
of    equal    parts,     and    AC    in: 
parts  as  is  the  iquare  of    CS.     Then   from   the 
icale  CS,  let  along  AD,    i,    :.   ;.    _.    ::;.    pans; 
thro' all  points  draw  parallels  to  AE;  and 

on  theft  rom  the  leak  AC,  let  off  i,  4, 

o,   id,  &c 

numbers,  h  .  at  AD.     And  thro' 

the  points   where  :e,  draw  a  regular 

c  for  the  parabc  A   G 

For  ietCS  zz* parts,       ;  AC  —  ;".  pal :.-.  There- 
fore the  pans  in  AC  to  the     arts  in  CS,  will  be 
n  to  1.     Nov.'    Prop.  II.  \ 

FG  —  I  CS  =:  4-;/  parts  of  the  icaie  C 
.   AF  —  ;  ACm  1  AC  zz 

J  1  :  the  leak  CS. 

ere- 
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Fig.      Therefore  FG  :  FA  :  :  i  n  :  -J.  n  :  :  2  :  1,  as  it 

60.  ought  by  Prop.  II.     And  fince  the  ordinates  1  i,2G, 

33,  &c.  are  as  the  fquares  of  the  abfchTa  Ai,  A2, 

A3,  &c.  therefore  (III.  Cor.  2.)  all  the  points  if 

G,  3,  S,  &c.  are  in  the  curve  of  the  parabola. 

PROP.      LX.      Prob. 

67.  Given  any  diameter,  and  the  tangent  at  the  ver- 
tex -,  to  defcribe  the  parabola,  by  finding  a  number  of 
points  in  it. 

1  Way. 

Let  AR  be  the  diameter,  AL  a  tangent  \  and  if 
the  parameter  be  given,  produce  PA  to  G,  fo  that 
AG  may  be  equal  to  the  parameter  ;  bifledt  GA  in 
C.  Draw  AF  perp.  to  AP.  Take  any  point  O, 
and  with  radius  OG,  and  center  O,  cut  the  lines 
AP,  AF  in  P  and  F.  Thro'  P  draw  MM  paral- 
lel to  AL,  and  make  PM,  PM  zz  AF.  Then 
M,  M,  will  be  two  points  in  the  curve. 

For  G  P  is  the  diameter  of  a  circle  whofe  ordi- 
nate is  AF,  and  therefore  GA  xAPz  AF2  \  that 
is  by  conftruction,  AP  X  latus  re6tum  z=  PM2 ; 
therefore  (XVII.)  M  is  in  the  parabola.  And  thus 
as  many  points  as  you  will  may  be  found,  and 
then  the  curve  drawn  thro'  thefe  points. 

2  Way, 

63.  If  the  diameter  AP,  tangent  AL,  a  point  M 
in  the  curve,  be  given.  Thro'  M  draw  ML  paral- 
lel to  AP,  cutting  the  tangent  AL  in  L.  Prolong 
PA  upwards,  and  make  AF  z  LB.  Draw  AB 
and  MF,  their  interfection  N,  will  be  in  the  curve 
of  the  parabola.  And  thus  any  number  of  points 
may  be  found. 

This  conftruftion  is  evident  from  Prop.  XXIV. 

S  C  H  0- 
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Fig* 
Scholium.  gg# 

The  parameter  is  found,  by  feeking  a  third  pro- 
portional to  the  abfcifTa  and  ordinate  when  drawn. 

3  Way. 

Let  AP  be  the  diameter,  GAL  the  tangent.  69, 
Make  AG  zz  to  the  parameter,  and  draw  FG  pa- 
rallel to  A  P.  Make  GF  =  AL,  and  draw  LM  pa- 
rallel to  AP.  Thro'  A  draw  FM  to  interfecl:  LM 
in  M,  a  point  in  the  parabola  >  and  fo  for  more 
points. 

For  draw  FH  parallel  to  GA,  and  the  ordinate 
PM,  and  draw  HL.  Then  LA  =  FG  r  HA. 
And  the  triangles  APM,  AHF  are  fimilar,  and 
AP  :  PM  :  :  AH  :  HF  ;  that  is,  by  conftruc- 
tion  AP :  PM  : :  AL  or  PM  :  AG  the  latus  rectum. 

Therefore  (XVII.  Cor.  1.)  M  is  in  the  curve  of 
the  parabola. 

4  Way. 

Let  AB  be  the  diameter,  AL  a  tangent.  Pro-  70. 
duce  BA,  and  make  AE  equal  to  ~  the  latus  rec- 
tum. Thro'  E  draw  ED  perp.  to  EB,  cutting 
the  tangent  AL  in  L.  Make  the  angle  LAF  = 
LAE,  and  AF  =  AE.  Thro'  F  draw  DHC  pa- 
rallel to  EB  •,  then  to  the  axis  DC,  and  focus  F, 
and  directrix  DE,deicribe  a  parabola,  by  Prop.LIX. 

For  biffea  DF  in  H,  then  (I.  Cor.  1.)  H  is  the 
vertex,  HC  the  axis  •,  and  fince  AF  zz  AE,  and 
angle  FAL  =;  LAE  •>  therefore  (Prop.  I.  and  VIII. 
Cor.  2.)  AH  is  a  parabola. 

S c  h  onuM. 

If  the  abfcilfa  and  an  ordinate  are  given. 
The  parameter  is  found,  by  feeking  a  third  pro- 
portional to  the  abfcifTa  and  ordinate. 

The  reft  as  before. 

PROP, 
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Fig, 

PROP.      LXI.      Prob. 

71-       A  right  line  DE  being  given  in  a  parabola  \  t$ 
find  its  diameter ■,  the  axis,  parameter,  and  focus. 

Draw  HI  parallel  to  the  given  line  DE.  Biffed 
DE,  HI,  in  O  and  G,  thro'  which  draw  AOG  for 
the  diameter. 

Draw  HF  perp.  to  AG  and  bifleft  it  in  B  ;  and 
draw  MB  parallel  to  AG,  for  the  axis. 

Make  MB  :  HB  :  :  HB  :  parameter  of  the  axis. 

Then  ~  the  parameter  let  from  M  to  S  gives  the 
focus  S. 

For  fince  DE,  HI  are  bhTected  by  AG ;  there- 
fore (XV.  Cor.  5.)  DE,  HI  are  ordinates  to  the 
diameter  AG.  And  fince  MB  is  a  diameter  (be- 
ing parallel  to  AG),  and  biffects  HF  at  right  an- 
gles; therefore  (IX.  Cor.  2.)  MB  is  the.axis,  and 
HB,  BF,  ordinates.  The  reft  is  plain  from  Prop. 
XVII.  Cor.  1.  and  Prop.  II. 

Scholium. 
The  parameter  of  the  diameter  AG  is  found  in 
the  fame  manner,  by  faying  as  AG  :  GH  :  :  GH  : 
parameter  fought. 

PROP.      LXII.      Prob. 

72.       Any  diameter  being  given  in  a  parabola  ;  to  draw 
an  ordinate  from  a  given  point  in  the  curve, 

1  Way. 

Let  AB  be  the  diameter,  H  the  point  given  ; 
thro'  H  draw  HC  parallel  to  AB;  and  at  the  fame 
diftancefrom  AB,  on  the  other  fide,  draw  DL  pa- 
rallel to  AB,  to  cut  the  curve  in  L  •,  draw  HL, 
which  will  be  a  double  ordinate  to  AB. 

For 


B.  III.        THE    PARABOLA.  211 

For  the  parallels  being  equidiftant,  makes  HF  Fig. 
=5  FL.  72. 

2  Way. 

From  H  draw  any  line  HK  cutting  AB  in  G  > 
make  GK  ~  GH;  thro'  K  draw  KL  parallel  to 
AB,  cutting  the  curve  in  L.  Draw  HL,  which 
will  be  a  double  ordinate  to  the  diameter  AB. 

For  HG  -  GK;  therefore  by  reafon  of  the  pa- 
rallels, HF  is  =  FL. 

PROP.      LXIII.     Prob. 

To  find  a  diameter  in  a  parabola^  that  makes  a  j?m 
given  angle  with  its  ordinates. 

Draw  any  diameter  DO  (LXI  ),  and  make  the 
angle  ODC  equal  to  the  angle  given,  fo  that  DC 
cut  the  curve  in  C.  Biffed  DC  in  B,  and  draw 
the  diameter  AB  parallel  to  DO,  for  that  required. 

For  DB  and  BC  are  ordinates  to  the  diameter 
AB,  and  the  angle  DBA  zz  ODB  zz  the  angle  given. 

Cor.  There  will  be  two  diameters  which  anfwer 
this  Prob.  and  equally  dift ant  from  the  axis  \  except  the 
given  angle  be  rights  and  then  the  axis  is  the  diame- 
ter fought. 

PROP.      LXIV.       Prob. 

To  any  given  point  M  of  a  parabola^  to  draw  a  74. 
tangent. 

I  Way. 

Find  any  diameter  AB  (LXI.),  and  thro'  M 
draw  MC  parallel  to  AB.  Find  an  ordinate  DC  to 
the  diameter  MC  (LXIf.)  •,  thro'  M  draw  MT  pa- 
rallel to  DC,  fo  is  MT  the  tangent  fought. 

This  appears  by  Def.  VII. 

S  I  Way, 
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Rg 

J :.       Drav.-  any  diameter  AB,  from  M  draw  an  ordi- 
r.\:t  to  it  'MB    LXII. ) ;  make    AT  =  AB,  and 
draw  TM  the  tangent  at  M. 
XUs  is  plain  from  Prop.  XX. 

3  f* 

7°-  Draw  MF  from  the  gives  joint  to  the  focus-, 
and  draw  ME  parallel  to  the  axis  AB.  Make  ME 
zz  Mr.  and  draw  FE.  Then  draw  MT  parallel 
to  FE,  for  the  tan  sent  in  M. 

For  in  the  ilbceles  triangle  EMF,  <Z  E  zz  <Z  F-, 
and  fince  MD  is  parallel  to  EF,  <DMF  zz  MFE 
zz  MEF  zz  TME.  Therefore   VIII.  Cor.  3.)  MT 

From  the  given  point  M,  draw  MG  parallel  to 
-  be  edsAI  zMF.     Draw  GF 

nD;  draw  MD  for  the  tangent  at  M. 
By  Prop.  VIII.  and  Cors. 

:":  :us  F;  draw 
F  frorii  the  given  point  to  the  focus  •,  draw  FT 
perp.  to  MF,  to  cut  the  directrix   in  T.     Then 
IT,  which  will  touch  the  curve  in  M. 
By  Prop.  XXXIII.  Cor. 

PROP.      LXV.      P 

-S.       Tram  a  f  e  parabola,  to  drazs 

a  tangent  to  it. 

1   V/ay. 
.  point  T,  draw  the  diameter  AB; 
-      AB  zz  AT.     From  any  point  D  m  the 

cin 
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curve,  draw  the  ordinate  DC  (LXII.) ;  and  thro*  B  Fig. 
draw  MN  parallel  to  DC.  Then  MT,  NT,  drawn,  78. 
will  be  tangents  at  M  and  N. 
This  appears  by  Prop.  XX. 

2  Way.  ,    . 

From  the  given  point  T  draw  any  line  cutting  79- 
the  curve  in  H  and  C.     Find  FL  a  mean  propor- 
tional between  TH  and  TC.     Thro5  L  draw   the 
diameter  FL  cutting  the  parabola  in  F,  the  point 
of  contact. 

This  is  plain  by  Prop.  XLIII.  Cor.  a. 

PROP.      LXVI.      Prob. 

Given  the  fonts  F  of  a  parabola,  and  three  points   80. 
in  the  curve  M,  N,  P  \  to  defer ibe  the  parabola. 

1  Way. 

Thro'  N,  M,  and  alfo  N,  P,  draw  the  lines  NK, 
NI.  And  draw  MF,  NF,  PF,  to  the  focus. 
Then  make  FN  :  FM  :  :  NK  :  MK ;  and  FN  ; 
FP  :  :  NI  :  PL  Thro'  K  and  I,  draw  the  line  KI, 
and  FT  perp.  to  it  from  the  focus.  BirTect  FT  in 
A,  for  the  vertex.  Then  with  the  focus  F,  and 
directrix  IK,  defcribe  a  parabola  thro'  the  point  M 
(Prop.  LIX.),  which  will  pafs  thro'  the  points  N,  P. 

Draw  NG,  PL,  MH  perp.  to  KT.  Then  by 
conftrudion,  FN  :  FM  :  :  NK  :  MK  :  :  (fimilar 
triangles)  NG  :  MH.  Alfo  FN  :  FP  :  :  NI :  PI :  : 
(fimilar  triangles)  NG  :  PL.  Therefore  MF,  NF, 
PF  are  to  one  another,  as  MH,  NG,  PL-  Confe- 
quently,  fince  MF  -MH;  therefore  NF  =  NG, 
and  PF  1=  PL.  And  all  the  points  M,  A,  P,  N, 
(Prop.  I.)  are  in  the  parabola. 

2  Way. 

From  N  thro'  M  and  P,  draw  the  lines  NO,  NB  •,   8  \ j 
thro'  F  drawNH,  alfo  draw  MF,  PF.     Draw  FO 
S  2  biffedting 
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Fig.  bisecting  the  angle  MFH,  cutting  NM  in  O.  Alfo 
8 1.  draw  FB  biiTecting  the  angle  PFH,  to  cut  NP  in 
B.  Thro'  O  and  B  draw  the  line  OB.  Then  with 
the  focus  F  and  directrix  OB,  defcribe  a  parabola 
thro'  the  point  M,  which  will  alfo  pafs  thro'  the 
points  N,  P. 

For  (Prop.  XXXV.  Cor.)  if  N,  M,  be  two 
points  in  the  parabola-,  FO  will  cut  NM  in  the 
point  O  of  the  directrix  OB.  And  if  N,  P,  be 
two  points  in  the  parabola  •,  FB  will  cut  NP  in  the 
point  B  of  the  directrix  OB.  Therefore  the  direc- 
trix and  focus  remaining  the  fame,  all  the  three 
points  M,  N,  P,  are  in  the  fame  parabola. 

Scholium. 
After  a  like  manner  an  ellipfis  or  hyperbola  whofe 
focus  is  given,  may  be  defcribed  thro'  three  given 
points ;  by  the  help  of  Prop.  LXIII.  B.  I.  and 
Prop.  LIX.  B.  II. 

PROP.      LXVII.      Prob. 

g^  To  defcribe  a  parabola  thro9  three  given  points,  and 
whofe  diameters  Jh all  make  a  given  angle  with  the  or- 
dinates. 

Thro'  two  of  the  points  M,  N,  draw  the  right 
line  MN,  and  thro'  the  point  P,  draw  the  diame- 
ter PF,  making  the  angle  PFM  zr  angle  given. 
Thro'  G  the  middle  of  MN,  draw  the  diameter  AG 
parallel  to  PF.  Then  make,  as  rectangle  MFN  : 
MGl  :  :  PF  :  AG.  Then  make  as  AG  :  GM  :  : 
GM  :  AH  the  parameter  of  AG.  Laftly,  defcribe 
a  parabola  with  the  diameter  AG,  and  latus  rec- 
tum AH,  this  will  pals  thro'  the  points  M,  P,  N, 
as  required. 

For  fince  MFN  :  MGN  :  :  PF  :  AG  j  therefore 
(XXV.  Cor.  3.)  the  points  M,  P,  N,  are  in  the 

parabola. 


B.  III.        THE     PARABOLA.  215 

parabola.      And    <  AGM    zz   PFM    ~   angle  Fig. 


given. 


82 


PROP.      LXVIII.      Prob. 


To  draw  a  tangent  to  a  parabola  parallel  to  a  given  Sa- 
line CD. 

Draw  the  diredrix  AB  •,  thro'  the  focus  F,  draw 
BH  per  p.  to  the  given  line  CD,  to  cut  the  direc- 
trix in  B.  Draw  BP  parallel  to  the  axis  AF.  Bif- 
fed BF  in  G,  and  draw  GP  parallel  to  CD,  cut- 
ting BP  in  P,  and  GP  will  touch  the  parabola  in  P. 

For  draw  PF  •,  then  the  triangles  BPG  and  FPG 
are  fimilar  and  equal.  For  the  angles  BGP  and 
FGP  are  right  angles,  being  equal  GHD.  And 
BG  =  GF,  and  PG  common,  therefore  PB  =  PF, 
whence  (Prop.  I.)  P  is  in  the  parabola,  and  (VIII.) 
PG  is  a  tangent. 

PROP.      LXIX.       Prob. 

About  a  given  line  as  a  diameter^  to  defcribe  a  co-   84, 
nicfettion^  to  pafs  thro'  a  given  point  P  ;  and  fo  as  the 
erdinates  may  make  a  given  angle  with  the  diameter. 

Let  AB  be  the  diameter,  from  P  draw  PQ  mak- 
ing the  given  angle  with  AB.  Biffed  AB  in  C, 
and  draw  CD  parallel  to  PQ^  Then  if  Q  fall  be- 
tween A  and  B,  make  as  redangle  AQB  :  QP*  : : 
AC1  :  CD2.  And  with  the  femidiameters  AC,  CD, 
defcribe  the  ellipfis  ADPB. 

But  if  Q^  fall  below  B,  with  the  femidiameters 
AC,  CD,  defcribe  the  hyperbola  BPF. 

Laftly,  if  AB  do  not  terminate,  but  is  infinitely 
extended  towards  B  •,  make  as  AQj  QP  :  :  QP  : 
L,  the  latus  redum  of  AQ^  Then  with  the  dia- 
meter AQ,  and  latus  redum  L,  defcribe  the  pa- 
rabola AP,  for  that  required. 

S  3  All 
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Fig.      All  this  procefs  is  plain  from  the  properties  of 
84.  thefe  figures  before  laid  down. 

PROP.      LXX.      Proh. 

gr.      To  defer  the  a  conic  feclion  to  pafs  thro*  Jive  given 
$6tpoints.  A,  B,  C,  D,  E. 

Draw  lines  between  the  points  A,  C  ;  and  be- 
tween the  points  B,  D-,  to  interfect  in  R.  And 
thro*  the  fifth  point  E,  draw  EK,  EH  parallel  to 
BD,  AC ;  meeting  them  in  G  and  Q^  Then  in 
the  lines  EK,  EH,  find  the  points  K,  H,  fo  that 
re&angle  AGC  :  KGE  :  :  ARC  :  BRD  :  :  EQH  : 
BQD  \  taking  QH,  GK,  towards  fitch  parts  as  the 
problem  requires. 

Biffed  KE,  BD  in  L,  and  N,  and  draw  LN. 
Alfo  biffed  AC,  EH,  in  P  and  O.  And  draw  OP 
to  interfecl  LN  in  F  the  center.  But  if  LN,  OP 
are  parallel,  the  curve  will  be  a  parabola. 

Produce  FP,  FO  (if  neceffary)  to  I  and  M,  fo 
that  IF  =  FM,  and  that  PA2 :  PA2  —  OE2  :  :  FP 
—  FP*  :  OF2  — FP2,  to  this  add  FP2,  and  we  have 
IF1  and  confequently  IF  or  FM,  and  IM  the  dia- 
meter to  the  ordinates  AP,  EO.  And  the  feclion 
may  be  drawn  by  Prop.  LXIX. 

For  fince  IF2  —  FP2  :  FOs  —  FP2  :  :  PA2  : 
PA*  _OE\  by  compounding  IF2  —  FP2 :  IF2  — 
FO2  :  :  PA2  :  OE2 ; 

that  is,  IPM  :  IOM  :  :  PA2  :  OE2  5  (therefore  by 
the  properties  of  the  conic  feclions)  IM  is  the  dia- 
meter of  the  ordinates  PA,  OE.  The  reft  appears 
by  Prop.  XLIII.  Cor.  2.  B.  I. 

The  fame  demonftration  ferves  for  the  hyperbo- 
la, mutatis  mutandis 5  and  by  Prop.  XXXIX. Cor.  2. 
B.  II. 

Or 
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Fig. 
Or  thus  by  "points. 

Draw  AB,  BC,  DA,  CD,  forming  the  infcribed  87, 
trapezium  AECD,  (or  if  A  or  C  be  infinitely  dif- 
tant,  draw  them  in  given  directions).  From  E  draw 

EF,  EG,  parallel  to  AB,  AD.  In  EF,  EG,  take 
H  and  N,  either  both  the  fame  way,  or  both  the 
contrary  ways,  from  F  and  G,  in  refpect  of  E ; 
and  fo  that  EF  :  EG  :  :  EH  :  EN.  And  draw  BH, 
DN,  to  interfecl  in  M  a  point  of  the  curve.  And 
thus  innumerable  points  may  be  found,  and  the 
curve  drawn  thro'  them. 

If  BH,  DN  be  parallel,  then  ]VI  is  infinitely  dit 
tant;  or  they  may  be  parallel  to  the  afTymptotes 
of  a  hyperbola,  or  to  the  diameters  of  a  parabola. 

The  practice  is  exptditioufly  performed  thus  ; 
in  EF  and  EG,  take  as  many  equal  parts  as  you 
will,  at  1,  2,  3,  4,  &c.  fo  that  the  magnitude  of 
thefe  in  EF,  to  thofe  in  EG,  may  be  as  EF  to 

EG.  Then  thro'  all  the  points  in  EF,  draw  lines 
from  B  ;  and  thro5  all  the  points  in  EN,  draw  lines 
from  D,  and  where  the  correfpondent  lines  inter- 
fect,  will  be  fo  many  points' of  the  curve. 

For  (Prop.  LXX.  Cor.  5.  B.  I.)  finceEF :  EG  :  : 
EH  :  EN,  then  BH,  DN,  drawn  will  meet  at  M 
in  the  curve.  And  the  like  for  the  hyperbola 
(Prop.  LXIII.  Cor.  5.  B.  II.).  And  for  the  para- 
bola (XXXVII.  Cor.  5.  B.  III.) 

Cor.  1 .  If  fewer  points  be  given,  provided  others 
may  be  found  to  make  up  five  -,  the  curve  will  be  de- 
fer ibed  in  the  fame  manner. 

Cor.  2.  If  four  points  be-  given,  and  the  curve  is 
to  pafs  thro'  thefe  points,  and  touch  a  right  line  given' 
in  pofition,  in  one  of  thefe  points.  It  is  only  fuppqfing 
two  points  to  coincide  in  one  ;  and  then  the  line  drawn 
thro*  them,  becomes  a  tangent  to  that  point.  And 
then  the  conjlruclion  will  be  the  fame  as  before. 

S  4  Cor. 
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Fig.       Cor.  3.  Likewife  if  the  curve  is  to  pafs  thro*  three 

87.  points,  and  touch  two  right  lines ,  given  in  pofition, 

in  two  of  thefe  points.     The  conftruclion  will  be  the 

fame,  by  fuppofing,  two  and  two  of  thefe  points  t& 

coincide. 

PROP.      LXXI.      Prob. 

gS#       To  draw  a  conic  feclion  thro*  four  given^  points  B, 
C,  D,  E,  to  touch  a  right  line  HI  given  by  pqfition. 

Draw  lines  thro'  two  and  two  as  CE,  DB,  meet- 
ing in  G,  and  cutting  the  tangent  in  I  and  H. 
Take  GK  a  mean  proportional  between  GE  and 
GC  ;  IP  a  mean  between  IC  and  IE  ;  GN  a  mean 
between  GB  and  GD ;  and  HL  a  mean  between 
HD  and  HB,  and  HQ^a  mean  between  HO  and 
HF.  Then  in. -the  tangent  HI,  find  the  point  A, 
fo  that  HA:  Al  :  :  GK  X  HL  :  IPX  GN-,  and  A 
will  be  the  point  of  con  tad.  Therefore  by  Prop. 
LXX,  thro'  the  five  points  A,  B,  C,  D,  E,  de- 
fcribe  the  conic  feclion,  and  it  is  done. 

For  (XLIII.  Cor.  1.  B.  I.  &c.)  rectangle  BGD  : 
EGC  :  :  DHB  :  OHF;  that  is,  GN* :  GK1  :  :  HLZ: 
HQ\  and  GN  :  GK  :  :  HL  :  HQj  whence  GN  X 
HQ^=  GK  X  HL.  Again  XLIV.  Cor.  3.  B.  I. 
&c.)  AH2  :  AP  : :  OHF  :  CIE  :  :  HQ* :  IP1-,  and 
AH  :  Al  :  :  HQj  IP  :  :  HQx  GN  :  IP  xGN  :  : 
GKxHL:IP  xGN. 

According  to  the  various  fituation  of  the  points 
C,  D,  E,  B,  and  tangent  HI ;  an  ellipfis,  hyper- 
bola or  parabola  will  be  defcribed. 


PROP. 
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PROP.      LXXII.      Prob. 

To  defcribe  a  conic  fettion  thro'  three  given  points*  89. 
B,  C,  D ;  to  touch  two  right  lines  given  by  fofttion* 
HI,  NK. 

Thro'  two  of  the  points  B,  D,  draw  BD  meet- 
ing the  tangents  in  H  and  K.  And  thro'  two 
others  of  the  points,  C,  D,  draw  CD,  alfo  meet- 
ing the  tangents  in  I  and  L.  Take  four  lines  T, 
V,  X,  Y,  fo  that  TT  =  rectangle  BHD,  VV  = 
BKD,  XX  =1  CID,  YY  zz  CLD.  Then  in  the 
lines  HD  and  ID,  find  the  points  R,  S,  fo  that 
HR : KR : :  T  :  V,  and  IS  :  LS  :  :  X  :  Y.  Draw 
RS  cutting  the  tangents  in  A  and  E,  the  points 
of  contact.  Then  thro*  the  five  points  A,  B,  C, 
D,  E,  draw  a  conic  fection  by  Prop.  LXX. 

Draw  IF  parallel  to  KN,  meeting  the  curve  in 
O  and  F.  And  make  IZ*  =2  OIF.  Then  fup- 
pofing  A,  E,  the  points  of  contact,  (XIJV.  Cor.  3.) 
rectangle  OIF  or  IZ*  :  LE2 : :  CID  or  XX  :  CLD 
or  YY.  And  IZ  :  LE  :  :  X  :  Y  :  :  (conftru&ion) 
IS  :  LS.  Therefore  the  points  S,  E,  Z,  are  in 
one  ftreight  line.  Again  let  the  tangents  meet  in 
G,  then  rectangle  OIF  or  IZ*  :  I  A*  :  :  GE2 :  G  A\ 
And  IZ  :  I A  :  :  GE  :  GA  ;  therefore  the  points  E, 
Z,  A  are  in  one  right  line.  And  by  the  fame  rea- 
foning  the  points  E,  R,  A,  are  in  one  right  line. 
Therefore  the  points  A,  E,  are  in  the  right  line  i 
RS.  That  is,  the  points  of  contact  lie  in  the  right 
line  RS,  as  determined  in  the  conftruction. 


PROP. 
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Fig. 

PROP.     LXXIIL      Prob. 

go.  $0  draw  a  conic  feclion  thro*  two  given  points  D, 
E  ;  to  touch  three  right  lines \  TG,  TH5  CH,  given 
in  pofition. 

Thro'  the  given  points  D,  E,  draw  the  line  FQ^ 
to  cut  the  tangents  in  G,  Q,  and  P.  And  let  XX 
te  EQD,  YY  ~  DGE,  and  ZZ  a  EPD.  And 
make,  as  FQj  FG  :  :  X  :  Y.  And  GK  :  PK  :  : 
Y  :  Z.  And  from  F  draw  FH  to  the  interferon 
of  the  tangents  TH,  CH.  And  make  FI  :  FH  : : 
IM  :  MH.  Thro'  K,  M,  draw  a  line  interfering 
the  tangents  AT,  CH,  in  A  and  C  the  points  of 
contact.  Thro*  F  and  A,  draw  a  line  interfering 
the  tangent  TH  in  B  the  point  of  contact.  Then 
thro'  A,  B,  C,  D,  E,  draw  a  conic  feclion,  by 
Prop.  LXX. 

For  fince  GK  :  PK  :  :  Y  :  Z,  therefore  GK2 : 
PKZ  :  :  T*  or  DGE  :  ZZ  or  EPD >  therefore 
(Prop.  L1V.  B.  I.)  K  is  in  the  line  joining  the  points 
of  contact  A  and  C.  Alfo  fince  FQj  FG  :  :  X  : 
Y,  and  FQ:  :  FG*  :  :  EQD  :  DGE  ;  therefore 
(LTV.  B.  I.)  as  FQ^  cuts  the  tangents  TG,  TQ, 
in  G  and  Q,  F  will  be  in  the  line  AB,  joining  the 
points  of  contact  A  and  B.  Alfo  for  the  tangents 
TG,  HC  j  IM*  :  MH:  :  :  LIN  :  LHN.  And  for 
the  tangents  TG,  TH  •,  FP  :  FH*  :  :  LIN  :  LHN. 
Therefore  IM1  :  MH1  :  :  FP  :  FH".  And  IM  : 
'■  MH  :  :  FI  :  FH  ;  therefore  by  cohftruction,  the 
point  M  is  in  the  line  AC.  Whence  both  K  and 
M  being  in  the  line  AC,  determines  the  points  of 
contact  A  and  C  i  and  FA  drawn  determines  the 
point  of  contact  B.  Whence  the  five  points  A,  B, 
E,  C,  D,  are  given. 

PROP. 
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PROP.      LXXIV.     Prok  *' 

To  defcribe  a  conic  feclion  thro*  a  given  point  E,  91. 
to  touch  four  right  lines  ^  OT,  TH,  HR,  RO,  given 
in  pojition. 

Draw  the  diagonals  TR,  HO,  to  interfect  in 
K.  Thro'  K  and  the  given  point  E,  draw  FQj 
cutting  the  tangents  in  G,  P,  Q.  Then  find  the 
point  D  fo  that  KG1  :  KP2  :  :  DGE  :  DPE  ;  then 
D  is  another  point  of  the  curve.  Therefore  by 
the  laft  Prop,  draw  the  curve  thro'  the  two  points 
D,  E  ;  to  touch  the  lines  TO,  TH,  HR. 

Or  thus  -,  find  the  point  F,  fo  that  FQ^  :  FG2 : : 
EQD  :  EGD.  Then  draw  FH,  and  find  the  point 
M,  fo  that  FI  :  FH  :  :  MI  :  MH.  Thro5  K  and  M 
draw  CA  -,  and  thro'  F  and  A,  draw  FB.  Thro* 
B  and  K,  draw  BS.  Then  A,  B,  C,  S  are  points 
of  contact  •,  thro'  which  and  the  point  E,  draw  the 
feclion,  by  Prop.  LXX. 

For  (Prop.  LIV.  Cor.  B.  I.)  the  lines  joining  the 
oppofite  points  of  contact,  pals  thro5  K.  And  fince 
KG2  :  KP2  :  :  DGE  :  DPE,  (LIV.  B.  I.)  D  will 
be  in  the  curve.  And  fince  FQ  cuts  the  tangents 
TO,  TH,  and  it  is  F(£  :  FG2  :  :  EQD  :  EGD ; 
therefore  (Prop,  ib.)  F  is  in  the  line  joining  the 
points  of  contact  A,  B.  Alfo  fuppofing  M  in  the 
line  AC,  drawn  thro'  the  points  of  contact  of  the 
tangents  TO,  HR;  then  (LIV.  B.  I.)  MP  : 
MH2  :  :  LIN  :  LHN  :  :  (for  the  tangents  TG, 
TH)  FP  :  FH2.  And  MI  :  MH  :  :  FI  :  FH.  On 
the  contrary,  fuppofing  Ml :  MH  :  :  FI  :  FH,  then 
M  will  be  in  the  line  AC.  Therefore  a  line  drawn 
thro5  M,  K,  will  pafs  thro5  the  points  of  contact: 
A,  C.  And  a  line  from  F  thro5  A,  pafTes  thro5  the 
point  of  contact  B  ;  and  laftly,  a  line  drawn  thro' 
B  and  K  (LIV.  Cor.  B.  I.),  will  pafs  thro5  the  other 
point  of  contact  S. 

PROP. 
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Fig. 

PROP.      LXXV.      Prob. 


O 


92.       To  defer  ibe  a  conic  feclion^  to  touch  five  lines  given 
inpofttion,  GT,  TH,  HR,  RO,  OG. 

Take  any  four  of  the  tangents  forming  a  quadri- 
lateral as  IGTHI,  leaving  out  the  tangent  OR  •,  draw 
the  diagonals  IT,  GH  to  interfect  in  L.  Then 
leave  out  the  tangent  OG,  and  draw  the  diagonals 
of  the  quadrilateral  KTHRK,  to  interfect  in  M; 
draw  LM,  to  cut  the  tangents  in  A  and  C,  the 
points  of  contact.  Go  thus  round  the  figure;  leav- 
ing out  fucceftively  the  tangents  GT,  TH,  HR ; 
drawing  the  diagonals  of  the  trapezia  DHROD, 
ZROGZ,  FOGTFi  interfering  in  N,  P,  Q^ 
Then  MN,  NP,  PQ,  QL  being  drawn,  will  in- 
terfect the  tangents  in  the  points  of  contact,  B  and 
S,  C  and  E,  S  and  A,  E  and  B.  Then  thro'  the 
points  A,  B,  C,  S,  E,  defcribe  a  conic  fection  by 
Prop.  LXX. 

For  (Prop.  LIV.  Cor.  B.  I.)  the  imerfection  of 
the  diagonals  of  the  trapezium  IGTH,  which  is 
L.  And  alfo  of  the  trapezium  KTHR,  which  is 
M,  are  in  the  line  AC,  drawn  thro'  the  points  of 
contact  A  and  C.  Likewife  the  interferon  of 
the  diagonals  of  the  trapezia  KTHR,  and  DHRO  ; 
that  is,  M  and  N,  are  in  the  line  BS,  drawn  thro' 
the  points  of  contact  B  and  S.  Thofe  of  DHRO 
and  ZROG,  N  and  P,  are  in  CE.  Thofe  of  ZROG 
and  FOGT,  (P  and  Q),  are  in  SA.  Thofe  of 
FOGT  and  JGTH  (Q  and  L),  are  in  the  line  EB. 
Therefore  A,  B,  C,  S,  E,  are  the  five  points  of 
contact. 

When  the  center  or  focus  is  given,  it  is  equiva- 
lent to  two  lines  or  points ;  and  an  afiymptote  to 
an  hyperbola,  to  two  tangents. 

Many 
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Many  more  problems  might  be  added  ;  but  what  Fig. 
I  have  here  given,  are  abundantly  fufficient  for  an  92. 
introduction. 

PROP.      LXXVL 

]f  a  cone  ABC  be  cut  by  a  plane  LDG  parallel  to   93. 
the  fide  of  the  cone  AB,  the  feclion  LDG  will  be  a 
parabola. 

Draw  the  plane  ED  parallel  to  the  bafe  BGC. 
Then  fince  AB  is  parallel  to  the  plane  LDG;  a 
plane  touching  the  cone  in  the  line  AB,  will  be 
parallel  to  LDG  ♦,  whence  arch  BL  zz.  BG,  and 
BI  pafling  thro'  the  center  of  the  bafe  is  perp.  to 
LG,  and  LI  =  IG.  And  by  the  nature  of  the 
circle,  the  rectangle  BIC  —  IL\  From  the  vertex 
D  draw  DI.    Then  by  limilar  triangles  AE  :  ED  : : 

ED  X  DI 
DI  :  IC  = jg — ;  therefore  BI  X  IC   =  IL% 

BI  x  ED  X  DI        TT  ED2      _r 

becomes xg =  IL%  or  ~^E  X        = 

IL\     But  AE  and  ED  are  given  quantities  •,  there- 

ED* 
fore  make  AE  :  ED  :  :  ED  :  L  ;  then  -v-p   —  L, 

and  LxDIz  IL\     Therefore  (Prop.  XVII.) 
the  curve  LDG  is  a  parabola,  and  L  the  parameter. 

ED2 
Cor.  1.  The  latus  return  2=  Tr",  or  a  third  pro- 
portional to  AE  and  ED.     And  if  F  be  the  focus  y 

ED* 
DF  =  4AE' 
By  Prop.  II. 

Cor.  2.  Let  DP  be  perp.  ^  AB,  then  in  a  right 
coney  2PE  —  the  latus  reclum;  and  DF  =  i  PE. 

For  if  AN  be  perp.  to  ED,  it  bifTects  it,  and  the 
triangles  AEN,  DEP  are  funilar;  and  AE  :  EN 

or 
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Fig.  ED*  ED* 

9l  or^ED:  :  ED  :  EP  zz  ^g,   and  2EP  zz  -£g 

—  latus  rectum. 

94.  Cor.  3.  If  AF  be  perp.  to  the  bafe  of  the  cone •,  and 
AP  perp.  to  DI  the  axis  of  the  parabola  •,  and  if 
AN  zz  AP,  and  HNG  drawn  parallel  to  the  bafe 
BC  *,  then  HG  «  ^#<z/  to  the  latus  reftum.  And  HA 
(on  the  oppofite  fide)  zz  ED  the  diameter  at  the  ver- 
tex D. 

Draw  AL  parallel  toBC,  then  the  triangles  AHN, 
APL  are  iimilar  and  equal,  and  AH  zz  AL  zz  ED. 
And  by  fimilar  triangles  (AED,  AHG)  AE  :  ED  :  : 

ED4 

AH  or  ED  :  HG  zz  -r-g  zz  (Cor.  1.)  latus  re&um. 

95»  Cor.  4.  If  MVN  be  a  right  cone,  F  the  focus  of 
the  parabola  ARZ.  And  if  AG  be  made  equal  to 
AF  •,  the  circle  GI,  parallel  to  the  bafe  of  the  cone, 
will  cut  the  plane  of  the  parabola  in  the  line  ED  the 
direclrix  of  the  parabola. 

For  (Prop.  I.  Cor.  1.)  if  DE  be  the  directrix, 
then  AD  zz  AF  zz  (by  conftru&ion)  AG.  And 
fince  AN  zz  AK,  the  triangles  ANK,  AGD  are 
fimilar,  and  DG  parallel  to  NK  -,  that  is,  GI  pa- 
rallel to  MN,  will  cut  the  parabola  in  the  line  DE. 

96.  Cor.  5.  In  a  right  cone  VMH,  if  F  be  the  focus, 
and  AG  zz  AF,  and  the  circle  GNI  be  drawn  pa- 
rallel to  the  bafe.  Then  the  diftance  of  any  point  P 
of  the  parabola,  from  the  focus  \  that  is  PF,  will  be 
equal  to  PN,  the  diftance  of  P  from  the  periphery  of 
the  circle  GNI. 

For  let  PQ^be  an  ordinate,  and  draw  QS  paral- 
lel to  the  bafe  of  the  cone  ;  then  fince  the  plane 
SQP  is  parallel  to  the  bafe,  SG  will  be  equal  to 
PN,  becaufe  in  a  right  cone  the  fegments  of  the 
fides  contained  between  parallel  circles  are  equal. 

And 
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And  fince  AQ  1=  AS,  and  AD  =  AG,  DE  being  Fig. 
the  dire&rix  ♦,  therefore  DQjii  SG.  But  (Prop.  I.)  q6. 
FP  =  DQ^zz  SG  =  PN.  * 

Scholium. 

From  this  Prop,  the  reafon  appears,  why  the 
Parabola  is  called  one  of  the  conic  fedtions :  and 
that  is,  becaufe  a  cone  cut  by  a  plane  parallel 
to  one  of  its  fides,  will  always  form  the  curve  call- 
ed a  parabola,  as  "we  have  fhewn  in  this  propofi- 
tion.  The  properties  of  which  curve  we  have  de- 
monftrated  at  large  in  this  Book  •,  and  of  the  other 
fections  in  the  foregoing  books  •,  and  that  from  the 
mechanical  defcription  thereof  upon  a  plane,  with- 
out regard  to  the  cone  or  any  other  body  what- 
ever •,  without  analytical  calculations ;  without  har- 
monical  ratios ;  but  by  the  pure  fyathetic  method 
of  demonftration. 
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PREFACE 


GT*HE  enfuing  Treatife,  which  is  concerning  curves 
of  higher  kinds,  I  have  given  here,  as  a  proper  fe- 
quel  to  the  Conic  Setlions.  And  to  proceed  gradually,  1 
have  in  the  firft  Book  given  account  of  many  of  the 
common  fort  of  curves,  as  the  Conchoid,  Cijfoid)  Cy- 
cloid, &c.  and  fever  al  forts  of  Spiral  Lines ;  which 
will  oblige  thefe  people  that  want  to   be  acquainted 
with  the  nature  of  thefe  curves.     And  as  the  reader 
will  often  meet  with  the   mention  of  thefe    curves, 
therefore  he  ought  to  know  the  nature  of  them,  and 
their  effential  properties;  and  this  is  what  every  one 
ought  to  be  acquainted  with,  that  expetl  to  make  any 
great  advances  in  this  branch  of  fcience.      And  in 
handling  thefe,  I  have  taken  the  fhorteft  way  of  de- 
monftration  I  could  find,  whether  geometrical  or  alge- 
braical.    But  I  have  purpofely  omitted  fuch  properties 
as  could  not  be  demonjirated  without  having  recourfe 
to  fluxions.     And  for  this  reafon  alfo  I  have  faid  no- 
thing about  fever  al  other  curves  of  like  fort. 

In  the  fecond  Book  I  have  treated  of  fuch  general 
properties,  as  belong  to  all  curves  univ  erf  ally.  In 
Seel,  i ,  are  laid  down  fever  al  theorems  about  the 
transformation  of  curves.  By  the  help  of  fome  of 
thefe  theorems,  the  area  of  one  curve  being  given,  or 
perhaps  the  length  -,  the  area  of  the  other  may  be  de- 
termined. By  others,  their  lengths,  furfaces,  or  fo- 
lidities  may  be  found.  And  this  by  common  geometry 
without  the  help  of  fluxions. 

T  2  In 
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/;/  the  fecond  feclion  are  laid  down  feveral  propo- 
rtions, relating  to  all  forts  of  curves  in  general,  their 
nature  and  properties.  By  thefe  are  determined  the 
pojition  of  the  axis,  the  ordinates,  and  their  affymp- 
totes,  if  they  have  any  •,  and  what  curves  have  affyrnp- 
totes,  and  what  not.  In  this  part  I  have  given  the 
learner  a  tajk  of  the  higher  geometry  *,  and  here  is  a 
large  field,  for  any  one  that  has  a  mind  to  exercife  his 
invention  therein. 

In  the  third  feclion  you  have  feveral  proportions 
concerning  curve  lines,  drawn  from  fluxions,  and 
which  are  ferviceable  for  inveftigating  the  nature  of 
fuch  curves.  When  the  reader  is  acquainted  with  all 
thefe  things  as  an  introduclion,  he  may  proceed  with 
pleafure  to  read  other  books  on  the  fame  fubjecl,  and 
particularly  that  inimitable  piece  of  Sir  J.  Newton's, 
entitled,  An  Enumeration  of  Lines  of  the  third  Or- 
der. And  therefore  I  hope,  what  is  here  delivered, 
will  be  grateful  to  all  lovers  of  geometry,  and  parti- 
cularly to  fuch  as  dejire  to  make  any  conftderable  pro- 
grefs  therein. 


W.  Emerfon. 
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SECT.      I. 

Of  the   Conchoid. 


DEFINITIONS. 

D  E  F  I  N.      I. 

AQ  is  a  ftreight  ruler  in  which  the  points  A,  Fig. 
B  are  fixed.     Then  if  this  ruler  is  fo  mov-    i. 
cd  that  it  always  paries  thro'  the  fixed  point  P, 
whilft  the  point  B  Aides  along  the  right  line  CD. 
The  curve  NAFG  defcribed  by  the  point  A,  is 
called  a  Conchoid^  or  the  Conchoid  of  Nichomedes* 

D  E  F.     II. 

If  B  be  between  A  and  P,  the  curve  AFG  is 
called  the  Superior  Conchoid* 

D  E  F.      III. 

If  a  is  between  P  and  B,  the  curve  afg  is  called 
the  Inferior  Conchoid. 

DEF.      IV. 
If  PT  is  perp.  to  CD,  and  if  Ba  in  the  inferior    2, 
Conchoid,  be  greater  than  TP  -,  the  curve  aPfZPg, 
is  called  the  Nodated  Conchoid. 

DEF.      V. 
The  fixed  point  P  is  called  the  Pole  or  Center  of    It 
the  conchoid. 

T  3  DEF. 
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Fig. 


i 


D  E  F.     VI. 

The  line  CD  is  called  the  Direclrix  of  the  con- 
choid. 

PROP.     I. 

j  t  All  lines  as  AB  comprehended  between  the  curve  and 
direclrix,  are  equal,  which  pafs  thro*  the  pole  P. 

This  is  evident  from  the  generation. 

Cor.  If  BTF  be  perp.  to  the  direclrix  CD,  any 
line  AB,  comprehended  between  the  curve  and  direc- 
trix, and  pafjing  thro9  P,  is  equal  to  the  perpendicular 
FT. 

PROP.      II. 

j .  T'he  direclrix  of  the  conchoid  CD  is  an  ajjymptote 
to  the  curve ;  or  approaches  infinitely  near,  but  never 
touches  it. 

From  any  point  A  of  the  curve,  draw  AP  to 
the  pole,  and  AH  perp.  to  CT.  Then  the  trian- 
gles PBT,  ABH  are  fimilar,  and  BP  :  PT  :  :  AB  : 

AH  m p?T —  •      Then  fince  the  diftance  of 

the  point  A  from  CD  *,  that  is,  AH  is  always  reci- 
procally as  PB  •,  AH  continually  diminiihes  as  PB 
increafes,  and  when  PB  is  infinitely  great,  AH  will 
be  infinitely  fmall.  Therefore  CD  is  an  affymp- 
tote  to  the  curve. 

And  the  fame  reafoning  may  be  applied  to  the 
inferior  conchoid  afg. 


PROP. 
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Fig* 
PROP.      III. 

If  from  any  point  A  of  the  curve,  AH,  FTP  be   ~; 
drawn  perpend,  to  the  direclrix  HT ;  and  AL  paral- 
lel to  it.     And  if  the  quadrant  FGK  be  described 
cutting  AL  in  G.     Then  PLxLG  =  TLx  LA. 

For  the  triangles  AHB,  TLG,  are  fimilar  and 
equal  ♦,  for  the  angles  at  H  and  L  are  right.  And 
AB  zz  TF  zz  TG,  and  AH  as  TL ;  therefore 
BH  =  GL.  Alfo  the  triangles  AHB,  ALP,  are 
fimilar ;  whence  AH  :  HB  :  :  PL  :  AL ;  that  is, 
TL  :  GL  :  :  PL  :  AL  -,  therefore  PLxLGz 
TL  X  AL. 

Cor.  i .  The  fame  things  fuppofed,  AG  zz  BT, 
and  GL  zz  HB. 

For  AL  fcz  HT,  and  GL  zz  HB ;  therefore  by 
fubtra&ion,  AG  zz  BT. 

Cor.  2.  This  Prop,   holds  good  alfo  in  the  inferior      ■ 
coHchoid. 

This  appears  by  applying  the  fame  demonftra- 
tion  to  the  inferior  conchoid,  denoted  by  fmall 
letters. 

Cor.  In  the  inferior  conchoid,  gl  zz  bh. 

PROP.      IV. 

In  the  fuperior  conchoid,    if  PTF  and  AH  be    „\ 
perp.   to  the  direclrix  HT,  and  AL  parallel  to  it.    % 
TL2 :  TF2  —  AH1  :  :  PL2  :  AL1. 

For  by  Prop.  III.  TL  :  GL  :  :  PL  :  AL  i  and 
TL2  :  GL4  :  :  PL2  :  AL2.  But  GL2  zz  GT2  — 
TL2  zz  TF2  —  AH2  •,  therefore  TL2  :  TF2  — 
AH2  :  :  PL2  :  AL2. 

T  4  Cor. 
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Fig.     Cor.  Hence  putting  FT  =  a,  PT  3  £,  wTH 
3.    zz  xy  ordinate  HA  =  ^  9  f/fo»  /£*  equation  of  the 

fuperior  conchoid  is  b+yyaa—yy  —  x  s  AL,  or 

jy 

£<?/>/£  ra&ra/  ^+  +  2^yJ  +  W  —  aa  +  xxXyy  — 
zaaby  =s  *raW. 

PROP.      V. 

4-        /#  /fo  inferior  conchoid,  if  pft  and  ah  be  perp.  to 
the  direclrix  bt,  and  al  parallel  to  it.     Then  tll  :  tf- 

—  ah1::  W  :  al\ 

For  (Pr.  HI.  Cor.  2.)  //  :  gl : :  P/  :  al.  And  tlx : 
g?  :  :  P/*  :  al\     But ^  =  A&1  =  bat—ahl  =  /f 

—  ah1  ,  therefore  tll  :  tf  —  ahz  :  :  PI"  :  at. 

Cor.  1.  Hence  putting  tf  zz  a,  /P  =  by  axis  th 

zz  xy  ordinate  ha  zz  y>  the  equation  of  the  inferior 

conchoid  will  be         J  V  a       jy  —.  x  --  aft     ^j 


when  reduced^  y*  —  2 by*  +  bb  —  aa  +  xx  X  yy  + 
zaaby  zz  aabb. 

Cor.  2.  The  fame  equation  holds  for  the  nodated 
conchoid,  all  the  difference  being,  that  a  is  here  greater 
than  b. 


SECT. 
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SECT.      II. 

Of  the  C  i  s  s  o  i  d. 

DEFINITIONS. 

D  E  F.     L 

LET  ABG  be  a  circle,  C  the  center,  QED  a  j- 
fquare ;  alfo  P,  F  two  fixed  points  in  the  lines 
AP,  ED,  fo  that  GP  =  radius  CG  =  EF  =  FD.  5 
Alfolet  CD  produced  ad  infinitum,  be  perp.  to  CP. 
Let  the  fquare  QED  be  fo  moved,  that  the  fide 
EQ^may  always  pafs  thro'  the  point  P,  whilfl  the 
end  D  Aides  along  the  right  line  CD.  Then  the 
point  F  (the  middle  of  ED)  will  defcribe  the  curve 
GBF,  called  the  Cijfoid,  or  the  Cijfoid  of  Diodes. 

D  E  F.      II. 

The  circle  ABG  is  called  the  Generating  Circle v 

D  E  F.      III. 
The  line  CD  is  called  the  Direflrix. 

PROP.     I. 

If  AB  and  BG  be  quadrants,  the  cijfoid  pajfes  tbro9   $ 
the  point  B. 

For  when  the  fquare  PED  comes  into  the  pofi- 
tion  PCB,  then  the  angles  C  and  E  being  right, 
EF  falls  upon  CB,  and  F  upon  B,  cutting  off  the 
quadrant  GB. 

PROP 
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Fig. 

PROP.      II. 

6.  If  from  any  point  F  of  the  curve,  FL  be  drawn 
parallel  to  the  diretlrix  CD,  to  cut  the  circle  in  M. 
fhen  LM,  LG,  LF,  are  in  geometrical  progrejfion. 

For  draw  GH  parallel  to  CD,  and  FH  parallel  to 
AG.  Then  the  triangles  CPR,  ERD  are  fimilar  and 
equal.  For  the  oppofite  angles  at  R  are  equal,  the 
angles  at  C  and  E  are  right,  and  CP  zz  ED; 
therefore  CR  zz  ER,  and  confequently  ER  +  RD 
s  CD.     Let  LF  or  GH  zz  x,  LG  or  FH  zz  y% 

AC  =  a.  Then  FO  -y—  a,OD  zz  y/FD2  —  FO1 

zz  \/aa  —  y  —  a  zz  \/aa  —  yy  +  lay  —  aa  "zz 
^/zay—yy.  And  OF  +  FD  zz  OF  +  OH  zzy. 
The  right  angled  triangles  FOD,  ERD  are  fimilar, 

whence  OD  :  <  pD  *  '  ED  :  <  RD*  And  by  com- 
pounding, OD  :  OF  +  FD  :  :  ED  :  ER  +  RDor 

CD  •,  that  is,  ^/lay  — yy  :  y  :  :  ia  :  x  +  OD  or 
x  -f-  s/iay — yy,  therefore  x  y/iay — yy  +  lay  — 
yy  zz  2  ay,  and  x  s/iay  —  yy  zz  yy,  but  by  nature 
of  the  circle,  LM  zz  y/iay  — yy,  therefore  LM 
(y/iay  —  yy)  :  LG  (y)  :  :  LG  (y)  :  LF  (x). 

Cor.  i.  Hence  OD  zz  LM,  the  ordinate  of  the 
circle. 

For  OD   was    zz    y/iay  — yy,    and   LM    zz 

y/iaY—yy- 

Cor.  2.  If  GH  zz  x,  HF  zz  y,  CG  zz  a,  the 

equation  of  the  curve  is  2axx  — yxx  zzj*. 

For  x  </iay  — yy  zz  yy,  and  by  fquaring,  layxx 
—  yyxx  zzy+i  and  dividing,  laxx — yxx  zzyK 

Cor. 
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Cor.  3.  The  four  lines  AL,  LM,  LG,  LF,  are  Fig* 
in  continued  proportion.  6. 

For  by  the  nature  of  the  circle  AL  :  LM  : :  LM : 
LG  :  :  (by  this  Prop.)  LG  :  LF. 

Cor.  4.  Produce  FL  to  N,  and  draw  NC,  then 
will  CD  zzFN. 

For  LF  zz  CO,  and  NLzLMz  (Con  1.) 
OD,  therefore  NF  zz  CD. 

Cor.  5.  FH  :  AL  :  :  GH*  :  FH\ 

For  y  :  20  —  y  : :  xx  :yy,  by  Cor.  2. 

PROP.     III. 

If  thro9  any  point  of  the  curve  F,  LF  be  drawn   7. 
perp.  to  the  diameter  AG,  cutting  the  circle  in  M ; 
and  the  line  GF V  be  drawn^  cutting  the  circle  in  V  j 
then  arch  AV  zz  arch  GM. 

For  (Prop.  II.)  LM :  LG  : :  LG  :  LF  :  :  (fimi- 
lar  triangles)  GZ  :  ZV.  And  LMZ :  LG*  :  :  GZ*  : 
ZV*  ;  that  is,  ALG  :  LG* :  :  GZ2  :  AZG.  And 
dividing  the  antecedents  by  LG,  and  the  con- 
fequents  by  GZ,  then  AL  :  LG  : :  GZ  :  AZ.  And 
compounding,  AL  4-  LG  :  LG  :  :  GZ  +  AZ  : 
AZ  •,  that  is,  AG  :  LG  :  :  AG  :  AZ ;  therefore 
LG  zz  AZ,  and  LM  zz  ZV,  and  arch  GM  ==  AV. 

Cor.  1.  Arch  AM  zz  arch  GV. 

Cor.  2.  If  two  lines  AM,  GV  move  about  the 
points  A,  G,  fo  that  their  interfeclion  be  always  in 
the  diretlrix  CB  ;  and  if  ML,  be  per  p.  to  AG  \  then 
the  interfeclion  of  G  V  and  ML,  at  F,  will  be  in  the 
ciffotd. 

For  by  that  means  the  arches  AV  and  MG  will 
be  equal ;  and  F  will  be  in  the  curve  by  this  Prop. 

Cor.  3.  The  lines  AO,  GO,  DO  are  all  equal. 

For 
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Fig.      For  the  triangle  AOG  is  ifoceles,  and  fince  AC 
7.    =  CG,  therefore  AO  zz  OD. 

Cor.  4.  The  line  AM  zz  ID  =  GV. 

For  AO  =:  OD,  and  by  reafon  of  the  equal 
arches  VB,  BM,  IO  is  s=  OM  5  and  ID  ==  AM 
or  GV. 

Cor.  5.  The  lines  OI,  OV,  OF,  OM  are  equal 
Becaufe  the  arches  VB,  BM,  and  the  lines  ZC, 
CL,  are  equal. 

Cor.  6.  The  line  GF  zz  AI  or  MD. 

For  the  triangles  AZI,  GLF  are  fimilar  and  equal. 

PROP.      IV. 

S.  If  GS  be  perp.  to  the  diameter  AG,  and  from  any 
point  F  in  the  curve ^  FN  be  drawn  parallel  to  GS, 
cutting  the  circle  in  N,  andANS  be  drawn.  Then  NF 
=  GS. 

Draw  GFV,  and  produce  NF  to  M.  Then  fines 
arch  NG  =  arch  GM  -  (Prop.  III.)  arch  AV; 
therefore  the  angle  NAG  zz  AGV  -,  whence  AS  is 
parallel  to  GV.  And  fince  NF  is  parallel  to  SG  •, 
therefore  NFGS  is  a  parallelogram,  and  NF  =  GS. 

Cor.  1.  The  line  IZ  zz  LF. 
For  the  triangles  AZI  and  GLF  are  fimilar  and 
equal. 

Cor.  2.  If  NF  be  drawn  perp.  to  AG,  thro*  any 
point  F  in  the  curve,  and  GF  be  drawn.  Then  NF, 
GF,  LF,  are  continually  proportional. 

For  draw  NG,  then  fince  arch  NG  zz  arch  AV, 
add  GV,  then  NGV  zz  GVA  zz  a  femicircle; 
whence  NGV  or  NGF  is  a  right  angle.  Therefore 
in  the  right  angled  triangle  NGF,  where  GL  is 
perp.  to  NF,  it  is  NF ;  Gb  :  :  GF  ;  LF. 

Cor. 
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Cor.  3.  GS,  GF,   LF,    are    continually  propor-  Fig. 
tionaL  8. 

PROP.      V. 

If  AE  be  perpendicular  to  AG  the  diameter  of  the  9* 
generating  circle -y  then  AE  is  an  ajfymptote  to  the 
curve. 

For  let  GH  =  *,  HF  =h  y,  AG  =5  2a.    Then 
(Cor.  2.  Prop.  II.)  the  equation  of  the  curve  is 

2axx—yxx  —  y\  and  **  ==  —  — ,  where EF'= 
2a  — y.  So  that  as  xx  continually  increafes,  zndy* 
cannot  exceed  2a  %  therefore  2a  — y  or  EF  conti- 
nually decreafes ;  and  when  xx  becomes  infinitely 
great,  20—7  or  EF  becomes  infinitely  fmall  j  and 

— j 

2a 
when^  rs  2tf,then*#  in—  53  infinitely.    Therefore 

AE  is  an  aflymptote. 

PROP.     VI. 

Thro*  any  point  F  of  the  ciffoid^  draw  GH,  cut-   IO| 
ting  the  circle  in  D,  and  the  ajjymptote  in  H.     Then 
GF  =z  DH. 

Thro*  D  and  F  draw  BD,  LM  parallel  to  AH. 
Then  (Prop.  III.)  arch  AD  =  arch  GM.  Whence 
GL  35  AB,  and  by  reafon  of  the  parallels  AH, 
BD,  LF ;  GF  =  DH. 

Cor.  The  line  GD  zz  line  FH  ;  or  the  line  within 
the  circle  is  zz  the  line  without  the  cijfoid. 


PROP. 


JO 

Fig. 
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PROP.      VII. 


8.  Thro9  any  point  F,  draw  NF  perp.  to  AG,  and 
GS  parallel  to  it,  alfo  draw  ANS.  Then  GN  :  GF  : : 
GL  :  LF  :  :  AG  :  GS. 

For  it  is  fhewn  in  Cor.  2.  Prop.  IV.  that  NGF 
is  a  right  angled  triangle,  and  GL  perp  to  NF. 
Therefore  GN  :  GF  :  :  GL  :  LF  :  :  (by  fimilar 
triangles)  AZ  :  ZI  :  :  AG  :  GS. 

Cor.  AN  :  NG  :  :  NG  :  GF  :  :  GL  :  LF. 

Still  by  fimilar  triangles. 

PROP.      VIII. 

8.  'Thro'  any  point  F,  draw  NF  perp.  to  AG,  and 
GS  parallel  to  ity  alfo  draw  ANS.  "Then  GA  :  GL  :  : 
GS1  :  GF*. 

For  (Prop.  IV.  Cor.  3.)  GS  :  GF  :  :  GF  :  LF; 
and  GSZ  :  GF*  :  :  GS  :  LF  :  :  (fimilar  triangles) 
AG  :  GL. 

PROP.      IX. 

All  cijfoids  are  fimilar  figures. 

This  is  plain,  becaufe  the  abfcilTae  and  ordi- 
nates  of  feveral  cilToids,  will  be  in  the  fame  ratio ; 
when  either  of  them  is  in  a  given  ratio,  to  the  di- 
ameter of  its  generating  circle. 
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SECT.     ill. 

Of  the  Cycloid, 


DEFINITIONS. 

D  E  F.     I. 
F  a  circle  DEBL  be  made  to  roll  along  the  right  Fig. 


1 


line  AF,  until  the  fixed  point  D,  which  at  firfb  \\ 
touched  the  line  at  A,  comes  to  touch  it  again  at 
F ;  that  point  D  will  defcribe  the  curve  4DGF, 
called  a  Cycloid  or  trochoid* 

D  E  F.      II. 
The  circle  DEBL  is  called  the  Generating  Circle. 

D  E  F.      III. 

The  line  DB  perpendicular  to  the  middle  of  AF, 
is  the  Axis  of  the  cycloid. 

PROP.      I. 

'The  bafe  of  the  cycloid  AF  is  equal  to  the  circum-   n. 
ference  DEBL  of  the  generating  circle. 

For  all  the  particles  of  the  circle  are  fucceflively 
applied  to  the  right  line  AF;  and  therefore  the 
fum  of  all,  or  the  whole  circle  is  equal  to  that  line. 

PROP.      II. 

Draw  PM  parallel  to  the  bafe  BF,  then  the  line  I?, 
PM  is  equal  to  the  arch  DP. 

For  let  the  circle  DPE  come  to  the  place  LME ; 
then  by  the  circular  motion  about  C,  the  deicnbuig 

point 
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Fig.  point  D  will  have  moved  thro*  the  arch  DP.  And 

12.  by  the  progreflive  motion  along  BF,  the  point  H 
is  come  to  E,  fo  that  BE  =  arch  BH,  which  is 
equal  the  arch  DP  or  LM.  But  EM  is  parallel 
to  BP,  becaufe  the  arch  LM  =  DP.  Whence 
BPME  is  a  parallelogram.  And  PM  zz  BE  = 
arch  BH  =  arch  DP. 

Cor.  The  ordinate  of  the  cycloid  is  equal  to  the 
[urn  of  the  arch  and  its  fine.  AM  =  DP  +  AP. 

PROP.      III. 

13.  If  AM  be  an  ordinate  cutting  the  circle  in  P,  MT 
a  tangent  at  M.  MT  is  parallel  to  the  cord  PD. 

For  whilft  the  cord  BP  or  EM  is  defcribing  the 
infinitely  fmall  part  of  the  curve  at  M,  the  point 
E  may  be  confidered  as  fixed  for  a  moment,  and 
therefore  the  fmall  arch  at  M  will  be  perp.  to  EM. 
But  by  the  demonftration  of  the  laft  Prop.  BPME 
is  a  parallelogram,  and  EM  parallel  to  BP.  But 
the  angle  DPB  in  a  femicircle  is  alfo  right ;  there- 
fore DP  is  parallel  to  the  particle  of  the  curve  at 
M,  or  to  the  tangent  MT* 

Cor.  1.  If  ME  be  parallel  to  PB,  then  ME  is 
perp.  to  the  curve  in  M. 

Cor.  2.  If  MT  be  a  tangent ,  and  the  cord  DP  be 
drawn,  then  A  P  :  AD  :  :  AM  :  AT. 

For  DP,  TM  being  parallel,  the  triangles  ADP, 
ATM  are  fimilar. 

PROP.      IV. 
\jl.       If  &e  ordinate  GDM  be  drawn ;  the  length  of  the 
arch  of  the  cycloid  AM  is  double  the  correfpondent 
cord  AD,  in  the  generating  circle. 

Draw  the  ordinate  Enp  infinitely  near  GDM, 
draw  the  cord  Aon,  and  Drperp.  to  it.     Then 

the 
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the  triangle  oDn  is  ifoceles ;  and  An  bifiefts  the  Fig. 
angle  D#E.  For  the  angle  AnD  zz  AEn  zz  En  A  14. 
zz  noD,  by  reafon  of  the  parallels ;  that  is,  oriD 
zz  noD  ;  and  riD  zz  0D,  whence  nr  zz  ^  no  But 
(Prop.  III.)  the  tangent  pT  is  parallel  to  the  cord 
An-,  therefore  Monp  is  a  parallelogram,  and  Mp 
zz:  no  zz  2nr ;  that  is,  the  difference  of  the  arches 
Ap9  AM,  is  twice  the  difference  of  the  cords 
An,  AD.  And  as  this  always  happens  till  they 
vanifli  at  A ;  therefore  the  whole  arch  Ap  is  twice 
the  cord  An,  and  the  arch  AM  zz  twice  the  cord 
AD. 

Cor.  I.  The  length  of  the  femi  cycloid  AMF  is  dou- 
lie  the  diameter  AB,  of  the  generating  circle. 

Cor.  2.  The  length  of  the  whole  cycloidal  curve  is 
four  times  the  diameter  of  the  generating  circle. 

Cor.  3.  If  GM  is  an  ordinate,  then  AG,  arch 
AM,  and  4AB,  are  in  continual  proportion. 

For  AM  zz  2 AD,  and  AM1  zz  4 AD*  zz  4AG 
X  AB,  and  AG  :  AM  :  :  AM  :  4AB. 

Cor.  4.  AG,  arch  AM,  and  2  AF  are  in  continu- 
al proportion. 

For  (Cor.  2.)  4AB  zz  2AF. 

PROP.      V. 

If  GM  be  an  ordinate,  AG  the  abfcijja  \  then  AB  :    %r 
AG  :  :  AF1  :  AM1. 

For  (Prop.  IV.  and  Cor.  t.)  AF  zz  2AB,  and 
AM  zz  2AD  •,  therefore  AF1  zz  4AB\  and  AM1 
2z  4AD\  And  AF1  :  AM2  :  :  4ABS  :  4AD1  :  : 
AB*  :  AD1 :  :  AB  :  AG. 

Cor.  The  abfciffa  AG  is  direttly  as  the  Jquare  of 
the  arch  AM\ 

U  For 
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Fig.      For  AF1  :  AM2  : :  AB':  AG  :  :  4AB*  :  4AB 

15.  X    AG    :    :   (IV.    Cor.   1.)   AF*  :  4AB    X    AG. 

Therefore  AM4  =  4AB  X  AG.      And  therefore 

AM:  is  as  AG.     This  alfo  might  be  inferred  from 

Cor.  3.  Prop.  IV. 

PROP.      VI. 

16.  If  ME  beperp.  to  the  bafe  BF ;  then  AB  x  ME 
=  AB  X  MF  —  -i  MFZ 

For  (IV.  Cor.  3.)  4AB  X  AG  z  AM1.  But 
AG  =  AB  —  BG,  and  AM  =  AF  —  MF  ;  there- 
fore 4AB  X  AB  —  BG  3=  AF  —  FM*   5=  (IV. 

Cor.  1.)  2AB  —  FM*  5  that  is,  4AB*  —  4AB  x 
BG  =5  4AB2  -  4AB  X  FM  +  FM\  And  4AB 
X  FM  —  4AB  xBGz  FM1.  Whence  AB  X 
FM  =  AB  X  BG  +  i  FM1 ;  or  AB  X  BG  =  AB 
X  FM  —  i  FMlj  that  is,  AB  X  ME  =  AB  X 
MF—  ;MF\ 

PROP.      VII. 

16.  If  ME  be  perp.  to  the  bafe  BF,  MG  parallel  to  it ; 
then  EF  zz  arch  BD  —  the  fine  GD. 

For  GM  or  BE  z=  (II.  Cor.)  AD  +  DG,  and 
EF  zz  BF  —  BE  zz  (Pr.  I.)  ADB  —  BE  zz  ADB 
—  AD— DG  zz  DB  — DG. 

PROP.      VIII. 

J  7*  If  GDM  be  an  ordinate,  AN  parallel  to  it,  and 
NM  parallel  to  AB  ;  the  external  cycloidal  fpace 
ANM  is  equal  to  the  circular  fegment  AGD. 

For  draw  the  tangent  MT  and  cord  AD,  and 
nmp  parallel  to  NM,     Then  (Prop.  III.  Cor.  2.) 

AG: 
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AG  :  GD  :  :  TG  :  GM  :  :  (fimilar  triangles)  pa»  :  Fig. 
Mm  ;  therefore  AG  X  Mm  zz  GD  X  pm ;  that  is,  1 7. 
the  area  NM/)«  —  area  GgdD.  But  thefe  are  the 
correfponding  elementa  of  the  cycloid  and  circle ; 
therefore  by  the  method  of  indivifibles,  the  fum 
of  all  the  NMp»,  or  the  area  ANM  zz  fum  of  all 
the  GgdD  or  the  area  AGD,  of  the  circle. 

Cor.  1 .  The  area  of  the  internal  cycloidal  /pace  is 
equal  to  the  retlangle  AG  X  GM  —  the  circular  area 
AGD. 

For  area  AGM  zz  AG  X  GM  —  ANM  zz  AG 
X  GM  —  area  AGD. 

Cor.  2.  The  area  of  the  whole  cycloidal  fpace 
AMFB  is  equal  to  thrice  the  area  of  the  femicircle 
ADB. 

For  (Cor.  i.)  area  AMFB  zz  reftangle  AB  X  BF 
—  area  ADB  zz  (Prop.I.)  AB  X  femicircumference 
ADB  —  area  ADB,  zz  4  areas  ADB  —  area  ADB 
zz  3  times  the  area  ADB. 

Cor.  3.  The  whole  cycloidal  fpace  AMFB  is  \  tbe^ 
circumfcribing  parallelogram. 

For  the  external  fpace  is  equal  to  the  femicircle 
ADB  zz  ^  AB  x  arch  ADB  zz  ^  AB  X  BF. 

Cor.  4.  The  whole  cycloidal  fpace  without  the  circle, 
ADBFM  is  double  the  femicircle  ADB. 
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Of    the     QjJ  A  D  R  A  T  R  I  X. 

DEFINITIONS. 

D  E  F.     I. 

Fig*  yt  CBL  is  the  quadrant  of  a  circle,  and  fuppofe 
xg#  /\  the  radius  CL  to  move  uniformly  round  the 
center  C,  from  A  to  B  •,  and  at  the  fame  time,  the 
line  FG  to  move  uniformly  along  AC,  from  A  to 
C,  continuing  always  parallel  to  CB  \  and  fo  that 
both  motions  begin  and  end  together,  at  A  and 
B.  Then  the  interferon  N  of  the  lines  CL,  FG, 
during  the  motion,  will  defcribe  the  curve  AND, 
called  the  §>uadratrix7  or  Dinojlratus's  ^uadratrix. 

D  E  F.      II. 

The  circle  ALB  is  called  the  Generating  Circle. 

D  E  F.      III. 

The  radius  AC  is  called  the^w,  and  CD  the  Safe. 

PROP.      I. 

if.  "Thro*  any  point  of  the  curve  N,  draw  the  radius 
CNL,  and  NF  parallel  to  CB.  Then  AF  :  AC  :  : 
angle  ACN  :  angle  ACD. 

For  by  the  generation,  AF  :  AC  :  :  arch  AL  : 
arch  AB  :  :  angle  ACL  :  angle  ACB. 

Cor.  i.  AF  :  FC  :  :  angle  ACN  :  angle  NCD. 

Cor.  2.  The  abfcijf<e  AF,  are  as  the  angles  at  the 
center  ACN,  or  as  the  arches  which  meafure  them. 

PROP. 
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Fig. 
PROP.      II. 

The  bafe  is  a  third  proportional  to  the  quadrant  and  l9% 
the  axis.  ALB  :  AC  :  :  AC  :  CD. 

Thro'  N  infinitely  near  D,  draw  CL ;  and  draw 
"NF  parallel  to  CD  -,  and  NI,  LS  perp.  to  it.  Then 
(Prop.  I.)  AC  :  AF  :  :  angle  ACB  :  angle  ACL  : : 
arch  ALB  :  arch  AL.  And  by  divifion,  AC  : 
CF  or  NI  :  :  arch  ALB  :  arch  LB.  And  alternate- 
ly, ALB  :  AC  or  CB  :  :  LB  :  NI.  But  when  L 
coincides  with  B,  S  alfo  coincides  with  B  ;  and  N 
and  I,  with  D.  Therefore  ALB  :  CB  :  :  LB  or 
LS  :  NI  : :  (fimilar  triangles)  CS  or  CB  :  CI  or  CD. 
That  is,  ALB  :  CB  or  CA : :  CB  or  CA  :  CD. 

PROP.      III. 

With  the  radius  equal  to  the  bafe  CD  defer ibe  the   20« 
quadrant  DNH.     Then  will  this  quadrant  DNH  be 
equal  to  the  axis  AC. 

Defcribe  the  quadrant  ALB;  then  (Prop.  II.) 
ALB  :  AC  :  :  AC  :  CD  :  :  (fimilar  feclors)  ALB  ; 
DNH-,  therefore  AC  zz  DNH. 

PROP.      IV. 

Thro9  any  point  N  of  the  curve^  draw  the  radius    1 9. 
CL ;  and  FN  parallel  to  the  bafe ;  then  CD  :  CA  :  : 
AF  :  arch  AL. 

For  (Prop.  II.)  CD  :  CA  :  :  CA  :  ALB  :  : 

(Prop.  I.  Cor.  2.)  AF  :  arch  AL. 
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Flg'  PROP.     V. 

%\.  Upon  the  bafe  CD,  defcribe  the  quadrant  DPH. 
Thro9  any  point  N  of  the  curve  draw  NF  perp.  to  AC, 
and  CN  cutting  the  infcribed  quadrant  in  P.  "Then 
AF  ==  arch  HP. 

Draw  the  quadrant  ALB  -,  then  (Prop.  IV.)  AF  : 
arch  AL  :  :  CD  :  CA  :  :  (fimilar  feclors)  arch  HP  : 
arch  AL.     Therefore  AF  zz  arch  HP. 

Cor.  FC  zz  arch  PD. 

For  (Prop.  III.)  AC  =z  HPD,  and  AF  =  HP 3 

therefore  FC  fc  PD. 

PROP.     VI. 

22.  If  the  radius  CA  be  continued  to  Q,  fo  that  AQ^ 
e:  AC;  and  the  femicircle  BAK  ^  defcribed.  And 
make  AQj  AF  :  :  AK  :  AL.  And  draw  CL,  W 
FN  parallel  to  CK,  cutting  CL,  in  N  ;  /to  w/7/  N 
#?  /»  /^f  wi>£  of  the  quadratvix  continued  without 
the  circle. 

For  the  part  AN  is  conftru&ed  by  the  fame  law 
as  the  part  AD  within  the  circle. 

Cor.  1.  The  quadratrix  DAN«  is  continued  ad  in* 
finitum^  by  finding  a  fufficient  number  of  points  N,  n% 
&c.  by  the  fame  rule. 

Cor.  2.  The  line  QX,  erecled  perpendicular  to  the 
line  QAC,  is  an  ajjymptote  to  the  curve. 

For  fince  AF  :  AL  :  :  AQ^  :  AK,  when  F  is 
infinitely  near  Q,  L  will  be  infinitely  near  K,  and 
the  interfe&ion  N  will  be  infinitely  diftant.  Whence 
the  curve  AN,  and  the  line  QX,  continually  ap- 
proach  to  one  another ;  and  yet  never  meet,  but 
at  an  infinite  distance. 
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SECT,      V, 
Of  the  Logarithmic  Curve. 

DEFINITIONS. 

D  E  F.      I. 

IF  in  the  right  line  AE,  the  parts  AB,  AC,  AD,  Fig, 
AE,  &c.  be  taken  in  arithmetic  progreflion,  23. 
from  the  fixed  point  A  ;  and  at  the  points  A,  B, 
C,  D,  E,  &c.  the  ordinates  AF,  BG,  CK,  DI, 
EK,  &x.  be  drawn  parallel  to  one  another,  and  in 
geometrical  progreflion.  And  if  thefe  ordinates 
are  fuppofed  infinite  in  number  and  infinitely  near 
to  one  another  ;  then  the  curve  line  FGHIK  drawn 
thro'  the  extremities  of  all  the  ordinates,  is  called 
the  Logarithmic  Curve. 

D  E  F.      II. 

The  line  AE  is   called  the  Axis  of  the  curve. 

PROP.      I. 

The  axis  AE  is  an  ajfymptote  to  the  curve.  24* 

Let  the  curve  be  continued  backwards  from  A, 
and  the  ordinates  AF,  bgy  cb,  &c.  continually  de- 
creafing,  and  let  Ae  zz  n  X  AB.  Then  fince  AF, 
bg,  cb,  &c.  are  continual  proportionals ;  therefore  it 
will  be  as  AF  :  ek  : :  AF" :  bgn.  Now  as ;;  increafes, 
the  ratio  of  AF*  to  bg\  and  that  of  AF  to  ek,  will 
continually  increafe  -,  and  fince  AF  is  given,  ek 
continually  decreafes.  And  when  n  is  infinite,  AF* 
will  be  infinitely  greater  than  bg\  and  confequent- 
ly  ek  infinitely  lefs  than  AF  \  therefore  Ae  is  an  af- 
fymptotc, 

U  4  PROP. 
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Fig. 

PROP.     II. 

25*  If  TE  is  a  tangent  to  the  curve  at  E,  BE  an  or- 
dinate :  then  the  fubtangent  TB  is  every  where  the 
fame ^  wherever  the  point  E  is  taken. 

Suppofe  the  ordinates  BE,  CF,  DG  equidif- 
tant  and  infinitely  near  each  other  -,  draw  the  tan- 
gent FV,  and  draw  Etz,  Fr,  parallel  to  AD. 
Then  fince  BC  =z  CD,  it  will  be  BE  :  CF  :  :  CF : 
DG  :  :  (by  divifion)  CF  —  BE  :  DG  —  CF  :  : 
nF  :  rG.  And  alternately  BE  :  nF  :  :  CF  :  rG. 
But  the  triangles  FnF.  and  EBT  are  fimilar,  as 
alfo  the  triangles  GrF,  and  FCV.  Therefore  BT  : 
»E  :  :  BE  :  nF  :  :  CF  :  rG  :  :  CV  :  rF,  but  »E  == 
rF  *,  therefore  BT  t±  C V,  and  fo  it  will  be  every 
where. 

PROP.     III. 

26.  If  AF,  BG,  DI,  EK,  be  four  ordinates,  and  AB 
the  diftance  of  two  of  them  be  equal  to  DE,  the  difr 
tance  of  the  other  two  •,  and  thro*  the  points  G>  F, 
and  K,  I,  the  lines  GFT,  K1V  be  drawn,  cutting 
the  axis  in  T  and  V.     then  will  AT  zz  DV, 

Draw  FS,  IL  parallel  to  AE.     Then  fince  AB 
=  DE,  therefore  AD  =  BE,  and  AF,  DI,  BG, 
EK  are  four  terms  in  the  fcale  of  continual  pro^r 
portionals,  of  which  the  firft  two,  and  the  laft  two 
are  equidiftant ;  and  therefore  it  will  be  AF  :  DI  : 
BG  :  EK.    And  AF  :  BG  :  :  DI  :  EK  •,  and  AF 
BG  —  AF  :  :  DI  :  EK  —  DI,  or  AF  :  GS  : 
DI  :  LK.     But  the  triangles  TAF,  FSG,  are  fi- 
milar, as  alfo  the  triangles  VDI,  ILK.     Therefore 
TA  :FS::  AF  :  SG  :  :  DI  :  LK  :  :  VD  :  IL,  but 
FS  zz  IL,  therefore  TA  zz  VD. 

PROP, 
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PROP.      IV.  Flg' 

The  fpace  BELG,  comprehended  between  any  two   Zy4 
ordinates  EL,  BG  is  equal  to  TE  X  SL,  the  reel  an- 
gle  of  the  fub tangent  and  the  difference  of  the  ordinates. 

For  let  DT  be  infinitely  near  EL,  and  draw  Ir 
parallel  to  AE.  Then  LT  being  a  tangent,  the 
triangles  LTE  and  LIr  are  fimilar,  whence  LE  : 
ET  :  :  Lr  :  r\ ;  therefore  LEXrlziETx  Lr. 
But  LE  X  rl  =  area  DELI,  therefore  ET  x  Lr 
=  area  DELI.  But  (Prop.  II.)  ET  is  a  given 
quantity,  whence  the  fum  of  all  the  DELI  or  the 
area  BELG  zET  x  fum  of  all  the  Lr,  or  ET 
XLS. 

Cor.  1 .  The  area  of  the  whole  curve  infinitely  pro- 
duced towards  A,  is*  equal  to  the  reel  angle  of  the  fub- 
tangent  and  ordinate,  LE  X  ET. 

For  then  LS  becomes  equal  to  LE,  by  Prop.  I. 

Cor.  2,  The  whole  fpace  infinite  towards  A,  is 
double  the  triangle  TEL. 

Cor.  3 .  The  logarithetic  fpaces  infinitely  longy  are 
as  the  bounding  ordinates. 

Cor.  4.  The  fpace  between  any  two  ordinates,  is  to 
the  fpace  between  any  other  two  ;  as  the  difference  of 
the  firfi  two  \  to  the  difference  of  the  laft  two. 

PROP.     V. 

The  folid  made  by  the  infinitely  long  fpace  FLEA    2'* 
revolving  about  the  axis  AE,  is  equal  to  half  a  cylin- 
der of  the  fame  bafe,  and  hight  equal  to  the  Jub  tangent  \ 

TE 

X  circle  EL. 

2 

For  let  EL,  DI,  be  two  ordinates  infinitely  near, 
draw  Ir  parallel  to  AE.     Then  the  line  LT  being 

a  tan-  • 
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Fig.  a  tangent,  the  triangles  TEL,  IrL  are  fimilar  ; 

27.  therefore  LE  :  ET  :  :  Lr  :  rl,  and  LE  X  rl  zz  Lr 
X  ET,  and  LE*  X  rl  zz  LE  X  Lr  X  ET.  Put 
LE  zz  j,  ET  zz  /,  <:  zz  3.1416;  then  rl  X  yy  zz 
Lr  X  /y,  and  rl  X  ryj  zz  Lr  X  cty  ,  but  rl  X  cyy 
zz  folid  LIDE  3  whence  Lr  X  cty  zz  folid  LIDE. 
Therefore  if  LE  be  divided  into  an  infinite  number 
of  equal  parts  equal  to  Lr  -  1,  then  the  fum  of 
all  the  cty  =  fum  of  all  the  folids  LIDE.  But 
(Arithm.  Inf.  Prop.  II.)  the  fum  of  all  the y  is  zz 

yy  ctyy 

*  and  the  fum  of  all  the  cty  zz  —  zz  fum  of  all 
2  *  J         2 

the  folids  LIDE  zz  the  whole  folid  LEAF  infi- 
nitely extended  towards  A.  But  cyy  zz  area  of 
the  circle  whofe  radius  is  EL  or  y  ,  therefore  the 
whole  folid  LEAF  zz  ~  t  X  area  of  the  circle 
whofe  radius  is  LE. 

Cor.  1 .  The  Infinitely  long  folid  is  to  a  cone  cf  the 
fame  bafe,  and  hight  the  fub tangent ,  as  3  to  2. 

Cor.  2.  The  folid  LEBG,  contained  between  tw§ 
crdinates,  is  half  the  cylinder ',  whofe  hight  is  the  fub- 
tangent,  and  bafe  the  difference  of  the  circles  whofe 
radii  are  LE,  GB. 

For  the  folid  LEAF  zz  ^  t  X  circle  LE,  and 
GBAF  zz  \  t  X  circle  GB  ;  therefore  the  difference 
LEBG  zz  -I  t  X  :  circle  LE  —  circle  GB. 

PROP.      VI. 

23.       If  AF  zz  1,  BG  zz  *,  AE  zz  *  X  AB,  EK  zz 

y  -y  then  the  equation  of  the  curve  is  y  zz  ax. 

For  let  AB,  AC,  AD,  AE,  &c.  be  arithmetic 
proportionals,  then  AF,  BG,  CH,  &c.  are  in 
geometrical  progreffion.  And  we  fhall  have  AF*  : 
BG*  : :  AF  :  EK  5  that  is,  i  :  BG*  : :  1  :  EK,  or  1  : 
**  :  :  1  :yy  and  y  zz  4*. 

PROP. 
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Fig. 
PROP.      VII. 

If  the  ordinate  AF,  BG,  CH,  &c.reprefentnum-  23. 
hers  in  geometrical  progreffion,  and  be  placed  at  equal 
diftances ;  the  abfciffas  AB,  AC,  AD,  &c.  being  in 
arithmetic  progression,  will  reprefent  the  logarithms  of 
thefe  numbers. 

That  the  abfciflas  are  in  arithmetical  progreflion, 
when  the  ordinates  are  in  geometrial  progreflion, 
appears  from  Def.  1 .  And  from  the  nature  of  lo- 
garithms, if  they  be  in  arithmetical  progreflion, 
the  numbers  anfwering  will  be  in  geometrical  pro- 
greflion. Therefore  the  abfciflas  in  this  carve  arc 
the  logarithms  of  the  ordinates  belonging  thereto. 

Cor.  Hence  logarithms  may  be  of  as  many  different 
forms  as  we  pleafe.  But  as  a  multiplicity  of  ways 
would  be  ufelefs,  Mathematicians  confine  themfelves  to 
two  forts  only.  1.  When  AF,  BG,  CH,  DI,  &c. 
are  1,  10,  100,  &c.  and  AB,  AC,  AD,  &c.  are 
1,  2,  3,  &c.  and  thefe  are  called  Brigs,  or  the  com- 
mon  logarithms,  and  the  fubtangent  is,  43429448 
&c.  2.  Napier's  or  the  hyperbolic  logarithms,  where 
the  fubtangent  is  1 . 

PROP.      VIII. 

If  FG,  QS  be  two  logarithmic  curves,  AF   zz.    28. 
PQ  zz  1,  BG  zz  HS  zz  any  other  ordinate-,    GT,   2q 
SV,  tangents  -,  then  will  AB  ;  PH  : :  TB  :  VH. 

Let  the  equal  ordinates  LI,  NK,  be  placed  in- 
finitely near  EG,  HS  ;  then  fince  they  are  equal, 
they  have  a  like  pofition  upon  their  abfciflas  ;  that 
is,  LB  ;  NH:  :  AB:  PH.  Draw  la,  Kr,  paral- 
lel to  AB,  PH.  Then  the  triangles  Gin,  GTB, 
as  alfo  SKr,  SVH3  are  fimilar  j  whence  BT  :  n\  :  : 

BG; 
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Fig.  BG  :  «G  : :  HS  :  rS  :  :  H V  :  rK ;  and  alternately, 
28.    BT  :  HV  :  :  n\  or  LB  :  rK  or  NH  :  :  AB  :  PH. 

^'        Cor.  1.  The  logarithms  of  equal  numbers  are  pro- 
portional to  the  fub tangents  of  the  curves  they  belong  to. 
For  AB,  PH  are  the  logarithms  of  the  equal 
numbers  BG,  HS. 

Cor.  2.  In  a  number  extremely  near  1  ;  its  excefs 
above  1,  is  to  its  logarithm-,  as  i,  to  the fubtangent. 
28.       For  let  LI  be  zz  1,  and  BG  infinitely  near  it; 
then  by  fimilar  triangles,  Gn  :  n\  or  LB  its  log. :  : 
IL  or  1  :  LT  the  fubtangent. 

Cor.  3.  'The  diftances  of  two  equal  ordinates  in 
two  different  curves^  are  as  the  fubtangents  cf  the 
curves. 

PROP.      IX. 

EK 

23.       If  DI,  EK  be  two  ordinates  •,  then  DE  zz  log. :  -jry" 

For  AE   =  log.  :  EK,   and  AD  tz  log.  :  DT, 

whence  AE  —  AD  ±  log.  :  EK  —  log. :  DI  zz  (by 

EK 
the  nature  of  logarithms)  log. :  -ttj  ;    that  is,  DE 

zz  log.  :  yrr,  for  that  curve. 

Cor.  If  BG,  CH,  and  DI,    EK,    be  any  crdi-* 

CH  EK 

nates ;  then  BC  :  DE  :  :  log.  :  ^p;  :  log.  :  -p-j ,  by 

any  table  of  logarithms. 

CH 
For  in  this  fig.  BC  zz  log.  :  -g^andDEzz  log.: 

FK  pit 

m  ;  and  (VIII.  Cor.  1.)  BC  :  DE  :  :  log.  :  m  : 

EK   , 
log  :  -jTj-,  by  any  table. 

SECT. 
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SECT.      VI. 

Of  the  Spiral  of  Archimedes. 

DEFINITIONS. 

D  E  F.      I. 

IF  the  radius  CA  be  moved  uniformly  round  the  Fig. 
center  C,  defcribing  the  circle  ABDA ;  and  at  30. 
the  fame  time  a  point  is  fuppofed  to  move  uniform- 
ly along  that  radius  from  C  to  A,  fo  that  both  mo- 
tions begin  and  end  together;  the  curve  CFG  A 
defcribed  by  that  point,  is  called  the  Spiral  of  Ar- 
chimedes. 

And  if  the  radius  (produced)  move  round  a  fe~ 
cond  time,  while  the  defcribing  point  continues  its 
motion,  the  curve  defcribed,  is  the  Second  Spiral; 
and  fo  on. 

D  E  F.      II. 

The  circle  ABDA  is  called  the  Generating  Circle. 

*  PRO  P.      I. 

If  F  be  any  point  in  the  curve,    then  will  CF  :    3°* 
radius  CA  :  :  arch  AB  :  circumference  ABDA. 

For  fince  the  motion  of  the  radius,  and  the  mov- 
ing point  are  both  uniform,  and  the  radius  moves 
over  AB,  while  the  point  moves  over  CF  •,  aifo 
the  radius  moves  over  ABDA,  whilft  the  point 
moves  over  CA.  Therefore  by  the  laws  of  uni- 
form motion,,CF  :  CA  :  :  arch  AB  :  arch  ABDA. 

Cor.  1 .  If  the  angles  about  C  be  taken  in  arith- 
metic progreffion,  the  diftances  of  the  moving  point 
from  C  mil  alfo  be  in  arithmetic  progrejfion. 

Cor. 
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Fig.      Cor.  2.  The  angles  about  the  center,   are  as  the 

30.  diftances  of  the  moving  point  from  the  center. 

Cor.  3.  "The  arches  of  the  circle  ABD,  are  as  the 
diftances  of  the  moving  point  from  the  center. 

Cor.  4.  If  radius  C A  zz  r,  circumference  ABDA 
2!  c,  any  arch  ABD  zz  z,  and  its  ordinate  CP  zz 

rz 

y  •,  then  the  equation  of  the  curve  is,  y  zz  ~  • 

PROP.       II. 

31.  To  any  point  P  of  the  curve,  draw  CPD  from  the 
center,  and  CT  perp.  to  it ;  and  let  the  radius  CA  : 
arch  ABD  :  :  CP  :  CT.  Draw  PT,  *//i  ft  will 
touch  the  curve  in  P. 

Put  c  zz  circumference  ABDA,  r  zz  radius  CA, 
z  zz  arch  ABD,  j  zz  CP.  Draw  Cm  infinitely 
near  CD,  cutting  the  fpiral  in  n,  and  draw  Pr  perp. 
to  Cm.  Then  (Prop.  1.  Cor.  3.)  arch  ABD  :  CP  : 
arch  ABDm  :  Cn.  And  by  divifion,  arch  ABD 
CP  :  :  arch  Dm  :  Cn  —  CP  or  nr ;  that  is,  z  :  y 

y 

Tim  :  nr  zz  —  X  Dm ;  and  by  fimilar  fectors,   CD 
z 

(r)  :  CP  (y)  :  :  Dm  :  Pr  zz  —XDm.  But  if  PT 
be  a  tangent,  the  triangles  nPr  and  PTC  are  fimi- 
lar ;  therefore  nr  ( —  X  Dw)  :  rP  ( —  X  Dw)   :    : 

PC  (y)  :  CT  zz  2.     Whence  r  :  %  :  :  jy  :  CT. 

Cor.  7/f  CT  be  perp.  to  CP,  W  the  arch  POL 
££  defcribcd  with  the  radius  CP.  vfe/  if  CT  fo 
#W?  fy«tf /  to  the  arch  POL  •,  then  TP  iwV*  £f  tf  tan- 
gent at  P. 

For 


Seft.  VI.    ARCHIM,      SPIRAL.  27 

For  by  fimilar  fe&ors,  CD  (r)  :  CP  (y)  :  :  arch  Fig, 

ABD  (z)  :  arch  POL  zz  j  3  CT  by  this  Prop.    3'* 

PROP.      III. 

Z>/  F  be  any  point  in  the  curve  \  with  radius  CF,    32, 
defcribe  the  arch  FG ;  then  AC1  :  CFZ :  :  circumfe- 
rence ABD  :  arch  FG. 

For  let  CA  zz  r9  circumference  zz  f,  arch  AB 
zz  z,  arch  GF  zz  v,  CF  zz  y.  Then  (Prop.  L) 
circumference  (c)  :  radius  frj  :  :  arch  AB  (2) :  CF 
(y) ;  and  by  fimilar  feclors,  CF  (y)  :  FG  (v)  :  : 
CA  (r)  :  arch  AB  (^2; ).  And  multiplying,  cy  :rv: : 
rz  :  fcy  :  :  r  :y.  And  taking  the  product  of  the 
extremes  and  means,  cyy  zz  rrv,  and  rr  :  yy  : :  c  :  v. 

Cor.    Hence    another  equati:n    of  the   curve  is 
rrv 

yy  =  —- 

PROP      IV. 

*the  fpiral  fp  ace  CPNC  is  equal  to  4-  the  fettor    33. 
CNQL,  whofe  radius  is  CN,  and  arch  NQL. 

Draw  CIS  infinitely  near  CPQ,  and  Vr  perp.  to 
CS.     Then  CQ^  or  CNZ  :  CP1  :   :  fe&or  COS  ; 

CP2 

feftor  of  the  fpiral  CPI  -^X  CQS.      There- 
fore the  fum  of  all  the  fedors  CPI   zz  fum  of  all 

CQS 
the  -^t  x  CP*.  But  if  the  arch  NQL  be  divid- 
ed into  an  infinite  number  of  equal  parts,  equal  to 
SQ,  and  lines  drawn  from  the  center ;  all  the  fee- 
tors  formed  thereby  will  be  equal.  And  all  the 
CP's  will  be  in  arithmetic  progreffion.  Therefore 
(Arith.  Infin.  Prop.  III.)  the  fum  of  all  the  CP2  zz 

4  CN' 
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Fig.  4-  CN*  X  by  the  number  of  them.  And  the  fum  of 
33'  all  the  §P  X  CP4  =  CQS  x  4  the  number  of 

them.  Whence  the  fum  of  all  the  CPI  or  the  fpi- 
ral  fpace  CPNC  =  ~  CQS  X  number  of  fettors 
CQS  =  4.  the  whole  fe£tor  CLQN. 

Cor.  The  whole  fpiral  fpace  CPN  A  =  4-  the  ge- 
nerating circle  ABDA. 

For  then  CN  becomes  equal  to  CA. 

PROP.      V. 

34-      If  the  area  of  the  fir  ft  circle  be  A,  the  firft,  fecond, 
third,  fourth,  &c.  fpiral  fpace,  will  be  —A,—  A, 

3        3 

It  muft  be  confidered  that  in  defcribing  the  fe- 
cond  fpiral  CFGALMN,  the  firft  fpiral  fpace  is 
twice  defcribed,  becaufe  there  are  two  revolutions. 
Alfo  in  defcribing  the  third  fpiral,  the  firft  fpiral 
fpace  is  thrice  defcribed,  and  the  fecond  twice. 
Likewife  in  defcribing  the  fourth  fpiral,  the  firft 
fpiral  fpace  is  defcribed  four  times  ;  the  fecond 
thrice,  the  third  twice-,  and  fo  on.  Likewife 
in  defcribing  the  fecond,  third,  fourth,  fpiral ;  the 
correfponding  circle  is  twice,  thrice,  or  four  times 
defcribed,  refpe&ively ;  by  reafon  there  are  fo  ma- 
ny revolutions. 


There- 
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Therefore  let  them  he  denoted  as  follows. 


orders 

fimple 

circles' 

ratio  of 

fpiral 

areas 

the  circles 

fpaces 

i 

a 

A 

Azz      A 

2 

b 

B 

B  zz    4A 

3 

c 

C 

C  zz    9A 

4 

d 

D 

Dzzi6A 

5 

e 

E 

E  ZZ25A 

&c. 

Then  by  Prop.  IV.  and  what  is  now  mentioned^ 

we  mall  have 

a  zz  i-A 

<z  +  b  zz  4  X  2B. 

a  +  b  +  c  zz  -1  X  3C. 

<z  +  £-f-r  +  izz^X4Di 

*  +  ^  +  <*  +  «?  +  *=£  x  X  5E* 

&e. 

29 

Fig. 

34- 


Then  fubtracting  each  term  from  the  following 
one,  we  fhall  have,  the  fimple  fpiral  fpaces,  viz. 


a  zz  —  A 

3 

b  zz-B  — iAzz-^A 

3  3  3 


iAzlA, 

rzz  JLC-^Bzz^A--iAzzI2  A. 
3  3  3  3  3 

rf  =  ±D— ICzz^iA-^A  =iZ  A, 
33333 

,  -±E-±DzzliiA-^Azz^ :A. 

3  3  3  3  3 


Cor.  1.  If  a9  b,  r,  ^,  &5V.  fo  /£*  /r/?,  fecond, 
thirds  fourth^  &c.  fpiral  fpace,  and  A,  B,  C,  D,  &c . 
/£*  correfpondent  circles,     Then  will  a,  £,  c,  d9  &?r« 

J*  refpeclively  equal  to-&,~  B,  12  C,  ^,  D,  &V. 

X  Cor. 


$° 
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Fig.      Cor.  2.  The  area  of  the  nth  fpiral^  will  be  fAx 
34.   %nXn —  1  +  1  : 

Take  the  feveral  differences  as  follows, 


I 

-La 

3 

^A 
3 

^A 
3 

I  dif. 

2  dif. 

\3dif. 

2  A 
4A 
6A 

2  A 
2  A 

2  A 

2 

3 

O 

4 

fA 

8  A 

61    „ 

5 

—  A 
3 

Then  by  Prop.  II.  of  the  differential  method,  the 
nth  fpiral  fpace  is  ±  -J-  A  + 
n 


X2A  + 


2  » 

-  X  2A  =4- A:  Xi  +  6x   - 


+  6  X 


# —  1       // 

—7-  X  - 


2  #  — •  1 

-    =4  A  X.:  1  +  6  X  — -    X 


1  + 


2  ^        « I        24-» — 2 

z|AX:i+6X-—    X ; 


z|AX:i  +  yt  X  n  —  1  r  jA  +  «Ax«  —  1. 
Cor.  3.  If  Y  be  the  nth  circle.     Then  the  nth  fpi- 


ral fpace  is  equal  to 


n  X  n 


+  T 


nn 


R 


For  nnA  —  P,  and  A  r: 


»« 


Cor.  4.  T££  fpiral  fpaces  contained  between  every 
'two  fucceeding  circles^  are  2A,  4A,  6A,  8A,  &c. 

For  thefe  are  the  firft  differences  of  the  whole 
Jfpaces. 


S  E  C  T. 


2/ 

/ 


w 


k 

T 

e 

k       c 

b       A 

A  TB  DE 


A  T 


p    ^r 


isth: 


Tl.m^a.jo. 
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SECT.      VIL 

Of  the  Logarithmic  Spiral. 

DEFINITIONS. 

D  E  F.      L 

IF  the  curve  FGDA  be  drawn  about  the  center  p\g 
C,  fo  that  it  may  every  where  cut  the  radii  CF,   35. 
CD,  CG,  CA,  &c.  in  one  and  the  fame  angle; 
that  curve  is  called  the  Logarithmic  or  Proportional 
fyiral. 

D  E  F.      II. 
The  lines  CF,  CD,  CG,  &c.  are  called  Ordinate*. 

PROP.     I. 

If  any  number  of  ordinates  CF,  CK,  CD,  CA,   36, 

&c.  be  drawn^  making  equal  angles  at  the  center  C. 
Then  thefe  ordinates  /hall  be  in  continual  proportion, 

Suppofe  an  infinite  number  of  ordinate  CF,  CG, 
CH,  CI,  &c.  to  be  drawn,  making  equal  angles 
at  the  center.  Then  the  triangles  CFG,  CGH, 
CHI,  C1K,  &c.  are  iimilar  •,  for  the  angles  at  G, 
H,  I,  K,  are  equal  (by  def.  I.),  and  the  angles  at 
the  center  are  all  equal  by  conftrucYion.  Whence 
gF  :  CG  :  :  CG  :  CH  :  :  CH  :  CI  :  :  CI  : 
CK,  &c.  continued  as  far  as  CA.  But  fince  the 
angles  FCK,  KCD,  DCA  are  equal;  as  many 
continual  proportionals  may  be  interpofed  between 
KC  and  DC,  and  alfo  between  DC  and  CA,  as 
there  are  between  FC  and  KC.  Therefore  CF,  CK, 
CD,  C A  are  equidiftant  terms.  But  in  a  ieries  of 
terms  in  continual  proportion  ;  the  equidiftant  terms 
are  alfo  in  continual  proportion  (Propor.  Prop.  21.) 
Therefore  CF  :  CK  :  :  CK  :  CD  :  :  CD  :  CA. 

X  2  Cor. 
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Fig.      Cor.  i.  If  the  angles  at  the  center  be  in  arithme- 
36.  tic  progreffion,   the  ordinates  will  be  in  geometrical 
progrejfion. 

Cor.  2 .  The  fpiral  makes  an  infinite  number  of  re- 
volutions,  before  it  comes  to  the  center  C. 

.  For  theie  proportional  ordinates  are  continued  ad 
infinitum  downwards. 

Cor.  3.  Let  any  radius  CA  cut  the  fpiral  in  its 
federal  revolutions  \  then  the  difiances  of  the  fever al 
"^    points  of  interferon  from  the  center,  will  be  in  geo- 
metrical progrejfion,  and  that  in  the  ratio  of  C  A  to  CB. 
This  appears   by  Cor.    1 .  for   each  revolution 
makes  four  right  angles. 

PROP.      II. 

37.  If  CD,  CE,  CF,  CA,  &V.  be  in  geometrical progref- 
fion,  and  CD  z=  1  ;  then  will  the  angles  DCE,  DCF, 
DCA,  fifr.  be  the  logarithms  of  CE,  CF,  CA,  &c. 

For  fince  CD,  CE,  CF,  CA  are  in  geometrical 
progrefllon  •,  the  angles  DCE,  ECF,  FCA,  are 
equal,  and  the  angles  DCE,  DCF,  DCA,  in  arith- 
metic progrefllon.  But  it  is  the  property  of  loga- 
rithms to  be  in  arithmetic  progrefllon,  when  the 
numbers  anfwering  are  in  geometrical  progrefllon. 
Therefore  theie  angles  are  the  logarithms  of  the  or- 
dinates. 

vS.      Cor.  Let  CF,  CG,  CA,  be  any  ordinates-,  then 

CG  CA 

angle  F  CG  :  angle  FCA  :  :  log.  :  ttt;  :  log.  :  p-r/ 

For  let  CD-i.  Then  angle  DCA  =  log.  CA, 
and  angle  DCG  =  log.  CG, 
alfo  angle  DCF  zz  log.  CF, 

and 
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and  by  fubtra&ion,  Fig. 

<  DCG  —  DCF  zz  log.  :  CG  — log.  :  CF,       38. 

CG 
that  is,  angle  FCG  ==  log. :  ^p' 

Alfo  <  DC  A  —  DCF  zz  log. :  CA  —  log. :  CF, 

CA 

that  is,  angle  FCA  =z  log.  :  -prr 

Therefore  in  any  fyftem  of  logarithms  it  will  be, 

CG  CA 

angle  FCG  :  angle  FCA  :  :  log. :  ^p  :  log. :  gp* 

PROP.      III. 

If  CM  is  any  ordinate,  and  CT  perp.  to  it ;  and  Z9' 
if  the  angle  CMT  ^  made  equal  to  the  angle  of  the 
fpiraL     'Then  MT  is  a  tangent  at  M. 

For  the  tangent  MT,  and  the  infinitely  fmall 
part  of  the  curve  at  M,  coincide. 

Cor.  TM  is  to  CM  every  where  in  the  fame  given 
ratio. 

PROP.      IV. 

If  MT  be  a  tangent  at  M,  CT  perp.  to  the  or-  39. 

dinate  CM  -,  then  will  the  length  of  the  whole  fpiral 
MDGC  be  equal  to  the  tangent  TM. 

Take  the  point  n  infinitely  near  M,  and  draw 
nr  perp.  to  CM.  Then  in  the  right  angled  trian- 
gle ?zMr,  all  the  angles  are  given,  therefore  Mr  is 
to  Mn  in  a  given  ratio,  fuppofe  as  rto  j,  then  Mn 

z-xMr.     And  all  the  Mn  zz  —  X  all  the  Mr, 

that  is,  the  length  of  the  curve  zz  —  X  CM.    But 

the  triangles  nMr  and  TMC  are  fimilar,  whence 

X  3  TM; 
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Fig.  TM  :  CM  :  :  «M  :  Mr  :  :  s  :  r ;  therefore  TM  =. 

**'  —  x  CM  =  length  of  the  whole  curve. 

PROP.      V. 

40.  Let  mD  be  a  tangent  at  m,  and  CD  perp.  to  mD ; 
CM,  Cm,  ordinates.  'Then  mD  :  mC  : :  CM  —  Cm  : 
Mm  the  length  of  the  fpiral  contained  between  the 
crdinates. 

Draw  CT,  Ct  perp.  to  CM,  Cm,  produce  mD 
to  t,  and  draw  the  tangent  MT.     Then  from  the 

laft  Prop.  TM  zz  —  CM,  and  tm  zz  —  Cm,    and 


s 


TM-to  zz  —  x  CM  —  Q».     But  (Prop.  IV.) 

TM  zz  curve  MGC,  and  tm  =  curve  MGC;  there- 
fore TM  —  tm  zz  the  part  of  the  curve  Mm ; 


therefore  Mm  zz   -  x  CM  —  Cm,  and  CM  —  Cm: 

Mm  :  :  r  :  s  :  :  Cm  :  tm  :  :  (fimilar  triangles)  mD  : 
tnC. 

Cor.  &//^  the  parts  of  the  curve  are  as  the  dif- 
ferences of  the  ordinates  including  them, 

PROP.      VI. 

41*  If  CM  be  an  ordinate,  MT  a  tangent,  CT  perp. 
to  CM.  Then  the  area  of  the  fpiral  MDC,  de- 
fer ibed  by  a  radius  making  an  infinite  number  of  revo- 
lutions, is  half  the  triangle  TCM. 

Draw  the  ordinate  wC  infinitely  near  MC,  and 
nr  perp.  to  CM.  Then  fince  all  the  angles  of  the 
triangle  nMr  are  given,  Mr  is  to  nr  in  a  given 

ratio,  fuppole  as  r  to  a  j  then  nr  zz  —X  Mr.  And 

thg 
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MC  X  nr        q      Fig. 
the  area  of  the  triangle  MCn  =  — rs  ~  X  4I% 

MC  X  Mr.  Divide  MC  into  an  infinite  number 
of  equal  parts  equal  to  Mr.  Then  the  fum  of 
all  the  MC,  »C,  &c.  to  C,  is  equal  to  half  fo 
many  times  the  greateft  MC  ;  that  is,  (as  the  num- 

MC 

ber  of  them  is  denoted  by  MC,)  equal  to    x 

MC*  q 

MC  or And  the  fum  of  all  the  x  xMCX 

2  IT 

q        MC*        a 
Mr  =  —  X——  or-2-   X  MC\     Therefore  the 

2.V  2  4' 

fum  of  all  the  triangles  MC#,  or  the  whole  area  of 

q 
the  fpiral  fpace  zz  —  X  MC2.     But  by  the  fimilar 

triangles  M»r,  MTC  ;  MC  :  TC  :  :  Mr  :  nr  :  : 
r  :  j,  therefore  TCxrz  MC  X  j,  and * 

=n  TC,  and  iii^  =  *  TC.  Whence  the  whole 

'  4-r  * 

area  of  the  fpiral  fpace  MDC  zz  £  TC  X  MC  zz 
4-  triangle  TCM. 

Cor.  1.  The  fpiral  fpace  MDFGM,  comprehended 

between  the  part  of  the  ordinate  GM,  and  the  curve 

TC  •'. — - 

MDFG  ;  is  equal  to  ^—  X  MC2  —  GC2. 

For  the  fpiral  fpace  MDGC  =  —  X  MC2,  and 

the  fpace  GC  zz  ~  x  GC2,   therefore  the  differ- 

TC 
ence,  viz.  MDFG  =  -^  x  MC2  —  GC*~zz 


X  MCZ  —  GC 


4r  ^  IVJV-   —  —    -  4MC 


Cor.  2.  If  MC,  ^C  fe  /w*  ordinate*  \  MT,  i»/,   40# 
/aw  tangents-,  CT,  ct, perp.  to  CM,  Cw.     ?2w*  '** 

X  4  area    - 
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Fior.  ciTea  MCw,  comprehended  between  thefe  ordinates,  and 
40.   the  fpiral  -,  is  equal  to  half  the  difference  of  the  tri- 

TC 

angles  TCM  and  tCm  -9  or  equal  to  ~iv/rp  X 

CM2  —  Qm\ 

This  follows  from  the  Prop,  and  Cor.  1. 

Scholium. 
The  area  mentioned  in  this  Prop,  is  that  made 
by  infinite  revolutions  of  the  radius •,  where  every 
fucceeding  revolution  covers  a  part  of  the  former. 
And  fo  the  fame  parts  of  the  area  are  defcribed 
oyer  and  over.  And  therefore  the  area  mentioned 
in  Cor.  1 .  is  the  true  area  of  the  whole  fpiral  •,  and 
is  that  contained  between  the  curve  and  the  part 
of  the  ordinate  intercepted  by  the  curve, 

PROP.      VII. 

42.  In  the  fpiral CAB,  //  the  ordinate  CA  zz  J,  and 
the  circle  ADE  be  defcribed  with  the  radius  CA  ; 
and  any  other  ordinate  CB  be  drawn.  'Then  arch 
AD  =  log.  of  CB. 

For  fince  AC  zz  1,  therefore  (Prop.  II.)  the 
angle  ACD  is  the  logarithm  of  the  ordinate  CB. 
But  the  angles  at  C,  being  proportional  to  the 
arches  of  the  circle  •,  therefore  the  arch  AD  will 
atfp  be  the  logarithm  of  CB,  according  to  fome 
fpecies  or  other  of  logarithms. 

Cor.  1 .  From  the  point  A  where  it  cuts  the  circle, 
draw  the  tangent  AT,  and  CT  perp.  to  CA.  'Then 
if  the  fubtangent  CT  be  .43429448,  then  AD  is 
Brig's  logarithm  of  the  number  CB. 

For  by  the  nature  of  logarithms  (demonftrated 
Cor.  2.  Prop.  VIII.  Sect.  V.),  the  excefs  of  a  num- 
ber (extremely  near  1)  above  1 :  is  to  its  logarithm  : : 

1  : 


Sea.  VII.        THE    LOG.    SPIRAL.  37 

1  :  fubtangent.  Therefore  draw  the  ordinate  Crn  Fig. 
infinitely  near  CA.  Then  the  triangles  nAr,  ATC,  42. 
are  fimilar;  whence  nr  :  Ar  :  :  AC  :  CT.  But  nr 
is  the  excefs  of  Qn  above  1,  and  Ar  is  its  loga- 
rithm; and  AC  is  1,  and  CT  the  fubtangent  = 
.43429448  ;  and  (Prop.  VII.  Cor.  Se£t.  V.)  this 
is  the  fubtangent  to  Brig2s  logarithms.  Therefore 
Ar  is  Brig's  logarithm  of  Cn9  and  confequently 
AD  is  Brig's  logarithm  of  CB. 

Cor.  2.  If  the  fubtangent  CT  be  1  ;  then  AD  is 
Napier's  logarithm  of  CB.  In  other  cafes  AD  will 
belong  to  fome  other  fpecies  of  logarithms. 

For  (Cor.  Prop.  VII.  Seel:.  V.)  1  is  the  fubtan- 
gent of  Napier's  logarithms. 


SECT. 
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SECT.      VIII. 

Of  the  Hyperbolic  Spiral. 

DEFINITIONS. 

D  E  F.     I.      ' 

TAR  AW  any  line  CG ;  and  from  C  as  a  center, 
4*3-  YJ  defcribe  as  many  arches  of  circles  as  you 
pleafe  from  CG,  as  VE,  GF,  gfy  &c.  all  equal 
to  one  another.  Then  the  curve  paffing  thro'  all 
the  points  which  terminate  thefe  arches,  as  F&fdC 
is  called  the  Hyperbolic  or  Reciprocal  Spiral. 

D  E  F.     II. 

Any  right  line  drawn  from  the  center  to  the 
curve,  as  CF,  is  called  an  Ordinate. 

D  E  F.     III. 
The  line  CG  is  called  the  Axis. 

PROP.      I. 

44.  If  CA  be  perp.  to  the  axis  GC,  and  equal  to  any 
of  the  arches  VE,  GF,  &c.  and  AB  be  parallel  to 
CG.     Then  AB  is  an  ajjymptote  to  the  curve. 

Thro5  F  draw  DB  parallel  to  CA,  then  fince 
DBzCAz  GF,  therefore  BF  =  GF  —  DF  zz 
the  difference  between  the  arch  and  the  fine,  but 
when  the  radius  CG  is  encreafed  infinitely,  that  dif- 
ference FB  is  infinitely  diminifhed,  and  becomes  lefs 
than  any  given  line.  Therefore  AB  is  an  affymptote. 

Cor.  The  diftance  of  the  affymptote  from  the  axisy 
is  equal  to  any  arch  GF,  between  the  axis  and  curve. 

PROP. 


Sea.  VIII.    THE    HYPER.  SPIRAL;        39 

PROP.     II.  lg' 

Thro*  any  point  F  of  the  curve,  draw  the  arch  GF  45.* 
and  the  ordinate  CF ;  and  draw  any  other  ordinate 
CH,  cutting  the  arch  GF  in  L.     Then  will  CF  X 
arch  GF  =  CH  X  arch  GL. 

Thro5  H  defcribe  the  arch  HI.  Then  the  fec- 
tors  CHI,  CLG,  are  fimilar  •,  whence  CH  or  CI  : 
CG  :  :  arch  IH  or  GF  :  arch  GL.  Whence  CH  X 
arch  GL  =  CGx  arch  GF. 

Cor.  1.  CI  X  arch  IH  =  CG  X  arch  IN. 
For  CI  :  CG  :  :  IN  :  GF  or  IH. 

Cor.  2.  If  radius  CG  zz  r,  CA  or  arch  GF  zr 
a9  ordinate  CH  zz  y,  arch  GL  zz  z.  Then  the. 
equation  of  the  curve  is  ar  zz  zy. 

PROP.      III.    ' 

If  HT  be  a  tangent  at  any  point  H,  and  CT  be  46. 
drawn  perp.  to  CH.     Then  the  fubtangent  CT  is 
equal  to  the  arch  IH. 

With  any  radius  CG  defcribe  the  arch  GFL,  - 
cutting  the  ordinate  CH  in  L,  and  draw  Chi  in- 
finitely near  CHL.     Then  (Prop.  II.)  CG  X  GF 

=  CHxGLzzCrXG/zzCH  —  rh  X  GL +  D 
zz  (becaufe  rh,  L/,  are  infinitely  fmall)  CH  X  GL 
+  CH  X  L/  —  GL  X  rh.  Whence  CHxL/z 
GL  X  rh.  But  the  fectors  CH£,  CL/  are  fimilar, 
whence  CH  :  Uh  :  :  CL  :  L/,  and  CL  X  Hb  zz 
CH  x  L/  zz  GL  X  rh.  Alfo  the  triangles  CHT 
and  hrH  are  fimilar  •,  therefore  rh  :  hH  :  :  HC  : 
CT,  and  CT  X  rh  zz  HC  X  Hh;  and  CL  X  CT 
X  rh  zzCH  X  CL  xHh  zz  CH  X  GL  X  rh  zz 
(Prop.  II.)  CL  X  GF  X  rb.  Therefore  CT  zz  GF 
zz  (Defin.  1.)  IH. 

Cor. 
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Fig.       Cor.  i.  The  fubtangent  CT  =-  CA  the  diftance  of 

46.  the  aJJymptotey  and  therefore  is  always  the  fame. 

Cor  2.  The  angle  CHT  continually  increafes,  in 
approaching  to  the  center. 

For  CT  is  given,  and  CH  continually  decreafes. 

Cor.  Hence  the  curve  makes  an  infinite  number  of 
revolutions  about  the  center. 

For  in  the  logarithmic  fpiral,  where  the  angle 
at  H  is  perpetually  the  fame,  the  curve  makes  an 
infinite  number  of  revolutions.  And  much  more 
does  it  fo  in  this,  where  the  angle  at  H  continually 
increafes,  and  makes  it  keep  without  the  logarith- 
mic fpiral. 

PROP.      IV. 

45.  If  CF,  CH,  be  any  two  ordinates,  thefe  ordinates 
are  reciprocally  as  the  angles  they  make  with  the  axis 
CG.  CF  :  CH  : :  <:GCH  :  <  GCF. 

For  (Prop.  II.)  CF  X  GF  zz  CH  X  GL.  There- 
fore CF  :  CH  :  :  arch  GL  :  arch  GF  :  <C  GCL  : 
<CGCF. 

PROP.      V 

2u.       The  length  of  the  fpiral  between  any  two  ordinates, 

47.  is  equal  to  the  length  of  the  logarithmic  curve  between 
tzvo  ordinates  of  equal  lengths  with  the  former  ;  when 
the  fib  tangents  of  both  curves  are  the  fame. 

Let  HDC  be  the  fpiral,  CEK  the  logarithmic 
curve  -9  let  the  ordinate  CH,  C;/  and  DG,  CF  be 
infinitely  near,  and  CH  =  DG,  and  Qn  zz  CF,  in 
the  two  curves.  With  the  radius  Qn  defcribe  the 
arch  nm  •,  alfo  draw  Fr  parallel  to  AD.  Then 
fince  the  fubtangent  VD  zz  CT,  alfo  DG  zz 
CH.     Therefore  the  right  angled  triangles  CTH 

and 
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and  DVG  are  equal  and  fimilar,  whence  the  angle  Fig. 
CHT  =  DGV.  And  fince  Qn  zz  CF,  therefore  47. 
CH  —  Cn  or  mH  zz  DG  —  CF  or  rG,  and  fmce 
<  H  z  <  G,  therefore  the  triangles  mWn  and 
FGr  are  equal  and  fimilar  •,  and  Hn  zz  GF  •,  that 
is,  the  curve  Hn  contained  between  the  ordinates 
CH,  O/,  is  equal  to  the  curve  GF  contained  between 
the  ordinates  DG,  CF  equal  to  the  former ;  and  fo 
it  will  always  be.  Therefore  the  fum  of  all  the 
H;z,  or  the  fpiral  contained  between  any  two  ordi- 
nates, is  equal  to  the  fum  of  all  the  GF,  or  the  log. 
curve  contained  between  two  ordinates  equal  to  the 
former. 

Cor.  The  fpiral  making  an  infinite  number  of  re- 
volutions,  is  alfo  infinite  in  length. 

For  the  logarithmic  curve,  and  its  aflymptote 
is  infinite  in  length  ;  and  confequendy  the  fpiral, 
which  is  equal  to  it,  is  the  fame. 

PROP.      VI. 

The  area  of  the  vchole  fpiral  FLDC,  making  in-   48, 

CF  X  CT 

fnite  revolutions,  is  equal  to ,  half  the  rec- 
tangle of  the  ordinate  aod  fubtangent. 

Draw  the  ordinate  Qr  infinitely  near  CF,  and  m 
perp.  to  CF.  And  by  fimilar  triangles  Fn  :  nr  :  : 
CF  :  CT  the  fubtangent.     Whence  CT  X  Fn  zz 

CFX  nr 

CF  X  nr  -,  but  the  triangle  FCr  zz  — ;  there- 

fore  the  triansje  FCr  zz —     And  the  fum 

of  all  the  triangles  FCr  defcribed  in  all  the  revo- 
lutions zz  4.  CT  X  all  the  Fn.  That  is,  the  whole 
area  of  the  fpiral  fpace  zz  4-  CT  X  FC. 

Cor. 
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pig.      Cor.  i.  The  fpiral  /pace  FLNDF  contained  be* 
48.  tween  the  curve,  and  part  of  the  ordinate  DF,  is 
equal  /i?iCTX  DF. 

For  the  whole  fpiral  fpace  FLNDC  zz  i  CT  X 
CF,  and  the  fpace  DSC,  which  is  covered  by  the 
other,  is   =:  -  CT  x  CD.     And  their  difference 

=  |CTX  CF  — CD  z^CTX  DF. 

Cor.  2.  Any  part  of  the  fpiral  fpace  contained  be- 
tween two  ordinate*  CF,  CL,  is  equal  to  ^  CT  X 

cf"— ~cl" 

"  For  i  CT  X  CF  =  fpace  FLNDC,  and  4.  CT 
X  CL  ==  LNDC.     And  their  difference  =  4.  CT 

XCF  — CL. 

Cor.  3.  The  fpiral  fpace  contained  between  any  two 
ordinates,  is  half  the  fpace  in  the  logarithmic  curve 
contained  between  two  ordinates,  equal  to  the  former  \ 
when  the  fubtangents  of  both  curves  are  the  fame. 

For  (frop.  IV.  Sedt.  V.)  the  logarithmic  fpace 
is  equal  to  the  rectangle  of  the  fubtangent  and  dif- 
ference of  the  ordinates,  and  in  the  fpiral  it  is 
equal  to  half  that  rectangle. 

I  might  here  have  given  more  properties  of  all 
thefe  curves,  and  likewife  have  fhewn  the  nature 
and  properties  of  fome  other  forts  of  curves,  as 
the  Catenary,  the  Epicycloid,  &c.  But  as  this  cannof 
eafiiy  be  done  without  having  recourfe  to  the  me- 
thod of  Fluxions  •,  I  forbear  purfuing  them  any  fur- 
ther, as  the  making  ufe  of  any  other  method,  would 
be  carrying  the  reader  too  far  about. 


BOOK 
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BOOK      II. 

Of  Curve   Lines  in  General  \  and 
their  AjfeEiions. 


CURVE  lines  may  be  conceived  to  be  gene- 
rated thefe  three  ways.  Firft,  they  may  be 
made  by  the  fection  of  a  folid  and  a  plane.  Se- 
condly, they  may  be  defined  by  an  equation,  ex- 
prefling  their  nature,  or  fome  principal  property 
thereof.  Thirdly,  they  may  be  conceived  to  be 
defcribed  in  piano  by  local  motion. 

i .  Firft,  thofe  who  confider  curve  lines  as  ge- 
nerated in  the  furface  of  a  folid  by  a  plane  cutting 
it;  find  it  proper  and  neceffary  toconiiderthe  pro- 
perties of  that  folid;  and  to  demonftrate  from 
thence  what  mufl  be  the  nature  of  a  figure  arifmg 
from  fuch  a  fection.  Accordingly  the  ancient  geo- 
metricians confidered  the  conic  lections,  as  made 
by  a  plane  cutting  a  cone. 

2.  In  the  fecond  cafe,  equations,  which  exprefs 
the  nature  of  curve  lines,  are  not  properly  defini- 
tions of  thele  curves,  but  certain  arithmetical  com- 
putations, grounded  on  fome  property  of  thefe 
curves,  and  which  (duly  managed)  may  lead  us  to 
the  knowledge  of  thefe  properties.  For  thefe 
equations,  being  analytical  expreflions,  will  (like 
the  fcience  itfelf )  ltrad  us  in  a  retrograde  order  from 
the  equations  themfelves,  to  the  properties  on  which 
they  are  founded.  For  it  is  well  known  in  analy- 
tics, that  by  confidering  the  things  fought,  as  if 
they  were  known ;  at  lafL  by  equations  expreffing 
their  conditions  and  relations,  we  arrive  at  the  real 
knowledge  of  them.     Juft  thus  in  geometry,  by 

denoting 
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denoting  the  conditions  of  a  curve  by  an  equation 
expreffing  its  nature,  we  at  laft  arrive  at  fome  pro- 
perty of  that  curve,  upon  which  that  equation  is 
founded.  Therefore  it  is  plain,  that  equations  are 
not  true  definitions  of  a  curve,  but  only  artificial 
expreffions,  by  the  help  whereof,  and  the  given  con- 
ditions, we  are  able  to  trace  the  firft,  moil  fimple, 
and  defining  property  of  iuch  curve.  An  equation 
then  is  nothing  elfe  but  a;  defcription,  by  which  a 
figure  is  rendered  more  eafy  to  the  conception. 
"When  the  nature  of  a  curve  is  exprefTed  by  an 
equation,  we  mufl  find  out  by  what  motion  of 
points,  interferon  of  lines,  or  by  what  defcription 
or  conftruction,  a  curve  is  generated,  which  mall 
have  the  conditions  exprefTed  in  that  equation.  An 
equation  then  pre-fuppofes  a  curve  defcribed  ac- 
cording to  fome  law  or  rule,  upon  which  that  equa- 
tion is  founded. 

3.  Thirdly,  The  defcription  of  a  curve  in  piano, 
is  the  moll  true  and  natural  definition  of  a  curve, 
and  the  proper  original  thereof,  and  from  which 
all  other  properties  may  be  determined.  Now  this 
tonilruclion  may  be  effected  various  ways,  as  by 
the  interfection  of  lines,  the  motion  of  points, 
fimple  or  compound  after  feveral  manners,  which 
will  generate  feveral  forts  of  curves.  Thus  a  cir- 
cle is  defcribed  by  a  line  revolving  round  a  fixed 
center  •,  an  ellipfis  is  defcribed  by  a  flexible  line 
moving  round  two  fixed  centers-,  a  cycloid  is  de- 
fcribed by  a  point  in  the  circumference  of  a  circle, 
whilft  it  turns  round  along  a  right  line ;  and  fo  of 
others. 

The  ancients  admitted  only  right  lines,  the  circle, 
and  the  conic  fedions  into  geometry,  excluding  all 
other  curves  as  not  geometrical.  But  modern  geo- 
meters admit  all  curves  into  geometry,  that  can  any 
way  be  exprefled  by  equations.  Curves  are  belt 
divided  into  kinds  by  the  dimenfions  of  the  equa- 
tion* 
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ions  exprefling  their  nature.  By  help  of  thefe 
:quations,  we  gain  a  better  idea  of  fuch  figures, 
,nd  more  eafily  comprehend  the  nature  of  them. 

DEFINITIONS. 
D  E  F.      I. 

A  Curve  Line  is  that  which  is  defcribed  by  a  Fig. 
noving  point  which  continually  changes  its  direc-    49. 
ion,  as  ABC ;  whilft  a  right  line  always  goes  on  in 
:he  fame  direction,  as  AD. 

D  E  F.      II. 

If  BM  beany  curve  line,  and  any  right  line  AD  50. 
Deing  drawn  of  an  indefinite  length,  and  having 
ts  origin  in  A  •,  and  if  any  part  AP  be  cut  off,  and 
Tom  P,  the  right  line  PM  be  drawn  to  the  curve, 
naking  a  given  angle  with  AP  ;  and  this  be  every 
vhere  done ;  then  the  line  AP  is  called  the  Ab- 
ciffd,  and  PM  the  Ordinate,  of  that  curve, 

D  E  F.      III. 

A  line  of  any  Order  is  denominated  from  the 
ligheft  power  of  the  equuation,  exprefling  the  na- 
:ure  thereof;  which  powers  are  made  of  the  ab- 
ciflfa,  or  the  ordinate  or  both. 

Thus  if  x  'zz  abfcifla  •,  y  zz  ordinate;  a,  b,  c, 
y'rven  quantities ;  if  ax  zz  by  +  cc,  this  denotes  a 
jne  of  the  firft  order,  or  a  right  line.  If  yy  —  ay 
zz  bx  +  ##5  this  denotes  a  line  of  the  fecond  order, 
)r  a  curve  of  the  firit  order.  And  fo  does  this 
equation  ay  -\-  xy  zz  bx.  And  this  ayy  zz  bxy  — -  ccx. 

Again,  y^  —  ^axy  zz  bxx,  denotes  a  line  of  the 
third  order,  or  a  curve  of  the  fecond  order.     And 
fo  on  to  higher  orders,    according  to  the  dimen- 
fions  of  x  or  y,  or  both  of  them  in  one  term. 
D  E  F.      IV. 

If  x  be  the  abfcifla,  and  y  the  ordinate  of  any 
curve  ;  then  if  the  equation  exprefling  the  nature 

y  of 
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Fig.  of  the  curve,   be  made  up  of  x  and  y  and  given 
50.    quantities,  and  x  and  y  denote  ftreight  lines,  then 
that  curve  is  called  a  Geometrical  ox  Algebraic  Curve. 

DEF,     V. 

But  if  the  nature  of  a  curve  be  exprefled  by  an 
equation,  wherein  one  of  the  indetermined  quan- 
tities x  or  v,  reprefents  a  curve  line,  then  the  curve 
denoted  by  fuch  an  equation,  is  called  a  Tranfcen- 
dent  or  Mechanical  Curve. 

DEF.      VI. 

Exponential  Curves,  are  thofe  where  the  equa- 
tions expreffing  the  nature  thereof  confift  of  terms 
whofe  indices  are  indetermined  or  variable  quan- 
tities made  of  x  or  y.-  Thus  ax  zz  j,  is  an  expo- 
nential curve,  as  alfo  y:i  -f  xM  zz  axy. 

D  E  F.      VII. 

5lt  Curves  that  turn  round  a  fixed  point  or  center, 
are  called  Spirals  or  Radial  Curves,  as  ADE.  And 
any  line  CE,  drawn  from  the  center  C  to  the  curve, 
is  called  an  Ordinate. 

DEF.     VIII. 

A  tangent  to  a  curve,  is  a  line  drawn  thro'  a 
point  of  the  curve  without  entering  into  it;  fo  that 
being  produced;  it  leaves  the  curve  on  both  fides. 

D  E  F.      IX. 

52.  The  Subtangent  is  the  line  PT,  or  the  didance  of 
the  ordinate  from  the  interferon  of  the  tangent 
and  abfcifla: 

rI#  And  in  fpirals,  it  is  the  line  CT,  which  is  perp, 
to  the  ordinate  CE,  and  meets  the  tangent  at  T. 

DEF. 
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Fig. 
D  E  F.      X.  5Z 

The  Subnormal  is  the  line  PQ,  which  is  the  dis- 
tance of  the  ordinate  from  that  point  of  the  ab- 
Tciffa,  where  a  perpendicular  to  the  curve  (or  tan- 
gent) interfe&s  it. 

And  in  the  fpiral,  it  is  the  line  CQ>  perp.  to  51. 
CE,  and  cutting  the  line  EQ  (which  is  perp.  to 
the  curve)  in  Q^ 

DEF,      XL 
The  Axis  of  a  figure  is  a  line  paffing  thro*  the 
center,    which  is  lbme  remarkable  point  of  the 
curves  if  it  biiTe&s  the  ordinates,  it  is  called  a 
Diameter. 

DEF.      XII. 

An  AJfymptote  is  a  right  line  which  continually 
approaches  the  curve,  but  never  touches  it,  till  it 
be  at  an  infinite  diftance. 

Scholium. 

All  curves  are  more  fimple  or  compounded,  ac- 
cording as  their  equations  confift  of  fewer  or  more 
terms.  But  the  equations  are  the  more  comprehen- 
five  the  more  terms  they  contain  •,  and  become  uni- 
verfal  when  all  the  powers  and  products  of  the  ab- 
fcina  and  ordinate,  are  exprefTed  therein.  To  give 
fome  inftances,  let  x  z=  abfcifTa  -,  y  zz  ordinate  ; 
a,  b,  C,  d,  Sec,  known  quantities,  which  may  be 
either  affirmative  or  negative.  Then  a  line  of  the 
firft  order  will  be  denoted  thus,  y  +  ax  +  b  zz  o. 

A  line  of  the  fecond  order  thus,  f  +  ax  -\-  b  X 
y  -f-  exx  +  dx  -f-  e  zz  o.    Lines  of  the  third  order 

thus,  yl  +  ax  +  b  X  yy  +  cxz  -f-  dx  +  e  x  y  ■+■ 
fxi  4-  gx"  -f-  hx  +  kzz  o.     And  fo  on ;  and  thefe 
equations  are  univerial,  and  take  in  all  cafes  of 
thele  feveral  orders.     And  in  thefe  feveral  equa- 
Y  2  tions, 
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Fig.  tions,    any   of  the  quantities  a,    £,  c,    &c.  may 
51.  be  wanting-,  and  then  the  curve  changes  into  a 
more  fimple  one  of  the  fame  order. 

When  thefe  coefficients  are  multiplied  out  at 
length,  the  number  of  terms  in  the  equations  of 
the  feveral  orders,  will  be  in  the  firft  3  ;  in  the  fe- 
cond  6;  in  the  third  10 ;  in  the  fourth  15,  &c. 
which  are  thus  generated,  the  firft  zz  1  -f-  2  zz  3  ; 
the  fecond  z  1  +  2  -f  3  z  6 ;  the  third  zr  1  + 
2  +  3  +  4  zz  10 ;  the  fourth  zz  1  +  2  +  3  + 
4  +  5  =  15,  and  fo  on. 
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SECT,     L 

*The  generation  of  Curves,  by  which  the 
length  of  any  given  Curve  is  determin- 
ed ;  the  ufe  of  tangents  in  determining 
their  areas ,  fur faces  or  folidities. 

PROP.      I. 

If  AOM  be  any  given  curve,  AP  its  axis,  MT  Fig. 
a  tangent  at  M.     And  BC   be  fuch  a  curve,  that   52. 
MDC  be  drawn  parallel  to  AP ;  it  may  be,  AD  : 
tangent  MT  :  :  AN  a  given  line  :  CD. 

Then  the  fpace  ABCD  will  be  equal  to  the  reclan- 
gle  of  AN  and  the  curve  line  AOM. 

Take  the  point  m  infinitely  near  M,  and  draw 
mc  parallel  to  MC.  Produce  the  ordinate  PM  to 
s,  and  draw  rC  parallel  to  sM.  Then  the  trian- 
gles MPT,  Msm  are  fimilar,  whence  Ms  :  Mm  :  : 
MP  or  AD  :  MT  :  :  (conftrudtion)  AN  :  CD. 
And  therefore  CD  X  Ms  zz  Mm  X  AN ;  that  is, 
the  rectangle  CDdr  or  CDdc  —  rectangle  Mm  X 
AN.  Hence  the  fum  of  all  the  rectangles  CDdc 
3=  fum  of  all  the  rectangles  Mm  X  AN ;  that  is, 
the  area  ABCD  zz  rectangle  AN X  curve  line  AOM. 

Cor.  1.  Hence  if  any  tangent  MT  be  known,  the 
correfponding  ordinate  CD  will  be  known. 

Cor.  2.  And  if  the  area  ABCD  can  be  had,  the 
length  of  the  curve  AOM  will  alfo  be  had. 

y  3  prop. 
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Fig; 

PROP.      II. 

£4.  Let  AM  be  any  curve,  AP  the  axis,  PM  the  or- 
dinate perp.  to  it  -,  and  let  the  curve  YJZ  be  of  fucb 
a  nature,  that  taking  any  point  M  in  the  curve  AM, 
and  drawing  the  line  MB  perp.  to  the  curve  in  M, 
cutting  the  axis  in  B,  and  producing  MP  to  Z  ;  it 
may  be  always  PM  :  MB  :  :  arch  AM  :  PZ.  Then 
the  area  AKZP  will  be  equal  to  half  the  fquare  of 
the  arch  AM. 

Take  the  point  m  infinitely  near  M,  and  draw 
$nB.  Alfo  draw  ms  parallel  to  MZ,  and  mr  perp. 
to  it.  Then  the  triangles  Mmr,  MPB  are  fimilar, 
and  mr  :  Mm  :  :  MP  :  MB  :  :  (conftruction)  arch 
AM  :  PZ.  Then  Mm  X  arch  AM  =z  mr  X  PZ 
zz  VpsZ.  And  the  fum  of  all  the  Mm  X  AM  zz 
fum  of  all  the  FpsZ  zz  area  AKZP. 

Divide  AM  into  an  infinite  number  of  equal 

parts  each  equal  to  Mw  zz  1 .     Then  all  the  arches 

beginning  at  A,  conftitute  a  feries  of  quantities  in 

arithmetic  progreflion,  whofe  number  is  AM,  and 

the  greatefl  alfo  AM.     Therefore  the  fum  of  all 

AM  AM1 

the  AM  (or  AM  X  Mm)  zz  X  AM  zz  — — , 

by  Prop.  II.  of  the  Arithm.  of  Infinites.     There- 

AMZ 

fore  - —    zz  area  AKZP. 
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Fig. 
PROP.      III. 

Let  AIB  be  any  carve,  AD  the  axis,  BD  the  or-  55* 
din  ate  perp.  to  AD.  And  let  KL,  CE  be  two  curves ', 
fo  related  to  this,  that  producing  BD  to  E  and  L,  ##i 
taking  a  given  right  line  KN,  //  may  be  DL*  zz  DE* 
+  KN\  W  /to  /^  rectangle  KN  X  BD  zz  area 
ADEC.  Then  the  rectangle  KN  X  curve  A1B  — 
area  ADLK. 

Take  the  point  b  infinitely  near  B,  and  draw 
I  del  parallel  to  BDEL  ;  and  draw  Bm,  En,  Lr  pa- 
rallel to  AD.  And  put  AD  zz  x,  DE  zz  y,  DL 
zz  <u,  curve  AIB  zz  %,  BD  zz  w,  and  KN  zz  a% 
then  by  conilruclion  w  zz  yy  -f-  tftf  ;  and  0-ze;  zz 
ADEC ;  that  is,  #  X  BD  zz  ADEC,  and  a  X  bd 
zz  AdeC,  and  their  difference  a  X  mb  zz  DdeE  zz 
DE  X  Di  zz  jy  X  Di  zz  y  X  Bw,  and  fquaring,  <z* 

X  ^£*  =/X B^* ;  that  is,  ot  —  jj  X  /^a  zz  f- 
X  B#r ;  and  tranfpofing,  vv  X  *»£*  zz  yy  X 
^F~ih  Bw*  zz  yy  X  B£%  and  extracting  the  root 
v  X  ^  zz  y  X  B£,  and  ^«y  X  w^  zz  ^y  X  B£,  or 
(becaufe  a  X  mb  zz  y  X  Bm)  vy  X  Bm  zz  ay  x  Bb> 
or  vXBm  zzaXBb-,  that  is,  DL  xDd  zz  a  X  Bb9 
and  the  fum  of  all  the  DL  X  DJ  zz  a  X  fum  of 
all  the  Bb\  that  is,  the  area  ADLK  zz  a  X  curve 
AIB. 

Cor.  Hence  if  the  areas  of  the  curves,  ADLK, 
ADEC  be  known  -,  the  length  of  the  curve  AIB  will 
be  known. 
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Fig. 

PROP.      IV. 

c6.  V  aefs  be  any  fort  of  fpiral9  af  an  ordinate,  ta 
'  perp.  to  it,  tf  a  tangent,  HI  a  given  line  ;  and  it  he 
made  as  af :  at :  :  HI  :  ql ;  and  aq  be  made  equal  to 
af,  and  ql  laid  from  q  to  I,  in  a  line  perp.  to  aq,  and 
if  this  be  every  where  done,  and  the  curve  mlk 
drawn  And  if  the  curve  EFG  be  of  fuch  a  na- 
ture, that  the  ordinate  CF  zz  af,  and  BE  zz  ae, 
&c.  and  that  BC  X  HI  zz  area  mpql.  Then  will 
the  length  of  the  curve  EF  zz  length  of  the  fpiral  ef. 
And  the  area  BEFC  zz  twice  the  area  aef 

For  fuppofe  ag  infinitely  near  af,  and  DG  infi- 
nitely near  CF.  Draw  FN  parallel  to  BD.  Then 
fince  CF  zz  af,  and  DG  zz  ag,  their  difference 
NG  zz  ng.  Put  HI  zz  a.  Then  fince  pmkr  zz  a 
X  BD,  and  pmlq  zz  a  X  BC,  therefore  the  differ- 
ence qlkr  zz  a  X  CD  \  that  is,  ql  X  qr  or  ng  X  ql 
zz  aX  CD.  But  the  triangles  aft,  ngf  are  iimilar, 
whence  ng  :  nf  :  :  af :  at  :  :  (conftruction)  a  :  ql; 
therefore  a  X  nf  zz  ng  X  gl  zz  a  X  CD,  therefore 
nf  zz  CD  zz  NF.  "Whence  the  triangles  nfg  and 
NFG  are  equal  and  fimilar,  and  FG  zz  fg,  and  all 
the  FG  zz  all  the  fg  •,  or  the  curve  EFG  equal  to 
the  curve  efg.  And  fince  af  zz  CF,  and  ag  zz  DG  ; 
therefore  the  triangle  afg  zz  half  the  trapezium 
CDGF.  And  the  fum  of  all  the  triangles  afg 
zz  half  the  fum  of  all  the  trapezia  CG  -,  that  is> 
the  area  aef  zz  half  the  area  EBCF. 
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Fig. 
PROP.      V. 

Let  AMC  be  any  curve  •,  AB  the  axis  -,  PM,  CB5    si* 
erdinates,    MT  a  tangent.      Let  the  parallelogram 
PMDB  be  infcribed  in  the  curve.     Then  wz//PMDB 
be  the  greateft  poffible  infcribed  parallelogram^  when 
the  length  PB  is  equal  to  the  fub tangent  PT. 

Take  the  point  m  infinitely  near  M,  and  draw 
mpy  md  parallel  to  MP,  MD.  Then  we  have  another 
parallelogram  mpBd,  infcribed  in  the  curve.  Every 
quantity  is  at  its  greateft,  when  by  varying  the 
terms  of  it,  the  increafe  is  equal  to  the  decreafe. 
The  triangles  TPM  and  Mrm  are  fimilar,  whence 
TP  :  PM  :  :  Mr  :  rm.  Therefore  PM  XMrz 
TP  X  rm.  Therefore  if  PB  or  MD  be  put  equal 
to  TP,  we  (hall  have  PM  X  Mr  z=  MD  X  rm  = 
rD  X  rm.  That  is,  the  parallelogram  Mp  zz  par. 
ml).  But  when  the  parallelogram  MPBD  is  changed 
into  the  parallelogram  mphd.  The  former  is  de- 
creafed  by  the  fpace  Mp,  and  increafed  by  the  fpace 
mT>  zz  Mp.  Therefore,  fmce  the  infinitely  fmall 
increafe,  is  equal  to  the  infinitely  fmall  decreafe ; 
the  parallelogram  PMDB  is  a  maximum. 

Cor.  By  a  like  reafoning,  the  greateft  cylinder 
PMDB,  that  can  be  infcribed  in  the  folid,  generated 
by  the  curve  AMC,  revolving  about  its  axis  AB ; 
is  when  the  length  PB  is  equal  to  half  the  fubtangent 
PT. 

For  let  c  =  3. 141 6,  then  fince  PM  X  Mr  = 
TP  X  rm  5  let  PB  =  i  PT,  then  TP  =  2PB,  and 
PM  X  Mr  =  2PB  X  rm\  multiply  both  by 
c  X  PM,  then  c  X  PMZ  X  Mr  zz  2c  X  PM  X  rm  X 
PB.  But  c  X  PMZ  x  Mr  =  folid  defcribed  by 
FMmp'9  and  2c  x  PM  X  rm  X  PB  =  folid  de- 
fcribed by  DMmd, 

Therefore 
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Fig.      Therefore,  the  increafe  of  the  infcribed  cylinder 

57.  being  equal  to  the  decreafe,  the  cylinder  mull  be 
a  maximum. 

PROP.      VI. 

58.  In  any  curve \  if  the  points  M,  m,  be  taken  infi- 
nitely near  together -,  and  the  ordinates  MP,  mp, 
drawn ;  and  alfo  Mr,  mn,  parallel  to  the  axis  A  P. 
Then  either  of  the  parallelograms  MP/»r,  or  nPpm^ 
may  be  taken  for  the  fpace  MPpm. 

59.  And  in  fpirals,  if  M,  m  be  infinitely  near,  and 
AM,  Am  drawn  -,  and  the  fmall  arches  Mr,  mn, 
defcribed  from  the  center  A,  which  will  be  perp.  to 
AM,  Am.  Then  either  of  the  triangles  A  Mr,  Amny 
may  be  taken  for  the  fpace  AMm. 

58.  For  fmce  the  hypothenufe  Mm  is  infinitely  fmall, 
the  fides  Mn,  nm*  or  Mr,  rm,  will  much  more  be 
infinitely  fmall.  But  the  parallelogram  MPpr  is 
to  the  parallelogram  Mrmn,  as  PM  to  Mn -,  and 
as  Mn  is  infinitely  lefs  than  MP  -,  the  parallelogram 
Mrmn  is  infinitely  lefs  than  MPpr-,  and  much 
more  is  the  triangle  Mnm,  or  Mrm  infinitely  lefs 
than  the  fpace  MPpm;  and  therefore  vanifhes  in 
refpecl:  of  it,  confequently  the  par.  MPpr  zz  fpace 
MPpm  zz  par.  nPpm. 

59.  In  like  manner  in  the  fpiral,  the  triangle  Mmn 
or  Mrm  is  infinitely  lefs  than  AMr  or  Amn.  And 
therefore  AMr  or  Amn,  may  be  taken  for  AMw, 
the  difference  being  infinitely  fmall,  or  nothing,  in 
refpecl:  of  any  of  them. 

58.  Cor.  1.  If  a  curve  APM  be  divided  into  an  infi- 
nite number  of  parts  by  the  ordinates  MP,  mp,  fciV. 
infinitely  near  one  another  ±  either  the  fum  of  the  cir- 
cumfcribing  parallelograms,  as  Ppmn  ;  or  the  fum  of 
the  infcribed  parallelograms,  as  PprM ;  may  be  taken 
for  the  area  of  the  curve. 

And 
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And  in  fpirals,  either  the  fum  of  the  circumfcnh-  Fig, 
ing  triangles  Amn,  or  of  the  inf crib ed  triangles  AMr,  59. 
may  be  taken  for  the  area. 

For  when  the  ordinates  are  parallel,  the  fum  of 
the  circumfcribing  and  infcribed  parallelograms, 
differ  from  one  another  only  by  one  of  the  paral- 
lelograms nVpm,  which  is  infinitely  lefs  than  the 
area  APM,  as  P/>  is  infinitely  lefs  than  AP.  And 
much  more  will  the  difference  between  the  curve 
and  either  fum,   be  infinitely  fmall. 

For  the  fame  reafon  in  fpirals,  the  fum  of  the 
circumfcribed,  and  the  fum  of  the  infcribed  trian- 
gles, differ  from  the  curve  by  lefs  than  the  infinite- 
ly fmall  triangle  AMm.' 

Cor.  2.  The  infinitely  fmall  part  Mm  of  the  curve 
AM  may  be  looked  on  as  a  right  line. 

Becaufe  its  deviation  from  a  right  line  mult  be 
infinitely  fmall  in  that  fhort  fpace. 

PROP.      VII. 

Let  AM  be  any  curve,  AP  the  abfcijfa,  PM  an  60. 
ordinate,  AT  a  tangent  at  the  vertex.  And  let  AN 
be  fuch  a  curve,  that  drawing  the  tangent  MT  to 
any  point  M,  to  cut  AT  in  T,  and  producing  MP, 
make  PN  zz  AT.  And  this  be  every  where  clone. 
Then  drawing  AM,  the  area  of  the  curve  ANP  is 
twice  the  fegment  ABMA. 

Take  m  infinitely  near  M,  and  draw  mpn  parallel 
toMPN;  alfo  draw  AQ^  parallel  to  MT,  then 
QM  =  AT  =  (by  conftruclion)  PN.  Therefore 
the  parallelogram  Q^'t.mq  zz  trapezium  PN#/> 
(Prop.  VI.).  But  the  triangle  AM??*  (contained 
between  the  fame  parallels  A  Qq,  TMm)  zz  half 
QMmq  zz  half  PN»/>.  Therefore  the  fum  of  all 
the  tiian  ies  AMm  zz  4.  fum  of  all  the  trapezia 
Vhnp-,  hat  is,  the  fegment  ABMA  ±z  half  the 
#rea  ANP. 

PROP. 
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Fig.  PZ.     Then  Mr  X  FZ  zz  a  X  mr -,    that  is,  the 
64.    trapezium  YpzZ  zr  aX  mr.     And  the  fum  of  ail 

the  ?pzZ  or  the  area  AKZP  zz  a  x  fum  of  all 

the  mr  zz  aX  PM. 

PROP.      XII. 

6$,  Let  AM  be  any  curve,  AP  the  abfciffa,  PM  <z# 
ordinate,  MT  ^  tangent.  And  let  the  curves  BD, 
and  GF  fo  fo  related,  that  drawing  CN  parallel  to 
PM,  W  producing  MP  /<?  D,  ##i  drawing  MNF 
parallel  to  AP-,  &  awy  always  be,  PT  :  PM  :  : 
NF  :  PD.  Then  the  area  APDB  is  equal  to  the 
area  CGFN. 

Take  m  infinitely  near  M,  and  draw  mpd  paral- 
lel to  MP,  and  mnf  parallel  to  A  P.  Then  the 
triangles  Mmr,  TMP,  are  fimilar,  whence  Mr  : 
mr  :  :  TP  :  PM  :  :  NF  :  PD.  Therefore  Mr  X 
PD  =  mr  X  NF ;  that  is,  ?p  X  PD  zz  N/z  X  NF, 
or  which  is  the  fame  thing,  the  trapezium  FpdD 
■zz  trapezium  NF/#.  And  as  this  is  fo  every  where  ; 
the  fum  of  all  the  trapeziums  FpdD  =  fum  of  all 
the  trapeziums  NF/)/,  or  the  area  ABDP  zz  area 
CGFN. 

Cor.  Hence  if  any  two  of  the  curves  AMP, 
ABDP  and  CGFN,  be  given-,  the  third  may  be 
found. 


PROP. 
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Fig. 
PROP.      XIII. 

Let  AMB  be  any  curve,  AP  its  axis,  PM  an  66. 
ordinate ;  and  let  the  curve  ANE  be  of  fuch  a  na- 
ture, that  producing  PM  to  N,  the  tangent  NT  may 
be  parallel  to  the  chord  AM.  Then  drawing  AD, 
ND  parallel  to  MP,  AP ;  the  area  ADN  w/7/  be 
equal  to  the  area  APM. 

Let  m  be  a  point  infinitely  near  M,  and  draw 
pmn  parallel  to  PM,  and  dn,  NS,  Mr  parallel  to 
AP.  Then  the  triangles  Nor,  TNP,  and  AMP 
are  fimilar,  whence  ^AP  :  PM  :  :  TP  :  PN  :  :  Nr : 
sn.  Therefore  AP  X  sn  zz  PM  X  Nj  ;  that  is, 
DN  X  sn  zz  PM  X  Mr,  or  the  trapezium  DNnd 
zz  trapezium  PMmp.  And  the  fum  of  all  the 
trapeziums  DNnd  zz  fum  of  all  the  trapeziums 
PMmp  -,  that  is,  the  area  ADN  zz  area  APM. 

PROP.      XIV. 

If  AMB  be  any  curve,  AP  the  axis,  PM  an  or-    67. 
dinate  •,   and  let  KZL  be  fuch  a  curve,  that  taking 
any  right  line  r,  and  continuing  the  ordinate  MP  to 

Z,  it  may  be,  y/  area" APM  :  PM  :  :  r  :  PZ.  Then 

the  area  APZK  zz  2r  X  s/  area  APM. 

Take  m  infinitely  near  M,  and  draw  mpz  paral- 
lel to  MP.  And  put  z  zz  area  APM  zz  fum  of 
the  trapezia  PpmM  or  PM  X  Pp,  AP  zz  *,  PM  zz 

ry 
y,  PZ  zz  v  -,  then  s/z  :  y  :  :  r  :  v  zz  -y-,    and  <z/ 

v  z 

XP?or  PZ  X  P;  =  -^xP/>  =  -xXPMxPf 

r 

zz  -7-  X  trapezium  PMmp.     Let  w  zz  trapezium 

PM#. 
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Fig.  PMmp,  and  divide  the  area  APM  or  z  into  an  in- 

6j.    finite  number  of  trapeziums  equal  to  w  zz  i.  Then 

all  thefe  areas  denoted  by  2;  conftitute  a  feries  of 

quantities  in  arithmetic  progreflion,   and  the  fum 

of  all  the  roots  — -,  (by  Prop.  V.  Arithm.  of  In- 
v  z 

finites)  is  — j—  X  fo  many  times  the  greateft  term, 

where  m  zz  —  i,  the  greateft  term  ~y ,  and  num- 

v  z 

ber  of  terms  %,  therefore  the  fum  of  all  the  -jr, 

1  z 

is  zz ;  X  — -  zz  ly/z.     And  therefore  fince 

r 
PZ  X  T?p  zz  -7-  X  w.     Therefore  the  fum  of  all 
v  z 

w 
the  PZ  X  Vp  zz  r  X  fum  of  all  the  —7-  or  r  X  fum 

of  all  the  -y-    zz  r  X    ^x/z;  that  is,    the  area 
APZK  zz  rX2y/ area  APM. 

PROP.      XV. 

63.  Z>/  AMB  be  any  curve,  AD  the  axis,  PM  tf#  <?r- 
dinate,  MT  #  tangent.  And  let  the  curves  EX  #/zi 
GY  be  fitch,  that  continuing  MP  to  X,  ^^  draw- 
ing MQY  /> W/?/  /*  AP  i  //  ^  TP  :  PM  :  :  QY  : 
PX.     Ihen  the  area  APXE  zz  area  DGQV. 

Take  the  point  m  infinitely  near  M,  and  draw 
mpx  parallel  to  MP,  and  mqy  parallel  to  MQY. 
Then  the  triangles  Mm,  TPM  are  fimilar,  whence 
Mr  :  rm  :  :  TP  :  PM  :  :  (conftruftion)  QY : PX ; 
therefore  Mr  X  PX  zz  rm  X  QY,  or  P^  x  PX  zz 
Q?  x  QJ  >  tnat  1S>  tne  trapezium  PXxp  zz  trape- 
zium 
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zium  QYyq.  And  the  fum  of  all  the  trapezia  PXxp  Fig. 
==  fum  of  all  the  trapezia  QYyq-,  that  is,  the  area  68. 
APXE  zz  area  DGYQ. 

PROP.      XVL 

Suppofe  AMB  any  curve,  DM  an  ordinate  -,  DT  69* 
perpendicular  to  it,  MT  #  tangent.  And  let  the 
curves  EN,  #/zi  GYlbe  offuch  a  nature,  that  producing 
DM  to  N,  tf/zi  w/'/A  radius  DM  <2#i  ^»/^r  D,  de- 
fer ibing  the  arch  MrQ,  and  drawing  QH  <z#i  DG 
per  p.  to  DQ^  ?"fo»  flMk'ag-  TD  :  DM  :  :  DM  X 
QH  :  DN\  Then  the  area  DGHQ^  zz  twice  the. 
area  EDN. 

Take  the  point  m  infinitely  near  M,  and  draw 
drmn.  From  the  center  D,  with  radius  DN  de- 
fcribe  the  fmall  arch  Nj  \  and  with  the  radius 
D/#,  the  arch  mq,  and  draw  qh  parallel  to  QH. 
Then  the  triangles  Mrm  and  TDM  are  fimilar, 
whence  Mr  :  rm  :  :  TD  :  DM  :  :  (conftruftion) 
DM  X  QH  :  DN2  •,  therefore  Mr  x  DN*  zz  rm  X 
DM  X  QH.  But  the  feclors  DMr,  DNs  are  fi- 
milar, whence  DM  :  Mr :  :  DN  :  Nr,  and  DM  X 
Nr  zz  DN  x  Mr,  and  DN  X  DM  X  Nr  zz  DN* 
X  Mr  zz  m  X  DM  X  QH;  and  dividing,  DN  X 
Nj  zz  rm  X  QH  zz  Q^  X  QH ;  that  is,  twice  the 
triangle  DN#  zz  trapezium  QVihq.  Therefore  the 
fum  of  all  thefe  trapezia  or  the  area  DGHQ^zz 
twice  the  fum  of  all  the  triangles,  or  twice  the  area 
DEN. 


PROP. 
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Fig. 

PROP.      XVII. 

70.  Let  DOM  be  any  curve,  DA  a  tangent  at  D,  DM 
an  ordinate,  DT  perp.  to  it,  MT  a  tangent.  And 
let  AGF  he  fuch  a  curve,  that  producing  DM  /(?  F. 
And  taking  a  =±  tf»y  £n>^  line,  let  DT  :  20  :  : 
DM1  :  DF1.     Then  the  area  ADF  =z  a  X  DM. 

Take  the  point  *»  infinitely  near  M,  and  draw 
Dmfy  alfo  draw  Mr  perp.  to  D/,  and  fn  perp.  to 
DF.  Then  the  triangles  MDT,  mrM  are  fimilar, 
and  therefore  DT  :  DM  :  :  Mr  :  mr,  whence  DT 
X  mr  =  DM  X  Mr.  But  DM  X  Mr  :  DF  X  nf:  : 
triangle  DMw  :  triangle  DF/ :  :  DM*  :  DFZ  :  : 
(conftruftion)  DT  :  2a.  Therefore  ia  X  DM  X 
Mr  =:  DT  X  DF  X  nf,  or  2aXDT  X  mr  zz  DT 
X  DF  X  nf,  whence  2a  X  mr  z:  DF  X  nf  zz  twice 
the  triangle  DF/.  And  aXmr  tz  DF/;  therefore 
a  X  all  the  wr  zn  fum  of  all  the  triangles  DF/j 
that  is,  ^  X  DM  ~  area  DAF. 

PROP.      XVIII. 

£It  ijf  AM  be  any  curve,  AP  //#  abfcijfa,  PM  *z/z  0r- 
dinate,  BC  parallel  to  it,  MT  #  tangent  at  M.  yfe/ 
7/  BD  £tf  /^^  ^  curve,  that  drawing  MCD  parallel 
to  AP,  CD  may  be  always  equal  to  the  fub tangent  TP. 
And  both  curves  APM  and  BCD  revolve  about  the 
axis  APB.  Then  the  folid  defer ibed  by  BCD,  will 
be  double  the  folid  defcribed  by  APM. 

Let  m  be  a  point  of  the  curve,  infinitely  near 
M,  and  draw  mp  parallel  to  MP,  and  md  parallel 
to  AP.  Then  the  triangles  mrM,  TPM  are  fimi- 
Jar  •,  whence  mr  :  Mr  :  :  TP  :  PM  •,  tiiat  is,  ?p  : 
Cc  :  :  CD  :  PM  >  therefore  P/>  X  PM  -  Cc  X  CD. 
Put/>  —  circumference  defcribed  by  M  or  D  •,  then 

the 
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the  area  defcribed  by  Cc  is  p  x  Cc,  and  the  area  Fig. 

p  x  PM  61. 

defcribed  by  PM  ±  £ — ■ And  the  folid  de- 
fcribed by  CcdD  is  p  X  Cc  X  CD,  and  the  folid  de- 
:-        „     „          .  pxFpxFM      pxCcXCD 
fcnbed  by  FpmM  is z± 

Therefore  the  folid  defcribed  by  CcdD  is  double 
the  folid  defcribed  by  FpmM.  And  the  fum  of  all 
the  CcdD  or  the  folid  CBD  is  double  the  fum  of 
all  the  FpmM  or  the  folid  APM. 

PROP.      XIX. 

Let  AFM  be  any  curve,  AP  the  axis,  PM  an  or-  63. 
dinate,  MC  perpendicular  to  the  curve  in  M.  And 
if  BOD  be  fuch  a  curve,  that  producing  MP  to  D, 
PD  may  be  equal  to  MC.  Then  if  the  curve  AFM 
revolve  about  the  axis  AP,  the  fur  face  defcribed  by 
AFM  will  to  the  area  APDB,  as  the  circumference 
ef  a  circle  to  the  radius. 

Take  Mm  infinitely  fmall,  and  draw  mpd  paral- 
lel to  MP,  and  Mr  parallel  to  AP.  Then  the 
triangles  MPC  and  Mrm  are  fimilar j  whence  Mr  : 
Mm  :  :  MP  :  MC  ;  therefore  Mr  X  MC  =  Mm  X 
MP.  Let  p  =  circumference  defcribed  by  M  ; 
then  the  area  defcribed  by  Mm,  will  be  p  X  Mm. 
And  the  area  FpdD  =  P>  X  PD  -  Mr  X  MC. 
Therefore  the  furface  defcribed  by  Mm  :  areaPpiD : : 
Mm  X  p  :  Mr  X  MC  or  Mm  X  MP  :  :  p  :  MP  :  : 
circumference  :  radius.  And  the  fum  of  all  the 
furfaces  Mm  :  fum  of  all  the  FpdD  -,  that  is,  the 
furface  defcribed  by  AFM  :  area  APDB  :  :  cir- 
cumference :  radius. 


?  2  PROP, 


64  CURVE     LINES.        B.  II. 

Fig. 

PROP.     XX. 

61.  If  AM  be  any  curve*  AP  the  axis*  PM  an  or- 
dinate* BC  parallel  to  it*  MT  a  tangent  at  M.  If 
MD  be  drawn  parallel  to  AB  ;  and  the  curve  BD  be 
fuch*  that  CD  be  always  equal  to  the  tangent  MT. 
Then  the  furface  defer ibed  by  the  curve  AM  revolving 
about  the  axis  AP,  is  to  the  area  BCD,  as  the  cir- 
cumference of  a  circle*  to  the  radius. 

Take  the  part  Mm  infinitely  fmall,  and  draw  mp 
parallel  to  MP,  and  md  parallel  to  MD  ;  and  let 
p  zz  circumference  to  the  radius  PM.  The  trian- 
gles mrM*  TPM  are  fimilar,  whence  Mr  :  Mm  :  : 
MP  :  MT  or  CD  *  therefore  MrxCDzM^X 
MP.  Then  the  furface  defcribed  by  Mm  zz  Mm 
X  p*  and  the  area  CcdD  zz  Qc  X  CD  zz  Mr  x  CD 
zz  Mm  X  MP.  Therefore  the  furface  defcribed 
by  Mm  :  area  CcdD  :  :  Mm  X  p  :  Mm  X  MP  :  :  p  : 
MP.  And  the  fum  of  all  the  furfaces  Mm  : 
fum  of  all  the  areas  CcdD  :  :  p  :  MP  *  that  is,  the 
furface  defcribed  by  the  curve  AM  :  area  of  the 
curve  CBD  :  :  circumference  :  radius.-' 


S  E  C  T. 
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SECT.      II 


Of  the  Axes ^  Ordt7tates  and  Affymptotes 
of  Curves,  their  nature  and  proper- 
ties in  general ;  their  affeBions  de- 
duced from  the  equations  of  the  curve ; 
the  produEl  of  the  fegments  of  paral- 
lel lines ;  generation  of  curves  by 
fhadows. 


PROP.     I. 

If  the  abfcijfa  of  a  curve  he  reprefented  by  #,  and  Fig. 
the  ordinate  by  y ;  and  the  nature  of  the  curve  be  ex- 
prejfed  by  any  equation  between  x  and  v.  Then  if  any 
particular  value  he  affigned  to  #,  there  will  be  as  ma- 
ny values  for  y,  as  is  the  index  of  its  higheft  power 
in  the  equation,  and  no  more. 

Suppofe  any  equation,  as  y  —  a  ay  -f-  xy'  — 
axx  —  o,  and  put  b  —  x,  then  the  equation  will 
become  v?  —  aay  -f-  by*  —  abb  zz  o,  which  is  a 
cubic  equation  with  the  unknown  quantity  y,  and 
therefore  by  the  principles  of  algebra,  this  equation 
has  three  roots,  which  are  the  three  values  of  y 
correfponding  to  that  value  of  x  denoted  by  b. 
And  afligning  any  other  value  for  x9  as  fuppofe  c  ; 
then  there  will  be  produced  another  cubic  equation, 
having  three  roots  or  values  of  y  correfponding  to 
c  ;  and  fo  on  for  any  other  value  of  x.  And  the 
fame  realbning  holds  good  for  any  other  equation 
how  high  foever  it  be,  that  there  are  as  many  va- 

Y  3  lues 
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Fig.  lues  of  y,  as  is  the  dimenfion  of  the  higheft  power 
of  it.  And  there  can  be  no  more,  becaufe  there 
are  no  more  roots  of  the  equation,  than  the  high- 
eft  power  of  the  unknown  quantity  has  dimenfions. 

Cor.  i.  In  an  equation  between  x  andy,  exprejfing 
the  nature  of  a  curve  ,  for  any  particular  value  of  y, 
there  are  as  many  values  of  x,  as  the  higheft  power  of 
it  has  dimenfions  in  the  equation. 

For  in  the  former  equation,  put  b  rr  y,  then 
b>  —  aab  4~  bbx —  axx  zz  o,  a  quadratric  equation 
for  the  unknown  quantity  x,  which  equation  has 
two  roots  or  values  of  x.  And  the  like  for  other 
equations. 

Cor.  2.  Among  the  fever al  values  of  y,  for  any  de- 
terminate value  of  x ;  thofe  that  are  affirmative  are 
drawn  on  the  upper  fide  of  the  abfeiffa  to  the  curve  9 
and  thofe  that  are  negative,  are  drawn  from  the  ab- 
feiffa downwards  to  the  curve. 

And  among  the  values  of  x,  for  any  particular 
value  of  y,  if  thofe  that  are  affirmative,  lie  from 
the  origin  of  the  abfeiffa  to  the  ordinate,  on  the  right  *, 
then  thofe  that  are  negative,  will  lie  from  the  origin  of 
the  abfijfa  to  the  ordinate,  on  the  left  hand. 

For  affirmative  and  negative  quantities  muft  lie 
contrary  ways  from  any  fixed  point  or  given  line. 

Cor.  3.  When  fuch  a  value  of  x  is  affigned,  that 
in  the  refulting  equation,  fome  of  the  roots  are  im- 
pcff.ble.  1  his  denotes  that  fuch  ordinates  as  are  re- 
prefented  by  thefe  impofjible  roots,  don't  reach  the  curve, 
and  in  that  cafe  there  is  no  fuch  ordinate. 

For  impoffible  roots  in  an  equation  always  fhew 
the  impoffibilityof  the  thing  propofed. 

Cor.  4.  Hence  by  affigning  fever  a  I  values  of  x, 
you  may  determine  as  many  values  of  y  as  you  pleafe, 
and  by  that  means  find  as  many  points  of  the  curve 

as 
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as  you  pleafe ;    which  being  drawn  thro*  all  thefe  Fig. 
points  will  be  the  LO  CU  S  of  that  equation. 

Cor.  5.  In  ajfigning  any  value  for  x,  if  one  roet  or 
value  of  y  be  o,  then  the  curve  cuts  the  abfciffa  in 
that  point.  But  if  y  be  infinite,  then  the  ordinate  to 
that  pointy  is  an  affymptote  to  the  curve ',  which  runs 
out  ad  infinitum. 

Cor.  6.  If  x  be  made  infinite,  and  then  fome  value 
of  y  is  o,  this  fhews  that  x  or  the  abfciffa  is  an  af- 
fymptote to  fome  branch  of  the  curve,  which  runs  on 
infinitely. 

PROP.      II. 

If  a  curve  is  defined  by  an  equation  fhewing  the  re-  7I# 
lation  of  the  abfciffa  (x),  and  ordinate  (y)  -,  a  right 
line  may  cut  that  curve  in  as  many  points,  as  the  high- 
eft  power  of  y  has  dimenfions  m  that  equation,  and  not 
in  more  points. 

Let  RAMN  be  a  curve  defined  by  the  equation 
jy*  —  aay  +  by1  — -  axz  zz  o.  It  is  fhewn  in  the 
laft  Prop,  that  for  any  determined  value  of  A P  or 
x,  there  will  be  three  values  of  y,  viz.  PM,  PN, 
and  PR,  becaufe  the  equation  has  three  roots  or 
values  of  y.  Therefore  the  right  line  N  R  cuts  the 
curve  in  the  three  points  N,  M,  R.  But  there 
being  no  more  roots  or  values  of  y,  it  cannot  cut 
the  curve  in  more  points.  It  may  cut  it  in  lefs, 
when  fome  of  the  roots  are  impoilible.  As  if  PM 
was  to  move  into  the  pofition  QO,  where  it 
touches  the  curve  a:  O,  there  the  two  points  M, 
N,  coincide  •„  but  beyond  Q,  the  ordinate  cannot 
touch  that  part  of  the  curve  at  all,  and  then  the 
two  roots  PM,  PN  vanifh. 

Cor.  1 .  Hence  one  root  alone  cannot  vanifh  out  of 
the  equation^  or  one  ordinate  vanifh  cut  of  the  curve  \ 
but  two  muft  vanifi  together. 

Z  4  For 
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Fig.      'For  firft  the  two  ordinates  PM,  PN,  coincide 
7 1 .   with  QO ;  and  then  vanifh  together,  and  are  no 
where  found. 

Cor.  2.  In  a  line  of  the  thirds  fifth,  &c.  or  of 
any  order  whofe  dimenjion  is  an  odd  number  \  the  ab^ 
fcijja,  or  any  right  line  not  parallel  to  an  affymptote,  will 
cut  the  curve  at  leafi  in  one  point. 

For  if  the  equation  of  the  curve  be  odd,  it  will 
at  leaft  have  one  real  root. 

Cor,  3.  If  a  right  line  cut  a  line  of  the  third 
order  in  two  points,  it  will  neceffarily  cut  it  in  three. 

For  if  the  equation  of  the  curve  has  two  roots 
real,  it  will  have  three. 

Cor.  4.  If  a  right  line  touch  a  line  of  the  third 
order ;  it  will  neceffarily  cut  the  curve  in  fome  point. 

For  the  point  of  contact  muft  be  taken  for  two 
points  which  coincide  together. 

Cor.  5.  If  a  right  line  touch  a  line  of  the  third 
order  in  the  point  of  contrary  flexure ;  it  will  cut  the 
curve  there,  and  in  no  other  point. 

For  three  points  muft  be  fuppofed  to  coincide 
there. 

Cor.  6.  If  a  right  line  cut  a  curve  in  a  double 
point  of  the  curve,  this  muft  be  taken  for  two  points. 
And  a  line  that  touches  one  arch  of  the  curve  in  that 
point  -,  cuts  the  other  in  the  fame  point* 

P  R  Q  P.      Ill, 

Every  geometrical  curve  being  continued,  either  re- 
turns into  it f elf,  or  goes  on  to  an  infinite  diftance. 

Any  geometrical  curve  may  be  confidered  as  de- 
frribed  by  the  continual  motion  of  a  point  j  and 

this 
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this  being  effe&ed  by  fome  certain  law,  the  motion  Fig, 
muft  needs  continue  ad  infinitum.     And  therefore  71. 
the  fpace  run  thro',  that   is,  the  line  itfelf,    muft 
either  return  back   or  proceed  on  infinitely,    by 
reafon  of  the  regular  motion  of   the   defcribing 
point. 

Cor.  r.  If  any  curve  has  two  infinite  branches  or 
legs,  they  join  one  another  either  at  a  finite,  or  at 
leaft  at  an  infinite  diftance. 

For  the  curve  being  defcribed  by  the  continual 
motion  of  a  point,  it  muft  needs  pafs  out  of  one 
branch  into  another. 

PROP      IV. 

Let  BM  be  any  curve,  AP  the  abfciffa,  PM    an   72. 
ordinate.     If  inftead  of  MP,  MQ^  and  the  parallels 
thereto  be  made  ordinates ;  the  equation  between  AQ^ 
and  QM,  denoting  the  nature  of  the  curve,  Jhall  not 
rife  to  higher  dimenfions,  than  the  equation  betzveen 
AP  and  PM,  did  before. 

Let  AP  zy,  PM-  y,  AQ^zz  v,  QM  zz  w. 
Then  fince  the  lines  MP,  MQ,  QP  are  given  in 
pofition,  their  ratio  to  one  another  is  given  ;  there- 
fore let  PM  zz  rw,  and  QP  zz  sw ;  then  AP  zz 
v  -+-  sw,  PM  zz  rw:  So  now  we  mall  have  the 
equation  of  the  curve  made  up  of  v  +  sw,  and 
rw,  which  before  was  made  up  of  x  and  y.  It  is 
plain  if  v  +  sw  be  fubftituted  for  x,  and  rw  for 
y,  it  will  arife  to  no  higher  powers  of  v  and  w, 
than  it  did  before  of  x  and  y,  becaufe  v  and  w 
are  but  of  one  dimenfion  ;  for  v  +  sw  raifed  to  any 
power,  can  confift  of  terms  of  no  higher  power 
than  the  like  power  of  x.  So  that  now  the  curve 
will  be  defined  by  an  equation  where  the  higheft 
powers  of  v  and  w,  are  the  fame  as  the  higheft 
pcwers  of  x  and^y  in  the  firft  equation 

Con. 
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fig.      Cor.  If  the  abfcijfa  begin  at  any  other  point  C, 

72.  fiill  the  equation  between  CQ  and  QM  will  rife  but 

to  the  fame  hight  as  that  between  AP  and  PM. 

For  the  abfcifTa  is  now  increafed  or  lefTened  by 
fome  given  quantity  as  a ;  therefore  if  we  put 
v  zz  CQ2.  tnen  AP  rz  a  +  v  +  sw  •,  the  equation 
ftill  contains  only  one  dimenfion  of  v  and  w,  and 
therefore  can  rife  to  no  higher  power  than  before. 

PROP.      V. 

73.  An  affymptote  may  inter  feci  the  curve  in  fo  many 
points  abating  two,  as  the  equation  of  the  curve  has 
dimenjions,  and  no  more. 

A  right  line  may  interfecl:  a  curve  in  as  many 
points  as  the  equation  of  the  curve  has  dimenfions, 
and  no  more,  by  Prop.  II.  Suppofe  then  that 
DAE  is  a  line  of  the  third  order,  whole  afifymp- 
tote  is  CB.  And  let  the  right  line  DFE  cut  it  in 
the  three  points  D,  L,  E  ;  and  the  afTymptote  in 
F.  Let  the  line  DE  revolve  about  the  pole  F, 
fo  as  that  the  point  D  may  approach  towards  C  •,  by 
this  motion  the  points  D,  E  of  interferon,  will 
move  further  and  further  from  the  point  F,  till 
at  laft  when  the  line  DE  falls  upon  the  afTymptote 
CB,  the  points  of  interfe&ion  with  the  curve,  D 
and  E  are  removed  to  an  infinite  diftance  ;  and 
there  remains  only  the  point  A,  in  which  DE 
or  the  afTymptote  CB,  can  cut  the  curve.  And  in 
the  fame  manner  it  is  fhewn  in  any  other  cafe, 
that  two  points  of  interferon  go  off  to  an  infinite 
diftance.  And  therefore  the  number  of  points  in 
which  an  afTymptote  can  cut  the  curve,  will  want 
two,  of  the  number  of  dimenfions,  in  the  equation 
of  the  curve. 

Cor.  In  a  conic  fetlion,  which  is  the  fecond  gender 
$f  lines,  the  affymptote  does  not  cut  the  curve  at  all. 

In 
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In  the  third  gender  it  can  only  cut  it  in  one  point.  In  Fig. 
the  fourth  gender  in  two  points,  and  no  more.     And  73. 
Jo  forward. 

PROP.      VI. 

Lines,  of  the  third,  fifth,  feventh,  order,  &c.  or  any  74. 
odd  number,  have  at  leaft  two  infinite  legs  or  branches* 
running  contrary  ways. 

Suppofe  NAM  a  curve  of  fuch  an  order ;  then 
fince  this  is  an  equation  of  fome  odd  power,  there- 
fore from  the  nature  of  equations  in  algebra,  this 
equation  muft  at  leaft  have  one  real  root,  whatever 
the  value  of  AP  or  x  be ;  therefore  fuppofe  AP 
infinite  towards  P,  then  PM  will  be  a  root  of  the 
equation,  and  have  a  real  value,  and  M  will  be  a 
point  of  the  curve.  And  the  branch  AM  will  be 
infinite.  Again,  let  AB  be  zz  —  x,  the  equation 
(till  will  have  one  real  root  BN,  and  N  will  be 
another  point  of  the  curve ;  and  the  branch  AN 
will  be  infinite.  So  there  will  be  the  two  branches 
AM  and  AN  both  infinite.  And  perhaps  there 
may  be  more  branches  infinite  upon  other  confi- 
derations. 

Cor.  1.  Hence  the  roots  PM  or  BN  may  be  infi- 
nite •,  in  which  cafe  the  curve  runs  off  infinitely  from 
the  abfciffa  BP.  Or  they  may  be  finite  ;  in  which 
cafe  AP  or  AB  may  be  an  affymptote  to  the  curve. 

Cor.  2.  In  lines  of  the  fecond,  fourth,  fixth,  or 
any  even  number  of  dimenfions  \  the  roots  of  the  equa- 
tion may  be  all  impojfible  -,  and  then  the  figure  may  re- 
turn into  itfelf,  and  be  contained  within  certain 
bounds. 


PROP. 


7* 

Fig. 
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PROP.      VII. 


75.       The  affections  of  a  curi)e  may  be  known  from  the 
equation  of  that  curve. 

Let  the  abfcifla  AP  zz  #,  the  ordinate  PM  zz y\ 
then  the  affections  of  the  curve  may  be  traced  out, 
by  putting  x  or  jy,  fucceflively  zz  o,  and  infinity, 
and  equal  to  any  of  the  given  coefficients,  affirma- 
tive or  negative,  &c.  By  fuch  equations  as  refult, 
all  the  points  of  the  curve  will  be  determined,  and 
where  it  cuts  the  axis,  the  pofition  of  the  aflymp- 
totes,  if  it  have  any,  and  fo  on. 

For  example,  let  ayz  —  xyy  zz  xz   +   bxz,    or 

a  —  x  Xyy  —  b  -f-  #  X  xx,  where  a  zz  AD,  b  zz. 

h  +  * 
AB  ♦,  then  yy  zz ;   X  xxy    and  y   zz    +_  x  y/ 

a  ——  x 

h  -f-  x 

7     This  mows  that  any  ordinate  may  be  ei-» 

ther  affirmative  or  negative,  and  may  be  taken  both 
above  and  below  the  abfcifla,  as  PM,  P/w,  and 
equal  to  one  another.  Put  x  zz  o,  then  y  zz  o, 
this  mows  that  the  curve  cuts  the  axis  at  A  the 
beginning  of  the  abfcifla.  Put  x  zz  a  zz  AD,  then 

y  zz  a  v/  ~33"  zz  a  */  — —  zz  infinity  \  there- 
fore the  ordinates  erected  at  D  will  be  infinite,  or 
EDF  will  be  an  aflymptote  to  the  curve.     If  x  be 

b  +  x 

greater  than  #,  then  */ will  be  the   fquare 

D  '  ^    a  —  x  n 

root  of  a  negative  quantity  \  which  mews  that  no 
part  of  the  curve  can  run  beyond  the  line  or  af- 
lymptote EF.     If  x  lie  the  contrary  way  ;  that  is, 

.r      .  ,  .  b  —  x 

it  x  be  negative,  thcny  zz  -f  ,v/  — — ,   now  if 

a  ~y~  x 

x  be  lefs  than  />,  then  v  will  have  two  equal  values, 

which 
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which  are  equal  to  one  another  •,  and  that  which  Fig. 
was  the  affirmative  one  before,   is  the  negative  one  75. 
now  •,  and  what  was  negative  before  is  now  affir- 
mative, caufed  by  changing   Hh  x  v/  to  "+  x  y/. 

But  here  fuppofe  x  zz  b,  then  y  zz  +  x  y/   —-7 

—  o  •,  and  therefore  the  curve  will  pafs  thro'  the 
point  B,  and  be  a  tangent  to  the  ordinate.     If  x  be 

h  —  x 

greater  than  b,  thenj  zz  -f-  x  s/  —j—  becomes  an 

lmpoffible  quantity,  fo  that  the  curve  goes  no  fur- 
ther to  that  hand  than  to  D.     If  we  make  y  zzo-> 

h '     x  — — — — 

that  is,  x  y/    — ;— -  zz  o  •,  then  xx  X  b  +  x  zz  o, 

here  the  roots  are  x  zz  —  b,  x  zz  c,  x  zz  o.  There- 
fore the  curve  pafTes  twice  thro'  the  point  A,  and 
once  thro'  the  point  B  j  and  therefore  A  is  a  double 
point  of  the  curve. 

Suppofe  b  zz  o,  then  the  points  B  and  A  coin- 
cide, and  the  nodus  or  part  of  the  curve  between 

x 

A  and  B  vanifhes.     Here  y  zz  x  s/ ,  and 


a  —  x  X  yy  zz  x* ;  and  this  is  an  equation  to  the 
ciflbid,  by  Cor.  II.  Prop.  I.  Sett.  II.  Book  I. 
which  is  plain  by  comparing  their  equations  toge- 
ther -,  x  reprelenting  there  what  y  reprefents  here  ; 
and^y  reprefenting  there  what  x  does  here;  and  2a 
there  the  fame  as  a  here. 

Put  x  zz  infinity,  then  a  —  xXyyzzb  +  xX 
xx,  becomes  —  xyy  zz  #*,  or  — yy  zz  xx,  and*  zz 

y/  —  yy,  an  impoflible  equation  ;  and  therefore  x 
cannoc  be  infinite. 

Put^y  zz  infinity,  then  ±_  x  s/    "         =  infinity, 

b  -4-  x 
and  xx  X     — M  =  infinity  ;    therefore  fince  x  is 

d  ■      x 

finite, 
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Fi<r.  finite,  we  fhall  have  a  —  #  z:  o,  or  x  zz  a  zz  AD, 
j$.   and  DE  an  infinite  ordinate,  or  an  aflymptote,  as 

before. 

If  we  fuppofe  a  zz  b\  this  makes  no  alteration 

in  the  nature  of  the  curve. 

PROP.      VIII. 

In  any  curve,  if  tangents  be  drawn  to  all  points  of 
the  curve  \  and  if  they  always  cut  the  abjcijja  at  a 
finite  diftance  from  the  beginning  of  it  -9  that  curve 
has  an  affymptote  -,  otherwife  not, 

j 6.  Let  AmM  be  any  curve,  AP  the  axis,  not  be- 
ing an  aflymptote,  or  parallel  to  one.  To  all  the 
points  m,  M,  fuppofe  tangents  to  be  drawn  as  mt, 
MT,  cutting  the  abfcifia  in  /  and  T.  Now  if  m 
be  any  point  of  the  curve  near  the  vertex,  mt  its 
tangent,  and  if  At  be  a  finite  quantity;  and  if  m 
be  fuppofed  to  move  further  and  further  from  the 
vertex,  to  M,  and  that  the  diftance  AT  of  the 
tangent  MT  is  dill  finite ;  and  if  M  be  removed 
to  an  infinite  diftance,  the  length  AT  ftill  conti- 
nues of  a  finite  magnitude.  Then  the  tangent 
MT  will  be  an  aflymptote  to  the  curve.  For  an 
aflymptote  is  nothing  elfe  than  a  tangent  drawn  to 
a  point  of  a  curve  infinitely  diftant.  But  if  T  be 
at  an  infinite  diftance,  then  fuch  a  tangent  is  no 
where  to  be  found,  and  therefore  in  fuch  a  cafe 
the  curve  has  no  aflymptote. 

For  example,  let  AM  be  a  parabola ;  then  if 
AM  be  infinite,  AP  is  infinite  ♦,  and  AT  zz  AP  is 
alfo  infinite.     Therefore  AM  has  no  aflymptote. 

If  AM  be  an  hyperbola,  and  M  at  an  infinite 
diftance  •  then  the  tangent  MT  cuts  the  axis  AP 
in  the  center  T  •,  then  AT  is  half  the  trahfverfe 
axis ;  confequently  MT  is  an  affymptote. 

Cor, 
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Cor.  Hence  to  find  the  affymptote  to  a  curve,  is  Fig. 
the  fame  thing  as  finding  the  tangent  to  a  -point  of  76. 
it,  at  an  infinite  diftance. 

PROP.      IX. 

If  the  equation  of  a  curve  be  y  zz  a  +  bx  +  ex*  77' 
+  dx*,  &c.  to  fxn.     And  n  be  an  even  number ;  then 
the  curve  has  two  infinite  legs  both  on  the  fame  Jide 
of  the  abfeiffa  AP. 

'  For  when  x  is  infinite,  then  y  zz  fxn,  all  the 
other  terms  vanifhing  •,  fo  that  if  y  zz  fxz,  or  y  zz 
fx\  orjz  fx6,  &c.  and  fuppofe  x  infinite,  then 
whether  AP  be  zz  +  x  or  —  x,  ftilljy  zz  +  /#% 
or  y  zz  -f-  fx*,  or  y  zz  +  fx6,  &c.  that  is,  .the 
value  of  y  will  always  be  affirmative,  when  n  is  • 
even ;  and  therefore  the  curve  is  always  on  the 
fame  fide  of  the  abfeiffa. 

For  example,  if  a,  b,  c,  d  be  zz  o,  and  n  zz  4, 
theny  zz  fx\  and  AP  zz  x,  then  PM  zz/a*4,  and 
if  Ap  zz  —  x,  then  again  pm  zz  -f  fx*,  and  there- 
fore both  the  parts  AM,  Am,  infinitely  extended,  , 
lie  on  the  fame  fide  of  the  abfeiffa  'AP.  This 
curve  is  a  kind  of  parabola. 

PROP.      X. 

If  the  equation  of  the  curve  be  y  zz  a  +  bx  +  ex1    78. 
+  dxl,  &c  to  fxn.   And  n  be  an  odd  number.    l*hen 
the  curve  has  two  infinite  legs,  running  contrary  ways, 
and  on  different  fides  of  the  abfeiffa. 

For  when  x  is  infinite,  all  the  terms  of  x  vanifh 
except  the  greatefl  fxn ,  therefore  y  zz  fxn.  But  if 
n  zz  1,  3,  5,  7,  &c.  and  the  abfeiffa  zz  —  x, 
then  Vmov  the  ordinate,  y  zz  — fix,  or  y  zz  — fx\ 
or y  zz^ — fx\  &c,  that  is,  if  x  be  negative,  and 

n  an 
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Fig.  n  an  odd  number,  then  y  zz  —  fx\  whence  the 
78.  ordinate  lies  on  the  contrary  fide  of  what  it  does 
when  it  is  -+-  x>  for  then  y  zz  -f-  fxn.  And  the 
branches  of  the  curve  AM,  Am  run  contrary  ways, 
becaufe  —  x  is  contrary  to  +  x  ;  that  is,  the  ab- 
fciffas  lie  different  ways. 

For  ex  ample  ^  let  y  zz  xK  Then  if  AP  =:  #,  then 
y  zz  fx*  zz  PM  -,  but  if  Ap  zz  —  #,  then  y  zz  — 
/xJ  zz  pm,  on  the  contrary  fide  of  AP.  So  the 
curve  MAm  has  two  infinite  branches  running 
contrary  ways,  and  on  different  fides  of  AP.  This 
curve  is  the  cubical  parabola. 


PROP.      XI. 

an+  * 
70.       If  the  equation  of  the  curve  bey  zz ;    this 

curve  has  four  infinite  legs  contained  between  two  af- 
fymptotes  ♦,  which  lie  in  the  oppofite  angles  DAC, 
BAE,  when  n  is  an  odd  number  \  but  in  the  adjacent 
angles^  DAC,  DAB,  when  n  is  even. 


Let  AP  zz  x,  PM  zz  y ,  fuppofe  x  affirmative, 

an  +  l 

then  PM  zz  ;  if  x  be  zz  o,  then  PM  is  in- 

x* 

finite,  and  the  curve  runs  on  infinitely  towards  D ; 
therefore  DA  is  an  affymptote.  And  if  x  be  infi- 
nite, then  PM  zz  o,  and  the  curve  runs  on  infi- 
nitely towards  C,  and  AC  is  an  affymptote. 

Let  x  be  negative,  or  AQ  zz  £,  then  if  n  is  an 

an  -f"  l 
odd  number,  y  zz  — ;  therefore  y  or  QN 

xn 
lies  on  the  contrary  fide  of  BC,  and  the  curve  is 
contained  in  the  angle  BAE.     Let  x  zz  o,  y  is  in- 
finite, and  the  curve  runs  on  infinitely  toward  E. 

And 
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And  if  x  zz  —  infinity,  thenjy  zz  o,  and  the  curve  Fig. 
runs  on  ad  infinitum  towards  B.  79. 

But  whilft  x  is  negative,  if  n  be  an  even  num- 

an  +  l 
ber,  then  y  zz  + ;  and  therefore  y  or  Qm 

lies  on  the  fame  fide  of  BC  as  at  firfl.  And  as  x 
is  zz  o  or  infinity,  y  will  be  infinite  or  nothing ; 
therefore  the  curve  runs  infinitely  towards  B  and 
D,  and  is  contained  in  the  angle  BAD.  So  that 
there  are  four  infinite  branches  of  the  curve,  con- 
tained between  the  two  aflymp totes  BC,  DE  -,  either 
in  the  oppofite  angles,  when  n  is  odd ;  or  in  the 
adjacent  angles,  when  n  is  even.  And  here  one  of 
the  aflymptotes  AC  is  the  abfcifTa  of  the  curve. 
Thefe  are  called  Hyperbolic  Curves. 

aa 
Cor.  If  y  zz  — ,  or  xy  zz  aa^  then  the  curve  is 

the  common  hyperbola^  andfince  n  zz  1 ,  therefore  the, 
oppofite  fetlions  are  contained  in  the  oppofite  angles 
DAC,  BAE  ;  between  the  affymptotes  BC,  DE,  as 
is  commonly  known. 

PROP.     XII. 

If  FM  be  any  curve,  FD  the  diameter ;  and  if  80. 
an  ordinate  MD  be  drawn  to  cut  the  curve  in  as  ma- 
ny points  as  it  has  dimenfions ;  then  tht  fum  of  the 
ordinates  on  one  fide  FD  is  equal  to  the  fum  of  the 
ordinate  son  the  other  fide  ;  taken  in  the  fame  line  MG. 

Let  the  nature  of  the  curve  be  denoted  by  this 

equation;    yn   -{-    ax   +   b  X  yn~l     + 

cxx  +  dx  +  e  X  yn  ~~  2  &c.  zz  o,  (fee  Schol.  to 
the  definitions),  and  this  general  equation  referred 
to  fome  abfcifTa  AP,  and  ordinate  PM.     Produce 

b 
AP  to  C  till  AC  zz  —,  and  draw  AB  parallel  to 

\  a  MP 
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flg'  MP  and  =  —     Thro'  C,  B,  draw  CFBD,  and 

take  BD  for  a  new  abfciffa,  and  DM  its  ordinate  ; 
and  let  BD  z^,DM=  z.  Take  i  :  p  :  :  BD 
(v)  :  AP  zz.  pv  zz.  x.     By  fimilar  triangles,  CA  ; 

*      h  ^        m 

AB  :  :  CP  :  PD  ;  that  is,  -  :  -  :  :pv  +  —   :    PD 

'   a     n      r  a 

=  ^  +  -,  and  PM  =  MD  —  PD  =  z  — 

tf/w  +  £  apv  -V  b  .  . 

,  or  jy  z=  z  —  • And  involving, 


n  n 

a  - 


zn  —  apv  -\-  bXzn~~l  +  n  —  iX apv  +  b 
Xzn"~2  &c.  and/—1     zz    z*-1     —    n  —  iX 

apV  +  *  X  %*-2  &c.  /~2  =  %*~2  &c. 
fubftitute  thefe  values  of  jy,  and  x  in  the  equation 
yn  j^  ax  +  b  X  yn  ~~  l  +  &c.  zz  o,  and  we  have 


zn  —  apv  +  b  X  z*"-1    +  72  —  1  X  apv  +  £ 

X  z*-*  &c.  

apv   +-   £* 


+  apv  ■+■  bX  zn~l   —    n —  i  X 

X  zn—2  &c. 

+  cppvv  X  zn~2    &c. 

Here  the  feeond  term  of  the  equation  vanifhes, 
and  therefore  the  fum  of  the  affirmative  roots  or 
ordinates  is  equal  to  the  fum  of  the  negative  ones, 
by  the  nature  of  equations ;  that  is,  the  fum 
of  the  ordinates  on  one  fide  is  equal  to  the  fum 
on  the  other  fide  of  BD,  and  BD  is  the  diameter 
of  the  figure. 

Cor.  i .   In  curves  of  the  firft  gender,  or  the  conic 
fen  ions-,    the  ordinates  are  bijfefted  by  the  diameter. 

Cor, 
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Cor.  2.  In  curves  of  the  fecond  gender  •,    the  di-  Fig. 
ameter  cuts  all  the  ordinates ;  fo  that  the  fum  of  two  80. 
parts  on  one  fide  is  equal  to  the  third  part  on  the 
other  fide. 

Cor.  g.  The  line  which  cuts  two  parallels,  that 
the  fum  of  the  parts  on  one  fide  be  equal  to  the  fum 
of  the  parts  on  the  other  -9  will  cut  all  other  paral- 
lels in  the  fame  manner, 

PROP.      XIII. 

If  a  right  line  FN  cut  a  curve  of  any  order,  in  81. 
the  points  M,  m,  N,  &c.  and  its  affymptotes  in  F, 
C,  G.  Then  the  parts  FM,  GN,  lying  the  fame 
way  from  their  affymptotes  to  the  curve,  will  he  equal 
to  the  part  or  parts  Cm,  lying  the  contrary  way 
from  their  affymptotes  to  the  curve. 

Let  AP  be  the  diameter  to  the  ordinate  PM, 
and  let  the  curve  be  a  line  of  the  third  order. 
Then  (Prop.  XII.)  PM  +  Fm  zz  PG.  Now  be- 
caufe  the  curve  coincides  with  the  affymptotes  at 
an  infinite  diftance  •,  therefore  M,  F ;  and  m,  C  ; 
and  N,  G  coincide.  But  at  an  infinite  diftance  it 
is  alfo  (Prop.  XII.)  PM  +  ^m  zz  PN;  that  is, 
PF  +  PC  =  PG.  But  if  this  be  fo  at  an  infinite 
diftance,  it  will  be  the  fame  at  any  other  diftance ; 
as  parallel  lines  are  cut  in  the  fame  proportion ; 
therefore  it  will  be  in  general  PC  -f  PF  zz.  PG,* 
but  Vm  4-  PM  zz  PN  ;  therefore  taking  equals 
from  equals,  ?m  —  PC  +  PM  —  PF  =  PN  — 
PG  •,  that  is,  Cm  —  FM  =  GN,  or  Cm  zz  FM 
+  GN. 

And   the    fame    is    eafily  (hewn  of  curves   of 
higher  orders. 

A  a  2  PROP. 
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PROP.      XIV. 

82.  If  ANB  be  a  curve  of  the  fir  ft  order^  AB  a 
right  line  cutting  the  curve  in  A  and  B  •,  MN  ano- 
ther right  line,  cutting  the  curve  alfo  in  M  and  N, 
and  the  other  in  P.  Then  the  reel  angle  APB,  will 
be  to  the  reel  angle  MPN  in  a  given  ratio  9  having 
any  -parallel  fofition* 

Let  AP  be  the  abfciiTa,  PM  and  PN  ordinates, 
and  let  AP  =2  *,  PM  or  PN  either  of  them  zz  y. 
Then  the  equation  of  the  curve  (Schol.   Def.)  in 

general,  is  yz  +  ax  -f-  b  X  y  +  exx  +  dx  zz  o-9 

in  which  the  determinate  quantity  e  is  o,  becaufe 

the  abfciiTa  begins  at  the  curve.     Let^y  zz  o,  then 

exx  +  dx  zz  o,  becaufc  all  the  terms  vanifh  where 

d 
y  is  found,  then  ex  zz  —  dy  and  x  zz  —  —  z=  AB  9 

therefore  AB  —  AP  or  PB  z= —  x  '  or  ra- 

c  9 

d  dx 

ther  #  +  ~ ,  and  AP  X  PB  =z  xx  +  —     But  by 

the  nature  of  equations,  the  laft  term  in  which  the 

unknown  quantity  is  wanting,,  is  the  product  of  all 

the   roots;  that   is,  exx   +    dx    zz    PM   X  PN. 

dx 
Therefore  AP  X  PB   :  PM  X  PN  :  :  xx  +  —  : 

r#X  +  dx  :  :  1  :  c,  but  whilft  the  parallelifm  of 
the  lines  AB,  MN  continues,  the  quantity  c  re- 
mains the  fame  ;  and  confequently  the  proportion 
•of  thefe  rectangles  remains  the  fame. 


PROP. 
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Fig- 
PROP.      XV. 

Let  AMN  be  a  line  of  the  third  or  any  other  or-  $3. 
der  ;  and  let  the  right  line  AD  cut  it  in  the  three  points 
A,  B,  D ;  and  the  line  MN  in  three  others  M,  my 
N  ;  and  let  P  be  their  point  of  interfeclion.  Then 
will  PA  X  PB  X  BD  be  to  PMxP^X  PN  in  a 
given  ratio ;  whilft  they  are  in  any  pofition  parallel 
to  AD,  MN. 

Let  the  abfcifTa  AP  zz  *,  and  any  of  the  lines 
PM,  Ftn,  PN  =  y.  Then  (Schol.  definitions) 
the  nature  of  the  curve  is  denoted  by  this  equa- 
tion, y*  -t-  ax  -h  b  X  /  +  cxz  +  dx  +  e  X  y  + 
fxl  +  gxz  +  hx  zz  o,  where  the  determinate 
quantity  k  is  zz  o,  becaufe  the  abfcifTa  begins  at 
the  curve.  Let  y  zz  o,  and  all  the  quantities 
will  vanifh  where  y  is  found,  therefore  fxz  +  gxz 

+  hx  zz  o.    In  which  cafe,  we  lliall  have  x  zz  —j 

/^3^.  that  is  AB-^-    /K~t 

— Z  I  ZZ        h 

and  AD  =  -^f  +  J  %—  J  \  therefore  BP  = 

Z  I  ZZ        h 

AP  —  AB  =  x  +  —r+  J  7ff—Ji  and  PD  = 


AD  —  AP  =  —  r?  + 


g  f  gg         h 

If+*  Iff— J  r-f.  or  ra" 


ther  x  +  g-r—  J  S4t—  -■     Therefore  AP  X  BP 


Z_  .       IgZ 


g  /gg        h  g  ,J 

Aa  3 
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*3>4ff~~f-****  +  f-¥f     4ff+f-*X 
Jf*      b  sx%    to     « <■  •-*  -    , 

*x  4-  y  +  J  =  *J  +  J-  +  Y '      But  by   the 

nature  of  equations,  the  laft  term  is  equal  to  the 
product  of  all  the  roots ;  that  is,  MP  X  mF  X  NP 
L-^fj  4-  gxz  +  for.     Therefore  APxBPxDP: 

?x%       hx 
MP  X  iwP  X  NP  :  :  **  +  V  +  y  :  /*'  +  £**  + 

hx  i  :  f.  But  whilft  the  lines  AD,  MN,  have  any 
other  places  parallel  to  the  former ;  the  quantity 
/  remains  the  fame  ^  and  therefore  the  ratio  of  AP 
X  BP  X  DP  to  MP  X  mS  X  NP. 


Other  wife  thus, 

Let  R  be  the  beginning  of  the  abfcifTa,  which 
cuts  the  curve  in  the  three  points  A,  B,  D  -,  and  put 
RP  zz  x>  and  let  the  ordinate  MP  cut  the  curve 
in  the  three  points  M,  w,  N.  Then  in  the  gene- 
ral equation,  whenj  vaniflies,  we  ihall  have/*5  + 

g  h  k 

gxz  +  hx  +  k  zz  o,   and  x*  +  ~?  x7,  -f-  -j  x  +-j 

zz  o,  the  roots  of  which  equation  are  RA,  RB, 
RD  •,  therefore  the  equation  is  made  up  of  the 
three  quantities  x  —  RA,  x  —  KB,  x  —  KD, 
multiplied    into    one    another.       Whence    x*     + 

?  h  k , 

yxx  +  y  x  +y    =  x  —  RAX    x  —   RB    X 

7—RD  zz  rF-Tr7\  X  RP  —  RB  X  RP  —  RD 

zz  AP  X  BP  X  —  PD.  But  in  any  equation,  the 
lad  term  is  equal  to  the  product  of  all  the,  roots. 
Therefore  /*'  -f  gx%  +  hx  +  k '"=  MP  X  mF  X 

—  NP.     Therefore  the  product  of  AP  X  BP  x 

—  PD  :  produft  of  MP  X  mF  X  NP  ;  or  AP   X 

BP 
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BP  XPD  :  MPXwPxNP  ::  x*  +  j  xx  +  jx  ^ 

k 
+  ~f  :  fx%  +  ixx  +  hx  +  k  :  :  1  :f. 

It  is  evident,  the  fame  way  of  reafoning  may 
be  applied  to  a  curve  of  any  gender,  and  there- 
fore when  the  angle  of  inclination  APM  is  given  -, 
if  the  right  lines  AP,  PM  •,  or  RP,  PM,  cut  a 
curve  line  of  any  order  in  as  many  points  as  it  has 
dimenfions ;  it  will  always  be,  that  the  product  of 
the  fegments  of  the  firft  line,  between  P  and  the 
curve,  is  to  the  product  of  the  fegments  of  the 
fecond  line  likewife  between  P  and  the  curve,  in 
a  conftant  ratio. 

Cor.  1.  If  the  line  AP  cut  the  curve  only  in  one   84. 

g 
point  A ;  then  if  you  make  AF  zz  —  -7,    and  CF 

27 

perpendicular  to  ity  and  zz  **    ~  ,    and  draw 

PC  1  then  will  PMxP^xPN:  APxPC*::/:i. 

For  /#*'  +  gxz  4-  hx  zz  fx  X  xx  +  j  x   +  7 

—  o,  (where  £  zz  o,  becaufe  a  is  in  the  curve),  which 
has  only  one  root  #,  becaufe  AP  cuts  the  curve 

g  h 

only  in  A ;  and  the  quantity  xx  +  ->-  x  +  -7-,  con- 

two  lmpoflible  roots,  viz.  x  zz  —r  + 

~-r —  -77 ;  therefore  —  is  greater  than  ■£%.,     or 
.    A-ff       f  f  Aff 

4-fh  greater  than  gg.     Therefore  CF  is  a  realquam 

tity.     And  PC*    =  PF*   +  CFZ  zz  x  +  £)  + 
A  a  4  tfb 


tains 


j 
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Fig. \fh—gg  _        ,  £*      £§.  Afh—gg  _ 

84.        4f      ~XX+  /  +  4//+      4//       ~  **  + 

J  +J-  And  >xPC'=/xAPX  PC*  = 
fx-,  4.  j*v+  £*.  Therefore  /xAPxPC  = 
PMxPfxxPN;  and  A?  X  PC  :  PM  X  Pot  X 
PN::  1  :/. 

Cor.  2.  yfW  face  AF  <2#i  FC  ^r^  compofed  of 
given  quantities,  the  point  C  is  fixed ;  whatever  be 
the  angle  APM. 

PROP.      XVI. 

A  line  of  any  order  may  have  as  many  affymptotes, 
as  it  has  dimenfions  ;  and  not  more. 

For  let  the  curve  be  of  the  nth  order  of  lines, 

fo  that  its  equation  is  y*  -f-  ax  -\-  b  X/"1  &c. 
zz  o.  Thi?  equation  will  have  n  roots,  and  the 
root  being  extracted  will  appear  in  this  form,  y  zz 
Ax*  +  B#"  1  &c.  Now  if  by  increafing  x  ad  in- 
finitum, if  y  be  a  real  quantity  the  curve  will  have 
an  infinite  leg,  and  confequently  may  have  an  af- 
fymptote.  And  as  there  are  n  fuch  roots  there 
may  be  as  many  branches  and  afiymptotes,  for 
the  fame  reafon ;  but  there  can  be  no  more,  as 
there  are  no  more  roots  of  the  equation. 

PROP.      XVII. 

The  properties  of  curves  of  a  fuperior  order,  agree 
likewife  with  thofe  of  all  inferior  orders. 


An  equation   of  a  curve  of  the  third  order 


is 


denoted  thus,jyJ  +  ax  -f  b  X  yy  +  cxx  +  dx  +,e 
X y  +  /*  +  gx*  +  hx  +  k  =  o.     If/,  g9  hy  k9 

be 
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be  fuppofed  =:  0,  then  the  equation  will  become/  +  Fig. 

ax  +  b  X  y  +  £##  +  dtf  +  £  zr  o,  which  is  one 
of  a  lower  order.  Now  the  properties  of  the  curve 
belonging  the  firfb  equation,  muft  hold  good  of 
the  curve  belonging  the  fecond  equation,  with  all 
the  quantities  that  remain  ;  and  therefore  its  pro- 
perties are  included  in  the  former.  For  all  the 
difference  is,  that  fome  line  or  lines  become  o  and 
vanifh,  and  others  become  infinite,  fome  coincide, 
others  become  equal ;  likewife  fome  points  coin- 
cide, and  others  are  removed  to  an  infinite  dis- 
tance ;  yet  under  thefe  circumflances,  the  general 
properties  ftill  hold  good  with  the  remaining 
quantities ;  fo  that  whatever  is  demonftrated  ge- 
nerally of  any  order,  holds  true  of  the  inferior 
orders.  And  on  the  contrary,  there  is  hardly  any 
property  of  the  inferior  orders,  but  there  is  fome 
iimilar  to  it,  in  the  fuperior  ones. 

For  as  ia-the  conic  feclions,  if  two  parallel  lines 
are  drawn  terminating  at  the  feclion ;  the  right 
line  that  bifTecls  thefe  will  biffect  all  other  paral- 
lels thereto ;  and  is  therefore  called  the  Diameter  of 
the  figure,  and  the  biffecled  lines,  Ordinates ;  the 
interfection  thereof  with  the  curve,  the  vertex  -,  and 
the  interfeclion  of  all  the  diameters,  the  center  ;  and 
that  diameter,  the  Axis?  which  is  perpendicular  to 
the  ordinates.  So  likewife  in  higher  curves,  if 
two  parallel  lines  are  drawn,  cutting  the  curve  in 
a  proper  number  of  points  ;  the  right  line  that 
cuts  thefe  parallels  fo,  that  the  fum  of  the  parts 
on  one  fide  the  line,  to  the  curve  ;  be  equal  to 
the  fum  of  the  parts  on  the  other  fide,  it  will  cut 
all  other  parallels  in  the  fame  manner,  which  cut 
the  curve  in  as  many  points  ;  then  thefe  parts  may 
be  called  Ordinates  ;  and  the  line  fo  cutting  them, 
the  Diameter ;  the  interfeclion  of  the  diameter  and 
curve,  the  Vertex  \  the  interfeclion  of  two  diame- 
ters, the  Center  \  the  diameter  perpendicular  to  the 

ordinates, 
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Fio%  ordinates,  if  there  be  any,  the  Axis.  And  when 
all  the  diameters  concur  in  one  point,  that's  the 
general  Center, 

Again,  the  conic  hyperbola  being  a  line  of  the 
fecond  gender,  has  two  afiymptotes  ;  fo  likewife 
that  of  the  third  gender  may  have  three  ;  that  of 
the  fourth  four,  and  fo  on  ;  and  they  can  have  no 
more.  And  as  the  parts  of  any  right  line,  between 
the  curve  and  its  afiymptotes  are  equal  •,  fo  like- 
wife  in  curves  of  the  third  fort  of  lines,  if  any  line 
be  drawn  cutting  the  curve  and  its  aflymptotes  in 
three  points  •,  the  fum  of  the  two  parts  of  it, 
drawn  the  fame  way  from  the  afiymptotes  to  the 
curve ;  will  be  equal  to  the  third  part  drawn  the 
contrary  way  from  the  third  afTymptote  to  the  curve. 
And  fo  of  higher  curves. 

Alfo  in  the  conic  fections  which  are  not  para- 
bolical. As  the  fquare  of  the  ordinate  or  the 
rectangle  of  the  parts  of  it  on  each  fide  the  dia- 
meter, to  the  rectangle  of  the  parts  of  the  dia- 
meter, terminating  at  the  vertexes  ;  as  the  latus 
rectum,  to  the  diftance  of  the  vertices,  or  tranf- 
verfe  diameter.  So  in  non-parabolic  curves  of  the 
fecond  gender,  the  folid  under  the  three  ordinates, 
is  to  the  folid  under  the  three  abfcifiae  or  the 
diftances  to  the  three  vertices ;  in  a  certain  given 
ratio.  In  which  ratio,  if  you  take  three  lines  pro- 
portional to  the  three  diameters,  each  to  each ; 
then  thefe  three  lines  may  be  called  each  of  them 
the  Latus  Reftum^  and  thefe  diameters  the  Tranf- 
verfe  Diameters.  And  in  the  common  parabola 
which  has  but  one  vertex  for  one  diameter,  the 
rectangle  of  the  ordinates  is  equal  to  the  rectangle 
of  the  abfcifla  and  latus  rectum.  So  in  curves  of 
the  fecond  kind  which  have  but  two  vertexes  for 
the  fame  diameter.  The  folid  under  the  three 
ordinates,  is  equal  to  the  folid  under  the  two  ab- 

fciffe, 
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fcifTas,  and   a   given   right   line,    which  therefore  Fig. 
may  be  called  the  Latus  Return. 

Laftly,  fince  in  the  conic  fections,  where  two 
parallel  lines  terminating  at  the  curve  both  ways ; 
are  cut  by  two  other  parallels  likewife  terminating 
at  the  curve ;  make  the  rectangle  of  the  parts  of 
one  of  the  firft,  to  the  rectangle  of  the  parts  of 
one  of  the  fecond  lines,  paffing  thro*  the  fame 
point  of  divifion  :  as  the  rectangle  of  the  parts  of 
the  fecond  of  the  former,  to  the  rectangle  of  the 
parts  of  the  fecond  of  the  latter  two,  paffing  alfo 
thro'  the  common  point  of  their  divifion.  So  when 
four  fuch  lines  are  drawn  in  a  curve  of  the  fecond 
kind,  and  each  meeting  it  in  three  points.  The 
folid  under  the  parts  of  the  firft  line,  will  be  to 
that  under  the  parts  of  the  third -,  as  the  folid  under 
the  parts  of  the  fecond  line,  to  that  under  the 
parts  of  the  fourth. 

The  legs  of  curves  of  the  fecond  and  higher 
genders,  juft  as  thofe  of  the  firft,  running  on  in- 
finitely •,  will  be  either  of  the  hyperbolic  kind,  hav- 
ing fome  affymptote  ;  or  of  the  parabolic  kind,  < 
having  no  aflymptote.  Thefe  things  appear  plain- 
ly from  the  foregoing  proportions  •,  and  therefore 
it  is  fufficiently  confirmed,  that  the  properties  of 
curves  of  a  fuperior  order  include  thofe  of  an  in- 
ferior order. 

PROP.      XVIII.     Prob. 

To    inveftigate  the    equation  of  a  curve  AMK,    g-^ 
having  given  the  relation  of  the  abfciffas  to  one  ano- 
ther, and  alfo  the   relation  of  the  ordinates  to   one 
another. 

Let  the  abfcilTa  AD,  and  its  ordinate  DL  be 
given ;  and  let  AD  zz  a,  DL  tz  b,  any  other  ab- 
fcilTa AP  zz  #,  its  ordinate  PM  zz  y.     And  let  x 

be 
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Fig.  be  denoted  by  a  multiplied  or  divided  by  the  va- 
$$.  riable  quantity  v,  or  fome  power  or  powers  there- 
of. And  likewife  let  y  be  denoted  by  b  multiplied 
or  divided  by  fome  powers  of  v9  according  to  the 
nature  of  the  figure.  Then  expunge  v  and  you'll 
have  the  equation  of  the  curve. 

Ex.   i. 

Let  AP  zz  va  zz  x,  and  PM  zz  vvb  zz  y ,  then 

y  xx  aa 

-t  zz  vv  zz  — ,  whence  -j-y  zz  xx\  and  the  curve 

b  aa  b  J 

is  a  parabola  convex  towards  AD. 
Ex.  2. 

TL 

Suppofe  AP  —  va  zz  x,  and  PM  zz  —   zz  y  % 

i  x  ■       *  i 

then  v  zz  —  zz   —  ;  and  xy   zz  ab\  an  equation 

to  an  hyperbola  between  the  afiymptotes. 

Ex.  3. 

Let  AP  zz  va  zz  x,  and  PM  zz  y  zz 


^/vab  —  vvbb\  then  v  zz  — ,  and  y   zz: 


j. 


bbxx 
bx 5  an  equation  to  the  ellipfis. 


aa 


Ex.  4. 
Let  AP  zz  x  zz:  <&**,  PM  zz  y  zz  ^.  Then  v  zz 

2j  zz~,  whence  £ro  **  zz  an  ym,  a  figure   of  the 
parabolic  kind. 
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Fig. 
Ex-  5-  85. 

Suppofe  AP  zz  x  zz  va  +  «*;*#  +  ^0,  and  PM 
zz  y  zz  vb  +  vzb  +  vlb  \  then  is  v  +  vz  +  vl  zz 

—  z=  4- ;  and  *zy  =1  &v,  a  right  line. 

Ex.  6. 

fro 

Let  AP=x=  w,  PM  zz  y  zz   v__   m  Then 


v  zz  ^,  and  confequently  jy  zz ;  whence  j* 

;  and  ifr  zz  1,  then  ya  zz  £*,  and  this  is 


the  log.  curve. 

PROP.      XIX.      Prob. 

To  find  the  radius  of  curvature  in  the  vertex  of  a 
curve^  where  the  abfciffa  is  perpendicular  to  it. 

Let  R  be  the  radius  of  curvature,  x  the  ab- 
fcifTa  of  the  curve,  y  its  ordinate.     Then    inftead 

of  y  in  the  equation  of  the  curve,  put  y/iKx  ; 
and  throwing  out  fuch  quantities  as  are  infinitely 
lefs  than  others,  and  then  reducing  the  equation, 
R  will  be  had. 

For  let  AGM  be  any  curve,  AG  an  infinitely  86. 
fmall  part  of  the  curve,  AF  its  abfciiTa,  GF  its 
ordinate  perp.  thereto,  C  the  center  of  the  circle 
which  paffes  thro'  A  and  G,  then  CA  is  the  radius 
qf  the  circle.  And  fince  the  part  AG  is  common 
to  both  the  curve  and  the  circle,  CA  will  be  the 
radius  of  curvature  required.  Put  R  zz  CA,  AF 
or  BG  zz  x,  GF  or  BA  zz  y,  then  by  the  na- 
ture 
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Fig.  ture  of  the  circle  2R#  —  xx  zz  jyjy,  but  xx  being 
86.  infinitely  lefs  than  2R#,   we  fhall  have yy  zz  2R#, 

andj>  tl  \/iRx.  Therefore  if  ^/2Rx  be  put  for 
y  in  the  equation  of  the  curve,  you'll  have  R  re- 
quired. 

Ex,  i. 
Let  the  curve  be  an  ellipfis,  2t  the  tranfverfe, 
ic  the  conjugate,  /  the  latus  rectum.  Then  2tx  — 
xx  :  yy  :  :  it  :  /,  and  2tyy  zz  2tlx  —  Ixx ;  that  is, 
(by  fubftitution)  2t  x  2R#  i=  2th  — Ixx  zz  (be- 
caufe  Ixx  is  infinitely  lefs  than  2th)  2th ;  whence 
2R  zz  /,  and  R  zz  4-  /,  or  half  the  latus  rectum. 

Ex.  2. 

Let  AM  be  the  ciffoid,  whofe  equation  (by 
Cor.  2.  Pr.  2.  Sect.  II.  B.  I.)  is  y*  zz  2axx  — 
yxx.  For  y  put  y/2R# ;  then  2R#  ^/2R*  zz  2#x,# 
—  yxx  zz  (becaufe  2<2tf#  is  infinitely  greater  than 
yxx)  2axx.  And  fquaring,  8RJ#*  zz  4<^#4.  And 
2R;  zz  aax  zz  o,  becaufe  x  is  infinitely  fmall. 
Therefore  the  radius  of  curvature  in  the  vertex  is  o. 

Ex.  3 

3.        Let  the  curve  be  the  conchoid,  whofe  equation 
(by  Prop.  IV.  B.  I.  Sect.  I.)  is  TL  X  AL  zz  PL 

^/TF'  —  AH- ;  that  is,  tF"-^~FL  X  AL  zz 

PF~—  FL  X  \/TF2  —  TF  —  Fl7>  that  is,  put- 
ting TF  zz  a,  TP  zz  b,  FP  zz  d,  FL  zz  *,   AL 

zz  y,  the  equation  of  the  curve  is  a  —  x  X  y  zz 

d  —  x  X  s/iax  —  xx.     And  in  the  vertex,  throw- 
ing out  the  infinitely    fmall   quantities,    ay   zz  d 

y/iax^  and  aayy  zz  iddax  5  that  is,    aa  X  2R#  zz 

2ddax.     And  aR  zz  dd,  whence  R  zz  -  ,  the  ra- 
zz 

dius  of  curvature  in  the  vertex. 

Cor. 
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Cor.  If  the  ordinates  make  not  a  right  angle  with  Fig. 
the  diameter i  but  any  oblique  angle  GFH,  fut  s  zz  gy# 
fine  of  the  angle  GFH,  AF  zz  x9  FG  zz  j,  R  zz 
radius  of  curvature ,  then  inftead  of  y  in  the  equa- 
tion of  the  curve ^  put  v/2R.w,  and  rejecting  the  in- 
finitely fmall  quantities  as  before,  and  reducing  the 
equation,  R  will  be  found. 

For  let  AFH  be  the  diameter  of  the  curve,  AC 
the  radius  of  curvature,  ABD  a  tangent  at  A,  GB 
parallel  to  the  abfcifla  AF,  GD  perp.  to  AD ; 
and  let  GD  zz  v.  Then  if  the  arch  AG  be  fup- 
pofed  infinitely  fmall,  AG  zz  GF,  and  the  part 
AG  of  the  curve  will  coincide  with  the  circle. 
But  by  the  nature  of  the  circle,  AG*  zz  DG  X 
AL  ;  that  is,  yy  zz  2Ri>.  But  in  the  infinitely 
fmall  triangle  DGB,  DG  (v)  :  GB  or  AF  (x)  :  : 
j.DBG  or  GFH  (5) :  radius  (1) ;  therefore  v  zz  sx-9 

whence  j/y  zz  2R1;  zz  2R.W,  and^y  zz  y/iKsx. 

Example. 

Let  DGA  be  a  parabola,  HAF  a  diameter,  FG  88. 

an  ordinare,  /  the  latus  redtum,  of  the  diameter 

HF  •,  then  if  AF    zz  #,  FG  zz  jy,  s  zz  s.  angle 

GFH,  we  fhall  have  Ix  zz  yy  zz  iRsx,  by  the  rule, 

whence  R  zz  —     This  may  be  denoted  otherwife> 

AP 
for    1    :  s  :  :   AT  :  AP,  and  s   zz  -^    zz 

AP  AP 

•tf+pa=  =^m^r^' and  lf  a  ■= lar 

AP 

tus  reclum  of  the  axis  TP,  s  zz 


v/4DP;  +  a  X  DP 
1  /         DPXa  __         /        a  _ 

""     *  4DP^  +  ^xDP-    */ a  +  4DP  ~ 


ia  +  DP 


a 

That   is,  if   S    be  the  focus,    s 
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Fig.  /DS 

og    —    Vqa'     Whence  the  radius  of  curvature  in  A 

/sa  Asa  n 

the  nature  of  the  curve. 

And  if  P  falls  upon  S,  then  PA  =r  ~a,  and^/ 
zz  a,  whence  R  zz  a^/2. 


PROP.      XX. 

The  fhadow  of  any  given  curve  line,  projected  from 
a  lucid  point,  upon  an  infinite  plane,  will  be  a  curve 
of  the  fame  gender,  with  the  given  one. 

For  the  fhadow  of  any  point  will  be  in  the  right 
line  drawn  thro'  the  light  and  that  point.  And  any 
right  line  in  the  given  curve  is  projected  into  a 
right  line  upon  the  plane.  For  imagine  a  plane 
drawn  thro'  the  light,  and  thro*  a  right  line  in  the 
given  curve,  and  that  this  plane  is  extended  to  the 
plane  of  the  ihadow,  it  will  cut  this  plane  in  a 
right  line,  which  will  be  the  fhadow  of  the  given 
line.  Therefore  right  lines  that  interfect  one  ano- 
ther will  be  projected  into  lines  or  fhadows  that 
interfect  one  another.  If  any  line  cuts  the  curve, 
its  fhadow  will  cut  the  fhadow  of  the  curve.  If 
any  line  touches  the  curve,  the  fhadows  of  the 
line  and  curve  will  touch  one  another.  If  one  part 
of  the  curve  interfect  another,  their  fhadows  will 
alfo  interfect.  So  that  all  points  that  are  coincident 
in  the  figure,  will  be  coincident  in  the  fhadow. 
And  all  points  at  a  diftance  in  the  figure, 
will  be  diftant  from  one  another  in  the  fliadow. 
Now  let  a  right  line  be  drawn  in  the  figure  to  cut 
it  in  as  many  points,  as  is  the  dimenfion  of  the 
figure-,  and  it  cannot  cut  it  in  more.  Then  the 
Ihadow  of  this  line  will  alfo  be  a  right  line,  and 

will 


\    Fig.  77. 


Y\NJLpa$2. 
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will  cut  the  fhadow  of  the  curve  in  as  many  points,  Fig. 
and  no  more.     Therefore  this  fhadow  is  a  curve  of 
the  fame  dimehfion,  or  of  the  fame  gender  with 
that  given. 

Cor.  i.  Hence  the  Jhadow  of  the  circle,  or  any 
conic  feffion,  will  be  a  conic  feclion.  'The  jhadow  of 
lines  of  the  third  order,  will  be  lines  of  the  third  or- 
der,  and  fo  on  ad  infinitum. 

Cor.  2.  If  any  part  of  the  curve  be  higher  (or 
further  from  the  plane)  than  the  light  is  \  that  pari 
of  the  curve  can  caft  no  fhadow  upon  the  plane  \ 
and  the  jhadow  of  the  curve  will  run  on  infinitely  to- 
wards that  hand.  And  therefore  whatever  there  is 
in  that  part  of  the  curve  above  the  light,  will  be  quite 
loft  in  the  jhadow,  and  no  where  be  found. 


SECT, 
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SECT.       III. 

Some  fiuxionary~~Propofitioits   neceffary 
for  invefiigating  the  nature  of  Curves. 


=ricr.  IT AVING  handled  fevcral  things  of  this  na- 
Jt~X  ture  *n  mV  book  of  Fluxions,  T  intend  not 
to  repeat  them  here  ;  but  mall  only  take  notice  of 
fuch  as  have  been  omitted  there,  or  but  (lightly 
mentioned  And  this  I  the  rather  do,  becaufe 
many  properties  of  curves  of  high  genders  are 
far  more  eafily  investigated  by  the  method  of 
fluxions,  than  by  common  algebra. 

P  R  O  P.      I. 

89.  Let  AM  be  any  curve,  AP  the  abfciffa,  PM  an 
ordinate  -per -p.  to  it,  MC  the  radius  of  curvature  in 
M,  CF  parallel  to  AP  meeting  the  ordinate  MPF 
in  F.  Then  the  fccond  fluxion  of  the  ordinate,  the 
fluxion  of  the  curve,  an,d  the  line  MT,  are  continu- 
ally proportional ;  fupfoftng  the  fluxion  of  the  axis  t€ 
be  confldnt. 

Let  M,  m,  r  be  three  points  in  the  curve,  Mq 
and  mi  parallel  to  A  P.  Produce  Mm  to  n,  then 
fince  Mo  zz  mr,  therefore  Mm  zz  mn\  then  m  zz 
fluxion  of  om,  or  the  fecond  fluxion  of  the  ordi- 
nate. Draw  m¥,  then  the  triangles  mm,  MF/;/ 
are  ftmilar,  for  <Z  nrm  zz  alternate  angle  ///MF, 
and  mnr  zz  Mmo  zz  MwF  •,  and  therefore  nr  : 
rm  :  :  Mm  :  MF,  but  rm  zz  Mm,  therefore  nr  : 
Mm  :  :  Mm :  MF. 

Cor. 
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Cor.  1.  Hence*  the  fluxion  of  the  axis  Mo   :  to  Fig. 
fluxion  of  the  curve  Mm  :  :  iMF  :  MC,  the  radius  of  Sg. 
curvature  in  M. 

Cor.  2.  Hence  the  radius  of  curvature  in  any 
curve  is  eafily  found ;  by  flirft  finding  MF  by  this 
Prop.     And  then  MC  by  Cor.  1. 

Example. 
Let  AP  =  *,  PM  ~y    AM  j±  z9  and  let  the 
equation  of  the  curve  be  2ax  +  xx  =  zz,  this  put 
into  fluxions,  is  iax  -f  ixx  c  222,  or  ^  +  xx 

sc  SB?-,  then  £  a*  l££  #5  and  **  +  £  =  £*  - 

2.  . 

— — — a;,ancij,    ~ — x* — xz  n — — xz 

x*  zz  2^  +  XX 

_ 2ax  +  **  ^  =      am?       and  .-.  ax 

^Pt        ..  ^  X  ax  4-   ## 

Then  jr  =  —  — r- -— — ■     Then 

2ax  4-  xx" z 


*xXa  +  xXjj  a+x  a  +  x 


a  4-  x   Xi:        2^  +  aw*      _   ATI?  _  a  -f  #' 

s^ . -■      —     \Sl£    ' —    —   Z» 

zz  axis  x  a  -f-  x  a 

.    .         .      .   /^  -f-  x    \  /a  -{-  x    \ 

Then  *  :  z  ("^~  xj  :  :  MF  ( z)  \  MC  =: 

,  the  radius  of  curvature. 

a 

And  in  the  vertex  where  x  is  o,  the  radius  of 

curvature  zz  a.    This  curve  is  called  the  Catenary, 
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PROP.      II. 

90.  If  PF,  QD,  RC  be  three  equidiftant  ordinates  in 
any  curve  and-  infinitely  near  •,  and  nDb  be  a  tangent 
at  D.  Then  the  fubtenfe  nF  or  bC,  will  be  equal  to 
half  the  fecond  fluxion  of  the  ordinate. 

For  draw  FD<s  -,  then  fmce  nD  zz  Db,  and  the 
fubtenfes  nF,  bC  parallel,  and  the  curvature 
FDC  the  fame  throughout ;  therefore  nF  =  bC. 
Again,  in  the  triangles  nDF,  bDa,  fince  nD  zz 
Db,  and  all  the  angles  equal  •,  therefore  nF  zz  ab 
zz  bC.     Therefore  2bC  zz  aC,  and  bC  zz  ^  aC. 

Let  FL  and  DO  be  parallel  to  the  axis  PR,  and 
and  let  PF  zz  y,  then  LD  zz  y  zz  Oa,  and  Oa  — 
OC  or  aC  zz  y,  and  bC  or  nF  zz  4  ^C  zz  ^ jj. 

Cor.  If  PF,  QD,  RC  be  three  equidiftant  ordi- 
nates^ and  FD  be  drawn,  cutting  RC  in  a.  Then 
Qa  zz  fecond  fluxion  of  the  ordinate. 

For  aC  zz  zbC  zz  jf,  by  the  demonflration. 

PROP.      HI. 

91.       /#  any  curve  whofe  ordinates  are  drawn  from  a 

fixed  point  C.     Let  CM,  Cm,  Cn  be  three  ordinates 

infinitely  near,  fo   that  the  perpendiculars  Mo,    mp 

may  be  equal.     And  if  Mm  be  drawn  interfering  Cn 

in  s.     And  if  Cm  zz  y,  mp  zz  x,  mn  zz  z.     Then 

the  line  ns  zz  y  —  -    * 
J  y 

For  draw  mr  between  s  and  C,  making  the  an- 
gle smr  zz  mCn  -,  then  the  triangles  Cmn,  mrs  will 
be  limilar,  for  the  angles  at  m  and  C  are  equal  by 
conftruction,  and  msC  or  msr  zz  nwC;  therefore 

Cm 
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^  .  .  zz    ' 

Cm  (y)  :  mr  (z)  :  :  mr  (z)  :  rs  zz  — •      Draw  mq 

parallel  to  Mo.  Then  the  angle  pmq  zz  mCn  zz 
smr,  whence  the  angle,  rmp  zz  sm;q  zz  mMo,  and 
Mo  zz  mp.  Therefore  the  triangles  Mmo,  mrp  are 
fimilar  and  equal,  whence  pr  zz  mo.  Therefore 
y  zz  np  —  mo  zz  np  —  rp  zz  rn.     But  sn  zz.rn—* 

zz 

rs ;  therefore  j»  z:  y  —  —  • 
J  y 

Cor.    /«  any  curve  whofe  ordinates  are  referred 
to   a  fixed  point  -,  if  CM,  Cm,  be    two    ordinates , 
and  mt  a  tangent  at  m  \    then  the  fubtence  Mt  zz 
yy  —  zz 
iy 

zz 
For  Mt  is  half  of  sn  zz  4  y  —  —  • 

PROP.      IV. 

If  y->  y,  y,  &V.  <&/?<?/£  the  fir  ft  i  fecond,  third,    92' 
&c.  moment,  increment,  or  fluxion  of  y  -,  and  if  P, 
Q,  R,  S,  T,  &c.  be  fever al  equidijlant  ordinates  in 
a  curve,  being  infinitely  near  one  another.     And  let 
the  firft  P  be  called  y.     Then  will 

y  -y 
k-y  +  y 

r  zz;  y  +  2y*  +  y 

s  zz  j/  +  %y  +  %y  +  y 
&c. 

For   by  the  nature  of  curvature  q  zz  p  +  p  ; 

that  is,  q  —  y  +  y,  r  zz  ^  -4-  q,  s  zz  r  -{-  r,  &c. 
refore  taking  the  fluxions  of  thefe  equations, 

B  b  3  2 
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*#  j  zzy  +  js  r  zzq  +  q,  ]  zz  "r  +  r>  f  »  j  +  jf, 

&c.  Whence  r  zzq  +  a  zzy  +  y  +y  -f  y  zz  y  + 

2?  +  ?  =  y  +  j*  +  2jf  +  23/  +  j/  +  j?  =  j/  + 

3y  +  3 ^  +  ^  &c- 

Cor.  Hence  the  fluxion  of  the  nth  ordinate  P,  Q5 

^     0    r.      .        .     ,     u    ..       n  —  i.n—2. 

R,  S,  6fifi  M  zz  y  +  n  —  1  .  j/  + - —      J 


n  — 

1 

.  72  — 

* 

4-S-te 

+ 

2' 

•3           J 

PROP. 

V 

qo#      L<?/  M  £?  the  'point  of  contrary  flexion  in  any  curve 

qa,  AM  •,    dtf^  if  curve  AM   zz   z,    ordinate   PM  09 

CM  -_y,  Mo  zz  X.     Then  in  curves  referred  to  an 

axis,  y  zz  o,  and  in  fpirals  yy  zz  z\  fuppofing  x 

to  be  given. 

For  at  M  the  point  of  contrary  flexion,  three 
93*  points  #,  M,  m9  infinitely  near  one  another,  lie 
in  a  right  line.  Therefore  in  curves  referred  to  an 
axis,  if  Mo  or  x  be  given,  om  or  y  will  be  given, 
consequently  y  zz  o. 
94.  And  in  fpirals  let  CT  be  perp.  to  the  tangent 
MT  ;  then  fince  TM  is  a  tangent  at  all  the  points 
»,  M,  m*  Therefore  at  M,  CT  is  a  conftant 
quantity  -,  let  CT  zz  (9  then    by  fimilar  triangles 

yx 

z  :  x  :   :  y   :  CT    zz     <  zz  /,  andjx  zz  tz9  in 

fluxions,  jptf  zz  /£,  *  and  *  being  conftant  quanti- 

y.v  .  . 

ties.     Therefore  yx  zz*  ■-  zt  and  y^z  zz  yxz.  But 
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zz   zz  xl  +  y~  -,  therefore  zz   zz  yy^    and  z  zz  Fig. 

yy  r         •  yy  yy         94* 

yX-     Therefore  yxz  zz  yx  Xy-*-,  and  z  zz  ■£,  and 

<<->  Xj  Aj 

ii  zz  j^'. 

Cor.  Hence  to  find  the  -point  of  contrary  flexiony 

let  x  be  given^  and  pit  y  zz  o,    in  curves  referred 

zz 
to  an  axis  \  or  y  zz  —  in  fpirals. 

Ex.   1. 

Let  the  equation  of  the  curve  h  X  y  —  a    zz 

, — i 

'x  —  a  \  then  y  —  a    zz  — ,  and  y  —  a   zz 


°L — f_,  and^  zz  a  +  *T"«*,  whence  y=i-x 


a*  v  v     nn^!  „•;  —      I5 


X  X,  andj/zz— ^_  xx  —  a'Xxx  zz  6; 


by/b  J        tfy/b 

therefore  x  —  a*  zz  o,  and  x  —  a  zz  o.      There- 
fore* zz  a. 

Ex.  2. 

Let  ABM  be  a   fort  of  fpiral,  RFB  its   gene-   95- 
rating  circle,  radius  CD  zz  r,  CM  zz  y,  arch  RD 
zz  s>.     And  let  the  nature  of  it  be  denoted  by  the 
equation  vyy  zz  a\ 

The  fe&ors  QDd,  and  CMo  are  fitnilar,  whence 


rx 


CM  (y)  :  Mo  (x)  :  :  CD  (r)  :  Dd  zz  -  zz  v9  and 


by  the  equation  of  the  curve  yyv  +  ivyy    zz   o, 

—  ivy         rx  —  rx 

and  v  zz  — " zz  —    and  y   zz  zz  ( be- 

y  y  3  -r  21;  v 

<?J\  —  r>;p:  —  rjyx 

cauie  x'  zz  —  /  — - — ,  whence  y  zz  =L— ,  and 

yy/      2a]     *  J  a7*      * 

B  b  4  yy 
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Fig.  ~-.rfyx        rzy*xx 

95*w=a-r-  =  tr  Alfo2;i  =  **+/ =  # 

+  T^.    wheRCC^:  =  ^+!Z2!j!,    and 

4a6  2a6  ^a6 

ir%y*  zz  A.a6  +  rzy*.     And  r*y4  =  4#6,  and  rj2  3= 

2#* ;  whence  j  zz  *J  —  •     And  if  r   zz  <z,  then 

j  zz  ry/2. 

PROP.     VI. 

ijr*  x,  j,  2,  &V.  reprefent  any  right  lines ;  and  in 
any  curve,  if  x  X  y  X  z,  &c.   zz  a  given  quantity  \ 
X  V  z 

then  —  -f  —  -J-  —  &c.   zz  o. 
x       y         z 

For  let  xyz  zz  a,  then  the  fluxion  will  be  zyx 

+  xzy  +  #?#  zz  o  j  divide  by  the  given  equation  ; 

.       zyx        xzy       xyz         o         ,      .      x  y 

then  **-  +  — ^  +  -^—  zz  — -  •,  that  is,  —  +  -4 

zyx        xzy    '    #)Z        tfjz  x  2 

z 

+  — »    &C.    ZZ  Q. 

^  Cor.  #*  tfy"2*  fcff .    zz  af  a  given  quantity  \  then 
x       my       nz 
—  +  —  +  —  &c.  zz  o. 

AT      «       V  Z 


PRO  P. 
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Fig. 
PROP.      VII. 

If  x9  y9  z,   v9    u9  w9   iSc.    reprefent  any  right  95* 

xyz  &c. 
lines,  and  in  any  curve  if  vuw  ^     S=    afV   &ven 

x         v         %    ■  v        u 

quantity ,  then  —  +  Z.  +  -  &V.  _  -  —  -    — 

—  £5?  f .  zz  o. 


ty 


aws  ,        xyz       'xyz        xyz 

Let  — —  =  a9  then 1- r  -~~~r,  — 

vuw  vuw       vuw       vuw 

V*  -  *J™  -  &*&.  -  o.  Anddividing  all  by 

vzuw       vuzw       vuw1 

-  <—  —  #,  we  lhall  have  —  ^ +77 "^ 


#         w 


xym  £s?r.       ,       #        w  . ,  ^ 

Cor    If  -  -  -7T-)  *to  —  +  —  &fa  —  ™  « 


vun  (3c.  x    ^  y 

—  oY.  =  q. 


PROP. 
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Fig. 

PROP.      VIII. 

96 ■•■  If  from  a  given  point  P  the  right  lines  PA, 
Pa,  be  drawn,  cutting  any  curve  in  as  many  points 
A,  B,  C,  and  a,  b,  c.  as  it  has  dimenfions.  And 
the  tangents  AK,  BL,  CM;  and  ak,  bl,  cm,  be 
drawn,  cutting  any  line  PE,  in  the  points  K,  L,  M, 

and  k,  I,  m.     Then  will  pg  +  py-  +  pvj  &c.  zz 

pi  +  p;  +  "p"  &c*  wherever  the  points  A,  B,  C, 
and  ay  b,  c,  fall. 

Let  AC,  ac  be  fuppofed  to  move  parallel  to 
themfelves,  and  then  the  point  of  interferon  P 
will  move  along  the  right  line  PE.  Then  fince 
(Prop.  XV.  Sed.  II.)  PA  X  PB  X  PC  :  :  Pa  X 
Pb  X  Pc  :  :  /  :  1,  a  given  ratio.  Let  AP  zz  x, 
PB    zz  y,  PC   zz  z,  and  PA  -  v*  Pi  22  u,  Pc 

xyz 

zz  wx  then  xyz  zz  fvuw,  or zz  f.  Therefore 

J  J  vuw       J 

(Prop.  VII.)—  +  —  +~ =  0, 

y     r  x  y  y      z       v    ■  u     w 

.  .x     '   y        z        v        u       w 

and  *  +  j  +  *  =  v  +  7 +w   But  fince 

AP  is  moved  with  a  parallel  motion,  it  is  evident 
the  fluxion  of  AP  is  to  the  fluxion  of  EP,  as  AP 
to  the  fubtangent  PK;  whence,  putting  EP  zz  /, 

have  —  zz  —-,  and  for  the  fame  reafon  ^     zz 

X  PK  y 

J-,  and  £-_£*,  alfo  -  -  I  u  --  s  ™ 
PL'  z  ~  PM  '  *  "  P*'    u  "  Pf     w 

*W    Whcftce^  +  PE+A  =  ft+F/ 

+ 


we 
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's  *  «  i  i       i,F^ 

+  p^>  *nd  PK  +  PL  +  PM  -  P*  "*■  P/  "*"  96' 

i 

But  if  any  of  the  points  K,  L,  M,  &c.  fall  on 
the  contrary  fide  of  P,  then  the  correspondent  lines 
PK,  PL,  PM,  &c.  muft  be  made  negative. 

Cor.  i .  If  any  line  PC  cut  the  wve  in  the  points 

A,  B,  C,  and  tangents  drawn  ->  then  will  p£  +  p£ 

i    .^^  &Ct  le  always  eqital  to  an  invariable  quantity. 

Cor.  2.  And  hence  if  a  right  line  PE  cut  the 
curve  inT),  E,  I,  &c.  as  many  points  as  it  has  di- 

•77      1  T  *  * 

men/ions ;  then  will  p^-  +  pj-  4-  pjyj  —  pg    + 

i  i 

PI  +  PE? 

For  in  this  cafe  £,  /,  ^,  coincide  with  D,  I,  E. 

Cor.  3.  If  any  of  the  points  K,  L,  M,  cjtV.  /#// 
00  ^  contrary  fide  cf  P  j  jc«  »m^  take  —  pg5  — 

1  l      f<p 

VL,-PM'       • 

For  lying  the  contrary  way,  they  muft  have  con- 
trary figns. 


PROP, 
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Fig. 

PROP.      IX. 

97*  If  the  line  AB  be  drawn  thro*  a  given  point  P 
parallel  to  the  ajjymptote  CM  -,  and  the  tangents 
AK,  BL  drawn^  cutting  any  line  DE  {drawn  alfo 
thro9  P,  and  cutting  the  curve  in  three  points  D,  I, 

E  \  and  the  ajjymptote  in  M).     'Then  jjKir  zz  p?  + 

i  i  i  i 

PE~~PD  —  PK~PL* 

For  (by  Prop.  VII.)  pm+pk>+pl=P£  + 

-^  -^  — -  ?  becaufe  D  lies  the  contrary  way  from 

P,  and  AB  meets  the  curve  and  afTymptote  CM  at 
an  infinite  diftance  where  they  touch.     Then   by 

tranfpofing,  pM,  =  Tl  +  p£—  PD  ~  PK  — PL 

Cor.  Hence  the  diftance  of  the  ajjymptote  may  be 
founds  by  finding  the  point  M.     And  if  p^-y  be  zr  o, 

then  the  ajjymptote  is  at  an  infinite  diftance^  and  the 
curve  will  be  oj  the  parabolical  kind. 

PROP.      X. 

To  find  the  ajjymptotes  oj  a  curve. 

98.  This  Prob.  may  be  folved  by  the  laft  Prop,  and 
its  Corol.  or  otherwife  as  follows.  Let  AP  =  x> 
PM  —  v,  TM   a  tangent  at  M,  and  TP  the  fub- 

yx 

tangent.     Find    the    value  of  the  fubtangent  — 

"  to  y 

by  the  equation  of  the  curve,  then  putting  x  zz 
infinity  in  the  value  of  the  fubtangent,  and  alfo  in 

the 
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the  equation  of  the  curve,  and  you    will  get  TP  Fig. 
and  PM,  which  gives  the  pofition  of  the  afiymp-  98. 
tote  TM,  and  TP  — x,  gives  the  interfe&ion  T. 
For  the  triangles  Mrm  and  TPM  are  fimilar, 

and  rm  (y)  :  Mr  (x)  :  :  MP  (y)  :  TP  z=.y-j-  And 

fuppofing  M  at  an  infinite  diftance  x  will  be  infi- 
nite, from  whence  both  TP  and  PM  will  be  had,    , 
and  confequently  the  pofition  of  TM  the  aflymptote. 

Ex,  1. 

Let  the  equation  of  the  curve  DM  be  xyy  zz 
a* ;  in   fluxions   fx    +    2  xyy    zz    o,  and    x    zz 

-j^z  =  z=^t  Therefore PT  =y*.  =  _  ^ 

yy  y  y 

—  Then  making  x  infinite, 

x 

PT  zz  —  2X  zz  —  infinity,  and  PM  zz  J  *   zz 

o  ;  therefore  the  afTymptote  coincides  .with  the  axis 
TP. 

Ex.  2. 

Let  aayy  zz  2abbx  +  bbxx.     In  fluxions  2  aayy 

aayy 
zz  2abbx  +  2 bbxx ',  and  x  zz  ■••„        ,7    •     there- 

yx  aayy 

yiabbx  +  bbxx  .    _ 
-.     Make  x  infinite,  then  PT  zz 
act/ 

aayy  aayy        labbx  +  bbxx        bbxx 

+  bbx  ~~~  bbx    """  bbx  ""    bbx    ~~  ■ 

-  in- 
aa  a 


zz  infinity,  and  PM  zz  jy  zz     ^y  zz  —  zz 

bx 
finity.     Therefore  PT  :  PM  :  :  x  :  -  :  :  a  :  b.  Al- 


& 
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Fio-.  _  aavv 

2  abbx  +  bbxx  —  abbx  *—  bbxx  abbx 

■abb  -f  bbx  ~"    abb  +  bbx  ~" 

.    .        .       <z£^# 
(when  #  is  infinite)  -tt-  zz  #.     Therefore  the  point 

T  is  determined,  and  the  pofition  of  the  afTymp- 
tote  TM. 


=  _     /^^_^this 


Alfo  fince  y  may  be 

J    ■   *  ^     aa  a 

gives  another  affymptote  on  the  other  fide  of  the 

axis  AP,  and  making  the  fame  angle. 

Ex.  3. 

Let  the  equation  of  the  curve  be,  rf  —  aay  + 
axy  —  x">  ~  a  Extracting  the  root  by  infinite  fe- 

nes,  thenjy  zz  x «—  4-  a  +  —  &c.     The  equation 

of  the  curve  put  into  fluxions,  gives  o,yy  -»-*  aay 
4-  axy  +  ayx  —  gtfx  zz  o,  whence  x  zz 

aa  —  ax  —  r<y  yx       ax  +  vyy —  aa 

- y,  and  PT  zz  —  zz ■  yi 

ay  —  2XX     J  y  3XX  —  ay 

ax  +  3yy  —  aa 

and  AT  zz  — — y  —  x  zz 

%xx  —  ay      u 

2gXy    +    3_y>  —  ggy  _  gyl 

3XX  _  ay zz  (expunging^) 

2axy  —  aay  —  %xl  -f-  3aay  —  ^axy  +  $xl 

%xx  —  ay 

2aay  —  a::y  _  ~ax -\- 2aaX  x—±a 

-  zz  (expunging  y) 


"  ay  3xx  —  ax  ike. 

axx  _  axy  +  &  zz  aay 

—  ~a.  But  PT  zz 


3*x  J  3xx  —  ay         - 

a\y-*~aay  +  zx>  +  7.  aay  —  ciaxy 
(expunging j';  ^ '—-" -*~ ^  zz 


7XX  —  ax 

2  a  ay 
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2aay  —  2axy  +  %x*       2x*  —  2ax  —  laaXy        Fig. 

$xx  ~-  ay  %xx  —  a  X  y  ~"  9  * 

-   3*'  —  2axZ  &c         3** 
(expunging^    3jr  _  ^  &c.    =  J?  =  *,  whence 

PT  :  PM  :  :  x  :  y  or  x  —  4-  tf  :  :  x  :  *  •,  therefore 
PT  —  PM.  And  therefore  fince  AT  is  negative* 
T  falls  between  A  and  P ;  and  the  afTymptote 
therefore  lies  between  the  curve  and  abfcilfa. 

Ex.  4. 
Let  the  equation  of  the  curve  be  jy*   +  axy  — 

"  '  a* 

x*  zz  o,  whole  root  is  y  zz  x  —  \a  +  ^—1    &c. 

o  j.  X 

then  the  equation  in  fluxions  is  xfy  +  axy  -}-  ayx 

vy  +  ^# . 

—  3#2#  zz  o,  whence  x  zz  - r,    and  PT 

0  '  3** — ^jyy' 

jx        3j?  +  axy 

-J-   2xx-ay    =  (exP«nging^0 

3#3  —  3^*J  +  fl*y 

■  zz  (expunging  y) 


%xx  —  ay 


g#?  —  lax  X  x  —  4-  a        3X%  —  2axl  &c*         3#5 
^  Xx  —  ~a  3*#  — tfx&c.     ~~   3** 


3** 

zz  #.     Whence  PT   :  PM  :  :  x  :  y  or  x  —  ^  a 
&c.  :  :  x  :  x.     Whence  again  PT  zz  PM.     Alfo 

gxi  —  2axy  —axy 

TP  —  x  —  —  #  zz zz   fex- 

3XX  —  ay  ^xx  —  ay 

—  ax  X  x  —  4-  a 

punging  y)  — '    —    zz 

Sxx  —  a  x  x  —  f  a 

—  axx  —  4-  aax  &c  —  axx 

zz — 4-  a\  whence 


%xx  —  ax  -+-  T  aa  6cc.  ^xx 

the  fame  conclufion  will  follow  as  in  the  laft. 

Ex.  5. 
Suppofe  the  equation  of  the  curve  is  y*  —  axy  — 
x*  -o;  this  in  fluxions  is  zfy  —  axy  —  ayx  — %xzx 
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o&    zz  o ;  and  x  zz  ;  „   .     -j,  and  PT  zz  7-  zz 

gyi  —  axy  ^.  \m  %xi  4.  %axy  —  axy  __ 

$xx  4-  ay       ^     "     to    &  3**  4-  ^y 

3^3  4-  laxy       ,     .  .  ■ '  r    .  .        . 

* •     And   the   root   of  the   equation   is 

.    $xx  4-  ay  ^ 

y  zz  x  +  4.^  &c.     Therefore   PT    zz 

X  is  infinite)  ^  zz  x.     Therefore  PT  :  PM  :  :  x i 

3*" 
y  or  x  +  4.  a  :  :  x :  x,  and  PT  zz  PM. 

AlfoPT-*=3*'+,2^-*  = 


$xx  -\-  ay  "  %xx  +  ay 

axXx  4-  -fa  0**&c.  A_ 

zz   -=-  ^  zz  A  1 . 


3*x+aXx  +  ±a  "~  3X% &c- 
Therefore  fmce  AT  is  affirmative,  the  curve  is 
concave  to  the  abfcifTa,  and  the  curve  lies  between 
the  abfcifTa  and  the  affymptote, 

PROP.      XI. 

99.  Let  AMN  be  any  curve ',  CN  its  ajfymptote  -,  then 
if  the  crdinates  be  parallel  to  the  ajfymptote  -,  they 
are  depreffed  a  dimenfion  lower .  in  the  equation  of 
the  curve. 

Let  AP  zz  x,  ordinate  PM  zz  jy,  and  let  theequa 

tion  of  the  curve  bey  4-  axn~~l  &c.  zz  rV,  and 

C 
the  root^  =  rx  4-  B  4-  —  &c.     Take  s  infinitely 

near  M,,  and  draw    so  parallel  to  AP,  and  DM 
parallel  to  CN  ;  then  by  fimilar  triangles,  Mo  (y) 

:  so  (#)  :  :  MP  (y)  :  PT  zz  ^  the  fubtangent.  But 

y 
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y  =  rx  —  —  &c.  and  therefore  PT  zz  ■     y*  c .  Jj# 

*S   -      c  ;  and  when  sf  is  infinite,  the  fubtangent 

XX 

y 
zz  —  zz  CQ,  CN  the  aflymptote  being  a  tangent 

at  an  infinite  diftance.  Draw  AB  parallel  to  PM; 
and  let  CA  n  /,  CB  zz  d,  AB  zz  £,  CD  zz  vi 
DM  ss  2.    Then  by  fimilar  triangles,  we  have  CQ 

(7)  :  QN  (y)  :  :  CA  (/)  :  AB  (*),  whence  ty  as' 

7    and  tr  zz  I.     Alfo  AB  (b)  :  BC  (d)  :  :  PM 

bz 
(jO  5  DM  (2),  whence y  zz  -j-      Alfo  AB  {b)  : 

AC  (0  :  :  PM  00  :  PD  zz  f  -     Then  AP  z=  PC 

ty 

—  AC  •,  that  is,  x  rz  *y  +1; — /zz  (expunging 7} 

tz 

—  .4-  «y  _  /,     Then  fubftituting  thefe  quantities 

inftead  of  y  and  y,  in  the  equation  of  the  curve* 
^  +  «X  *  +  *_,]*--'   &c.   z;r*  X 


rVz" 


£  +  „  _  ,    =   -y-  &c.    But  £  =  r/,  and  fit 

zz  r*/*  •,  therefore  z8  the  higheft  power  of  the  or- 
dinate vanifhes  •  therefore  when  the  ordinate  DM  is 
parallel  to  the  affymptote,  it  lofes  one  dimenfioa 
in  the  equation  of  the  curve. 


Cc  prop: 
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Fig. 

PROP.     XII. 

100.  jn  ariy  curve  referred  to  an  axis^  if  the  fecond 
fluxion  of  the  ordinate  PM  be  negative  \  the  curve  is 
concave  towards  the  axis  AP.  But  if  the  fecond 
fluxion  of  the  ordinate  be  affirmative^  the  curve  is 
convex  towards  the  axis  •,  fuppofing  the  fluxion  of  the 
axis  given. 

Draw  the  ordi nates  pm,  qn  parallel  to  PM,  at 
equal  but  infinitely  fmall  distances.  Produce  the 
infinitely  fmall  portion  of  the  curve  Mm  to  s.  And 
draw  Mo,  mr  parallel  to  the  axis  AP.  Then  the 
fluxion  of  the  axis  is  Mo  =  mr,  and  confequently 
mo  ■=■  sr,  the  fluxion  of  the  ordinate.  Now  rn  — 
mo  is  the  fecond  fluxion  of  the  ordinate ;  that  is, 
rn  —  rs  is  the  fecond  fluxion,  and  this  will  be  ne- 
gative when  rn  is  lefs  than  rs,  in  which  cafe  Mmn 
is  concave  towards  A  P.  But  if  rn  —  rs  is  affir- 
mative, then  rn  is  greater  than  rs,  and  then  n  falls 
above  s,  and  therefore  the  curve  is  convex  towards 
AP. 

Cor.  From  hence  may  be  known  whether  a  curve* 
referred  to  an  axis,  is  concave  or  convex  towards  the 
axis  in  any  given  point.  Put  the  equation  of  the 
curve  into  fluxions \  and  find  the  value  of  the  fecond 
fluxion  of  the  ordinate,  making  the  fluxion  of  the 
axis  confiant.  Then  if  the  value  of  that  fecond  flux* 
ion  be  negative,  the  curve  is  concave  \  if  affirmative, 
'tis  convex  to  the  axis. 

Ex.  i. 

Let  the  equation  of  the  curve  be  aayy  zz  ibbrx 
-f-  bbxx,  this  put  into  fluxions,  and  divided  by 
2,  gives  aayy  zz  bbrx  +  bbxx,  and  put  i*n  fluxions 
again,  aayy  +  aayy  zz  bbxx,  and  aayy  zz  bbxx  — 

aayy, 
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bbx      ,    .,         fax*       Fie. 

aayy,  but  y  =  —  X  r  +  *>    and  j,*   =  —    X  I0|. 

r  +  *\  whence  aayy  zz  bbxx  —  — -  Xr  +  /  =5 
^^y-^xTTZ^  _  (expunging  ^  _ 

V^YTXX 

;  therefore  y  being  negative,  the  curve  is 

aayy  y  t>      d 

concave  to  the  axis. 

Ex,  2. 

Let  the  equation  of  the  curve  be  aay  +  xxy  zz 

axx                 4            2  axx 
axx ;  then  y  =z -—  >  and  y  zz ; -— 

lax^x         id'xx  +  2ax*x  —  zax*>x  2a>xx 


aa  + 
andjf 

....  z 

XX 

X 

20*XX 

aa  +  xx 
2a7>xx  X  4-XX 

aa 

-2." 

+  xxy 

aa 

+  m 

aa  -J-  ##* 
—  Sa^xxxx       2a*xl 

za*  xx 

aa 

4-  aw  - 

6a*x%xz 

i 

aa 
ia>x% 

+  XX 

-b  aw3 

aa 

+ 
if 

xx\z 

aa 

;  X  aa 

—  %xx.     Therefore 

%xx  be 

greater  than  aa,  the  curve  is  concave  towards  the 
axis  i  but  if  aa  be  greater  than  3  aw,  it  is  convex, 

Ex.  3. 
If  the  equation  of  the  curve  be  aax  —  a*  ~zy  —  b3 ■ 


Then  **x  =  o,y  X  jy  —  *  ,  and  again  sy  X  y  —  b- 
+  jy  X  2y  X  y  —  b  =  o,  and  j;  X  jy  —  £  +  2Jy 

2J/J/  tftftf 

=  o,  and  j/  =  —  —b     But  >  =  ^TJ^f  > 

therefore  jf  =  — ■  —71  ;    confequently  if  >■ 

be  greater  than  b7  the  curve  is  concave  towards  the 
C  c  2  axis  -, 
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Fig.  axis ;  but  if  b  be  greater  than;',  the  curve  is.  con- 
iog.  ve^  towards  the  axis. 

PROP.      XIII. 

pi.  J*  a  curve  where  the  ordinates  meet  in  a  fixed 
point,  let  the  ordinate  CM  or  Cm  zz  y,  perp.  M0  zz 
xy  Mm  zz  z  ;  then  fuppofing  x  to  be  conftant,  if  yy 
—  zz  be  negative,  the  curve  is  concave  towards  the 
center  ->  but  if  affirmative,  'tis  convex. 

zz 
For  by  Prop  III.  Fig.  91.  sn  zz  y —>  which 

is  affirmative  if  n  lie  above  s,  but  negative  when 
'tis  below  s.  And  therefore  jyy  —  zz  will  be  af- 
firmative in  the  former  cafe  ;  that  is,  when  the 
curve  is  convex ;  and  negative  in  the  latter,  or 
when  the  curve  is  concave. 

Cor.  Hence  if  a  curve  is  referred  to  a  fixed  point, 
to  know  whether  it  is  concave  or  convex  •,  put  the 
equation  of  the  curve  into  fluxions,  and  making  X 
conftant,  find  the  value  of  yy  —  zz  ;  then  if  it  be 
negative  the  curve  is  concave  towards  the  center ;  if 
affirmative,  'tis  convex. 

Ex.  i. 

Let  the  equation  of  the  curve  be  yx  zz • 

Zx  X  ay       az1        a      

Then  x1  zz ~  —  —  -—  x  xz  -h  y\  whence 

4-yy        4-y      Ay  J  ' 


Ay  —  a       .  m  x 


y  =  — —  X  x\  and  y  z±  ~77j/ty  —  a>  andy 

±  ~x— ^=-     Alfoi  zz^L,  and  zz   zz 
\/a     \/Ay  —  a  y/ay 

4??**        a.\xx     .       c        ....       Vyx 

;  therefore  yy — zz  zz" 


'•V  a    ■  'J  s/ay/w  —  v 
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4yxx  iy  x1     4y#*  _        Fig. 

-— =V;j=^x  «"vA.?-«~    a  -     9u 

iyxz       4yxx  2yxx        ,  .  ,    ,    . 

— - —  zz 9    which   being    negative 

a  a  a  &        ° 

the  curve  is  concave  towards  the  center, 

£#.   2. 

Let  ABM  be  a  fpiral,  FBR  the  generating  cir-  g^% 
cle,  radius  CR  zz  r,  arch  RD  z^CM  z;,  and 
let  the  nature  of  the  curve  be  denoted  by  the  equa- 
tion vy  zz  aa.     By  the  fimilar  feclors  DW,  MC^, 

y  :  «y  :  :jy  :  #,  whence  jz;  zz  rx.     And  putting  the 
equation  of  the  curve  into  fluxions,  we  have  vy  -f- 

yv  zz  o,  and  vy  zz  —  yv  zz  —  rx ;  then  y  zz  - — 
r£       — rytf  m  rj/j^  r#      —  r\x 

v  aa  *  aa  aa  aa  c 


rryxx        .  rzyzxz 

-,  txiayy  zz  — - —     Alfo  zz  zz  x"  +  _y 


.  zz  at2  +  *-«— r  zz  ?r — — —      Therefore  yy 

rryyxx        a4  +  rV   .  .  .  . 

—  zz  zz  —^t—  — L— —  at*  zz  —  X1-,  which 

being  negative  the  curve  is  concave  to  the  center, 

Ex.  3. 

But  if  the  equation  of  the  curve  be  vy*  zz  a4> 

and  r  zz  ay  then  %vyzy  +  y'-v  zz  o  -,  that  is  (becaufe 

.    say  .  .  yhv 

yv  zz  ##) +  ay'X  zz  o,  whence j/zz s> 

..  ^'2iy        .    ..  y'xy  y'x 

andy  zz  — - — f-5  and  yy  zz  —  — ;-  zz  —   —  x 
J  a>  J  a1'  a* 

y*x       y6xz  gar>xz 

—  —  =  —6'     Alfo  z-   -  xz  +  y*   zz  ~-  + 

y6xz  y*>xz       ga6  +  y6 

^T  Therefore  vy  _  zz  =  ■—;  -  -^r~  *<  = 

C  c  3  3/ 
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Therefore  if 


95-  9a 

2y6  be  lefTer  than  9a6,  the  curve  is  concave  5  but 

if  greater,  convex  towards  the  center. 

PROP.      XIV, 

101.      Let  AMC  be  a  curve,  AP  zz  x,  PM  =;,  AM 

zz  z,  Mm  zz  z,  M^  zz  #,  mn  zz  y,  and  let  y  be 
given  ;  and  if  a  andb  be  given  quantities,  and  ax  zz. 
bz  be  the  nature  of  the  curve,  then  will  az  < —  bx  be 
a  maximum  or  minimum* 

For  taking  the  fluxion  of  az  —  bx,  we  have  az 
—  bx  zz  o,  and  az  zz  bx.  But  zz  zz  xz  -f  y2, ; 
therefore  2Z2;  zz  ixx,  and  ^  zz  ## ;  whence  by 

dividing,  2;  zz    — >  and   az   zz  r^-5    therefore 
2>  z 

axx  ... 

,   -^  zz  bx,  and  # #  zz  bz.     Therefore  on  the  con- 

z 

trary  when  ax  zz  bz,  then  ##  —  £#  will  be  a  maxi- 
mum or  minimum. 

Cor.  If  ax  zz.  bz  be  the  nature  of  a  curve,  then 
the  F/ :  az  —  F/ :  bx  will  be  a  maximum  or  minimum. 

For  az  — -  bx  is  a  maximum  or  minimum,  and 
therefore  the  fum  of  all  the  az  —  the  fum  of  all 
the  bx  will  be  a  maximum  or  minimum  •,  that  is, 
fluent  of  az  —  fluent  of  bx  will  be  a  maximum 
or  minimum. 
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102 


-A.  BCD 


rnna.  d*J?w 


se<a. in.     Curve    lines.        „5 
prop    xv.  Fl& 

If  Bm,  Dr,  be  two  ordinates  of  a  curve,  infinite-  iqz; 
ly  near ;  and  let  the  ordinate  Qn  be  drawn,  fo  that 
the  differences  of  the  ordinates  on,  tr,  may  be  equah 

Then  put  mo  =  x,  os  or  nt  zz  v,  on  or  tr  zz  y  ^ 
then  if  ax  +  bv  zz  d,  a  given  quantity ;  and  p  x 
x1,  +  y     +  q  X  vz  +  yl    zz  a  maximum  or  mini- 

__ mm a— I  •  'f  * 

mum ;  then  pbx  X  xl  +  yz       =  qav  X  vz  +y^ 
will  denote  the  nature  of  the  curve. 

For  putting  the  two  given  equations  into  fluxi- 

ax 
ons,  ax  +  bv  zz  o,  and  v  zz  ~  -j-  Alfo  2/>0ax 


2—1 


X  xz  +  yz        +  2j»i7«y  xw  +jy       zz  o,   and 

, — -.»— i         iqnaxv      ■i r — fr—1 

2^»*#  X  **  +  y        ~  "^ —  X  v*  + jf        zz 


o,  and  tranfpofing  and  dividing  bpx  X  ##  +  yy 
=  tfjp  X  vv .+  yy 

P  q 

Cor.  £&»**  —  x  mo  X  f»» 2*~2    =  j    X    *//  X 

For  #*•  +  j/y  —  mnz,  and  i*  +  yl  zz  nr,  whence 
pbx  X  mnzn~z    zz  qav  X  nr2n~2,  and^  X  rf*~2 

zz  -j  xnr 

Many  more  properties  of  curves  might  be  ob- 
tained by  the  method  of  fluxions  •,  but  I  forbear 
purfuing  them  any  further  ;  fince  what  have  been 
here  delivered,  are  fufficient  for  an  introduction. 
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